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Sang ngay 25/12/2025, tai S0 Gido duc va Dao tao
(GD&DT) tinh Quang Ngdi, Nha xudt ban Gido duc Viét
Nam (NXBGDVN) d3 t§ chifc bugi 13 trao tang sach gido
khoa nhim h trg cic em hoc sinh khdc phuc hau qua
thién tai, 6n dinh hoc tap.

Tham dy budi 12, v& phia NXBGDYN cé: 6ng Nguyén
Chi Binh - Pho Téng Giam doc; b Pham Thi Thu
Huang - Phé Giam déc NXBGD tai TP. Da Ning; ong
Nguyén Duy Nham - Pho Tdng Gidm déc CP Dau tu v3
Phat trién Gido dyc P3 Ndng (don vi thanh vién
NXBGDVN). V& phia S& GD&DT tinh Quing Nodi co:
ong Nguyén Trong Thing - Pho Gidm déc Si: 6ng
Huynh Nam Thing - Phe Trudng phong Gido duc
Thuing xuyén va Cong tac hoc sinh, sinh vien: cung dai
dién céc phong chuyén mén: Gio duc Mdm non va
Gido dyc Tiéu hoc, Gido duc Trung hoc, Gido duc
Thuding xuyén va Cong tac HSSV.

Gng Nguyén Chi Binh - Phd Téng Gidm déc NXBGDVN

Nim 2025, dii dat mién Trung, dac biét 1a tinh
Quang Ngai da phdi d6i mat vai nhiing dot "I chéng 1"
khdc ligt vao thang 10 va thang 11. Thién tai khdng chi
gdy thiét hai vé kinh t& ma con anh hudng tnyc tiép
dén cac trudng hoc cla tinh. )

Thay mat lanh dao NXBGDVN, dng Nguyén Chi Binh
gli 10i tham hodi chin thanh vi chia s& siu sic tdi
nganh Gido dyc Quang Ngdi: "NXBGDVN ludn xdc dinh
viec hd trg hoc sinh ving Ii khong chi fa hoat ddng
thién nguyén, ma con Ia trach nhigm xa hi, 13 su dong
hanh cling nganh Gido dyc cd nutic trong nhiéu nim
quafai budi 18, NXBGDVN da trao ting cho nganh Gido
duc tinh Quang Ngai 109.585 ban sach gido khoa, vii
tong tri gia hon 1,562 1y dong. Nhing cudn sich nay

: ko
NHA XUAT BAN GIAO DUC VIET NAM TRAO TANG GAN 110 000 By
SACH GIAO KHOA CHO HOC SINH VONG LU TINH QUANG Njg

mang theo thong diép tigp sic cho cic em ho Siik .
nhiing “chién binh" kién cuong vifa budc qua giong b, .
¢0 du hanh trang tri thic dé ti€p tuc dén trugng,

Nhan dip nay, CP Bau tu va Phat trién Gio g p
Nang (don vi thanh vien NXBGDVN) cling di trag ting
11.948 ban sdch, trj gid hon 251 triéu ddng ch tn,
Vign 2 truong tiéu hoc va 2 trubng THCS tai Quing
Ngai.

Ong Nguyén Duy Nham (trdi) - Phd Téng Gidm déc
Cong ty CP DT&PTGD B4 Néng trao ting sdch

Bugc biét, chuong trinh hd trg hoc sinh ving 10 13
mot chién dich quy md clia NXBGDVN trén toan qudc.
Tinh dén thdi diém nay, chuong trinh d3 trao tang hon
1,36 triu cudn sach, trj gid trén 21,4 ty dng cho hoc
sinh cdc ving bj 1T lut trén toan quic: hé trg hon 830
trigu dong tién mat cing nhiéu phdn qua thigt thc giap
cdc nha trudng tai thiét ca s& vat chit sau thién tai.

Phét bigu tai I ti€p nhan, ong Nguyén Trong Théng
- Phd Gidm ddc So GD&DT tinh Quang Ngai da ghi
nhan va cam on tim long vang ciia tap thé can bo,
nhan vién NXBGDVN. Toan bd s& sach NXBGDVN trao
ting s& dugc chuyén dén tryc tiép 68 diém trudng tai
cdc dia phuong. Trong d6, co nhiéu diém trudng & viing
sdu, ving xa, ving dong bao dan tdc thidu s§ con rat
nhiéu khd khan nhu cic x3: Ba Vi, Ba To, Ba Vinh, Son
Tay, Son Tay Ha, Son Tay Thugng, Tra Bdng, Tay Tra
Bong...

Sau day, hanh trinh ting sich cia NXBGDVN sé
tiép tuc dén vdi tinh Qudng Tri o€ tiép ndi nhip ciu yéu
thuang dén vdi hoc sinh mién Trung.

BAN TRUYEN THONG
(Nha xudt ban Gido duc Viét Nam)

-
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Trong Tap chi TH&TT sb 558 (thang 12 nam

2023) ¢co dang bai viét “Mor bai toan hinh hoc hay
va nhimg van dé lién quan cua tac gla Hoang
DBirc Tan. Péy 1a bai viét hay va sau sic. Bai viét
nay da that su an twong véi t5i va 51 da danh sy
quan tam cho “Bai todn 5 diém”. Trong bai viét,
tac gid da gioi thiu cach chimg minh bai toén nay
cua Royce Peng va thuc tinh t6i muén thir stc véi
bai toan nay boi vé dep gon gang ciia né. Sau mot
khoang thoi gian, t6i da tim dugc 161 giai cho no.
Bai viét niy xin gi6i thidu thém mot cach giai cho
“Bai todn 5 diém” ma theo quan diém c4 nhan t6i
1a rt gin giii voi cac ban hoc sinh THCS, cung
v6i do 1a mot vai ap dung. Trude tién ta xét bai
toan sau:

Bai toan 7 diém. Cho 7 diém ndm trong mot tam
gidc co dién tich la S. Chieng minh rang cé 3 diém
trong 56 7 diém da cho tao thanh mét tam gidc cé

5 o
dién tich nho hon hodac bang ZS i

Loi gidgi. Ta chia tam giac da cho thanh 3 phéan
nhu hinh 1.

B : F t C

Hinh 1

Theo nguyén 1i Dirichlet thi trong s6 7 diém da
cho nim trong tam gi4c ABC 6& c6 3 diém clng
nim trong mjt phén,

» Néu 3 diém d6 ciing nim trong mt tam gidc thi
ta c6 ngay diéu phai chimg minh.

* Néu 3 diém d6 ciing nim trong hinh binh hanh,
ta can chimg minh dién tich cta tam giac tao bai 3
diém d6 nho hon hodc bf’mg mot nira dién tich
hinh binh hanh.

Bai todn thu gon: Cho 3 diém M, N, P nam trong
hinh binh hanh DEFB.

Chimg minh ring S, < %SDEFB.

That vay:

* Ta xét trudng hop 3 diém M, N, P nim trén cac
canh cua hinh binh hanh DEFB, khi d6 c6 cac kha
nang sau:

+Néu3 didm M, N, P cung nim trén mot canh thi

c6 ngay diéu phai chimg minh.

+ Néu 3 diém d6 c6 hai diém cing nim trén mot
canh (h.2).

Hp
D M N E
Hinh 2

1

Suy ra: Sy p =%PH “MN SEPH *DE

1
=5SDBFE (1) (dpem).

+Néu 3 diém nidm trén 3 canh cuia hinh binh hanh
(h.3).
B P F

g
i

E
Hinh 3

TOAN HOC
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Qua M ké dudng thing song song DE, ciit PN vi
EF lan lugt tai 7, J, Khi do, theo (1) ta co:
1 1

Swpp < 5 —Syprss Sy € SMII D
S : 2
= Oumen =Sypp + Sy £ > = Simrr + = 5 OMIED

1
= ESDBFE (2) (dpcm).
+Khi M, N, P lin Irot ndm trén 3 canh khac trong

hinh binh hanh ABCD thi viéc chiing minh hoan
toan tuong ty.

* Truong hop 3 diém M, N, P khong nam trén cic
canh ctia hinh binh hanh DEFB.

+ Néu 3 diém M, N, P cing nam trong mot tam
gidc — mdt nira hinh binh hanh thi ta ¢6 ngay diéu
can chirng minh.

+ Ta chi cin xét trudng hop trong 3 diém M, N, P

c6 2 diém thudc tam giac DEB, diém con lai thugc
tam gidc BEF (h.4).

B P F
M, J
M & 1
N
D N E

Hinh 4

Ta kéo dai PM, PN cit cac canh DB, DE Iin luot
tai M', N'. Néu M', N’ ciing thudc mét canh cia
hinh binh hanh DEFB thi theo (1) ta c6 ngay didu
can chimg minh; Néu NP ct BF tai P’ khi d6 d&

thy réing Sy < Sy S%Sum (theo (2)), ti

d6 ta c6 diéu phai chimg minh va tir d6 bai toan
dugc chirng minh hoan tét.

Bai toan 5 diém. Cho 5 diém nim lrong mot tam
giac o dién tich la S. Chitng minh rang 6 3 diém

trong 50 5 diém dd cho tao thanh mét tam gidc c6

b o]
dién tich lom nhat bang ZS :

Loi gidi. Ta chia tam gidc da cho thanh 4 phén
nhwr hinh 5 (v6i D, E, F lan luot 14 trung diém cia
BC, CA, AB).

TOAN HOC
2 Fensite

S48 583 (1-2026)

Theo nguyén Ii Dirichlet thi s¢ c6 it nhét mot phap
chira 2 diém. Néu 2 diém hodc 1 diém d6 nip,
trong ADEF thi ta co ngay diéu phai cht’mgi minh
(thco bdi todn 7 diém). Do véy, ta chi cin xg
trudng hgp ADEF khong chira diém nao.

Hinh 5

Khong mit tinh téng quat, gia st ABDF chira 2
diém 7, J va 3 diém con lai ndm trong
AAEF, ACED (3 diém cing nim trong mot tam
gidc thi ciing c6 ngay diéu phai ching minh), khi
do ta chi can xét didm K nim trong AAEF, diém
L nim trong ACED. Luc niy, ta cin chimg minh
mot trong hai tam giac KIJ, LIJ c6 dién tich nho

hon hodc bang %S. Khi d6 ta co:

» Vi hai diém 7, J ndm trong ABDF thi s c6 3
kha nang sau:

+ IJ cat hai doan BD, BF:
+ IJ cét hai doan BD, DF:
+ 1J cit hai doan FB, FD.

Ta c6 mot sb nhéan xét sau (h.6):

C

Hinh 6

+ Dién tich AKIJ1a 16n nhét khi K = 4 hoiic
K=E Néu K=E thita co ngay didu ca

an chimg
minh (theo bai todn 7 diém).
+ Di¢n tich AL/ 1a 16n nhét khi L=C hojc
L=E Néu L=E thi ta c6 ng

ay diéu cin chimg
minh (theo bai todn 7 diém).
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Gc_)i' X =BENDF.Goi H, M, N lin lugt 13 hinh
chi€u cia 4, E, C trén IJ. Khi d6 ta xét cic truong
hop sau:

» [J cit canh BD va BF lin tai J'va I' (h.7):

Hinh 7

Gia st CN 2 EM > AH thi dé thay ngay dugc dién
tich AKI/ 16n nhat khi K=E ma dién tich

AEIJ Tudn nhé hon hoic bing %S (theo hai todan

7 diém), suy ra diéu phai chimg minh.

Truong hop CN £ EM < AH dugc chirng minh
hoan toan tuong tu.

e IJcat canh BD va DF:

+ THI1: Néu , J thudc doan BX thi IJ < BX = XE.
Suyra: S¢;; < Spey < ESCBE = “LIISABCQ

1 1
SAIJ = SAB.\' S_?_SABE = ZSABC (1).

+ TH2: IJ cit doan thing BD va XD lan luot tai

J'va I' (h.8).

Hinh 8

Goi I/ la diém déi ximg cia I'qua X. Qua [y ta

ké dudmg thang song song voi L, cit EF tai J. -

Vi BDEF 13 hinh binh hinh nén J{ ludén thude
doan EF va d& dang suy ra 1J' = 1;J;. Suy ra:

1
W< IT' =LJ{ =S¢y < Scry < Sciyy < ZSABC ()
(theo bai toan 7 diém).
+ TH3: 1J cit doan BD va XF lan lugt tai J'va I".
Hoan toan tuong tu ta ciing suy ra dugc:
1 e
Sarr SSary SSapy SESABC (3) (theo Bai toan 7

diém).

T (1), (2) va (3) suy ra diéu phai chiing minh.

» [J cit canh FB va FD:

+ TH1: Néu 1, J thudc doan BX thi IJ < BX = XE.
1 1

Suy I'ai SC[J SZSABC; S./”J SZSABC (1).

+ TH2: IJ cit doan XD va FB lan luot tai J'va I

A

Hinh 9

Goi J! 1a diém d6i ximg cua J' qua X. Qua Jj ta
ké duong thing song song vdi LJ, cat ED tai 1],
I{ ludn thudc doan DE va 1J' = I}J{ (h.9).

Suy ra:

rre 1yt l
<1 =110y = Scy £ Scrp £ Scpy < ZSABC' (2

(theo bai todn 7 diém).

+ TH3: IJ cat doan FX va FB lan lugt tai J' va .
Hoan toadn twrong tur ta ciing suy ra duoc:

Say SSarp SSapy S%SABC (3) (theo bai toan 7
diém).

Tir (1), (2) va (3) suy ra diéu phai chirng minh.
Vay Bii toan 5 diém dugc chimg minh hon tt.
Nhdn xét: Bai toan 5 diém & trén that sy hay va
thit vi, n6 manh hon nhiéu khi ta 4p dung nguyén
li Dirichlet thuén tily. Néu str dung cac két qua clia
bai toan nay két hop voi nguyén i Dirichlet ta s&
duge mét s6 bai ton td hop hinh hoc hay va kho!

TOAN HOC
3
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MQT VAI AP DUNG :
Luru y: Bang thuéc thing va compa, ta cé thé cﬂhia
mét doan thing cho trudc thanh nhiéu doan thing
bf‘mg nhau.

Bai todn 1. Cho 2025 diém nam trong hinh binh
hanh c6 dién tich 2024 (dvdt). Chirng minh rdng
trong s6 2025 diém di cho, c6 3 diém tao thanh
mot tam gidc co dién tich khéng lon hon 1 (dvdt).
Loi gidi. Chia hinh binh hanh d cho thanh 1012
hinh binh hanh nho c6 dién tich bang 2 (dvdt),
bang cach chia hai canh d6i dién cua hinh binh
hanh da cho thanh 1012 doan thing bang nhau.

T

Vi 2025=1012-2 +1 nén theo nguyén li Dirichlet
thi s& co it nhat mot hinh binh hanh trong 1012
hinh binh hanh vira chia chia it nhét 3 diém, theo
cach chimng minh bai toan 7 diém & trén thi 3 diém
do sé tao thanh mét tam giac co dién tich khong
vuQt qua mét mira dién tich cia hinh binh hanh
nho tirc 1a khéng vuot qua 1 (dvdt) (dpcm).

Bai todn 2. Cho 8097 diém nam frong hinh chiv
nhdt ABCD ¢6 AB =46 cm; BC = 44 cm. Ching
minh rang trong s6 8097 diém da cho luén cé 3
diém tao thanh mét tam gidc cé dién tich lom nhét

- | 5
la —cm~”,
4
Loi gidi.
A4 B
S——————
s—————’——_——-—‘—-——.—_.-_—
D C

Tir bai ra ta c6: S,pcp, =46-44 =1024 (cm?).

Nbi A4 v6i C, ta duge hai tam gidc vudéng ABC va
ADC. Trén AC ta lay 1011 diém lién tiép (khac 4,
C) dé dugc 1012 doan thing lién tiép bing nhau.
Nbi D va B véi 1011 diém vira 14y trén AC khi dé
ta dugc 2024 tam giac nho c6 dién tich bang nhau

3 2
va bang 1 cm”.

TOFIN HOC
4 *cusie

S5 583 (1- -2026)

e

Vi 8097 = 2024 -4 + 1 nén theo nguyén Ii Dirichle
khi 14y 8097 diém trong hinh chir nhit 4Bcp
(dwoc chia thanh 2024 tam glac) sé cb it nhat mjt
hinh tam gidc chira it nhit 5 diém. Thco bai toan 5
diém & trén thi s& c6 3 diém trong s6 5 diém d9 tao
thanh mot tam gidc c6 dién tich 16n nhat 13

2
—Ccm .

Bai toan 3. Cho 8101 diém nam frong ngii gigc
déu ABCDE c6 canh la a. Chirng minh rang trong
56 8101 diém da cho luén c6 3 diém tao thanh mét

~

tam giac co dién tich nho hon

Loi gidi.

\AX

Tir gia thiét cia bai toan, ta d& tinh duoc dién tich
cta ngil gidc déu ABCDE la:
5232 ot3gen 32 137638 < 3% .1 472
4 4 4

Chia méi canh cia ngi gidc thanh 405 doan thang
nhé bing nhau. Go1 O 13 tdm cua ngii giac déu
ABCDE, khi d6 ta ndi O v&i mdi diu mut cua cac
doan thing vira chia, ta dugc 5-405=2025 tam
gidc (chung dinh O) c6 dién tich bang nhau va
bang i Vi

2025
nguyén li Dirichlet khi liy 8101 diém trong ngii
gidc déu ABCDE (dwoc chia thanh 2025 tam giac)
s€ ¢6 it nhat mot tam gic chira it nhét 5 diém.
Ap dung bdi todn 5 diém & trén thi s& c6 3 diém
trong s 5 diém thudc tam gidc do6 tao thanh mot
tam giac c¢o dién tich 1én nhét la:

7a®

£ o e sl

4 2025 "4.2025 32400
Luu y: Viéc két hop cac bai toan trén véi cac ki
thuét chia tach hinh va nguyén 1i Dirichlet ta s& co
dwoc nhiéu bai toan hay va phirc tap hon nita.

8101=2025-4+1 nén theo

(dpem).
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HUONG DAN GIAI BE THI VAO LGP 10 THPT

CHUYEN TiNH NGHE AN
Nam hoc 2025-2026

Cau I a) Biét ring

I+ D27 + DB +1)--(n? +1)
chia hét cho 1297%, véi n la sd nguyén dwong.
Chitng minh n > 649,

b) Tim cdc so nguyen dwong a, b thoa man cdc
diéu kién sau: a-b la sé nguyén 1o, a,b la so
chinh phiwong trinh va a+b -3 chia hét cho 5.
Léi gidi.
a) Gia sir n<648.Chi y ring 1297 1a sé nguyén
t6. Voi moi sb nguyén duong a thudc
{1,2;3;...;n}, tacé:
a’ +1<n® +1<4n’ <1297°,

suy ra a’ +1 khéng chia hét cho 1297
Theo gia thiét ta co:

12972 | (12 +1)(2% +1)...(n* +1),
do d6 tdn tai hai s6 b, ¢ khic nhau thudc
{1,2;3;...;n} thoa man b? +1, ¢* +1 cing chia hét
cho 1297. Khi doé:

1297 | (b* +1)—(c* +1) = (b—c)(b +0).

Suy ra 1297 1a wéc cia b—c¢ hodc b+c.

Trong hai trudng hop thi
1297 < b +c < 647 + 648 =1295.

Ta c6 didu vo ly. Vay n > 649.

b)Patp=a-b va d =(a,b),suyra:
dla-b=p.

THI: d=p thidat a=dx*,b=dy’ trongddx,y

nguyén duong va (x, y)=1.

Ta co:

p=a-b=d(x’ -y")=d(x=y)x+y)

& (x—y)x+y)=1
Vi x+y>x—y>0(vé li) nén khong ton tai x, y
thoa man.
TH2: d=1 thi dit a=x*, b=y’trong d6 x, y
nguyén duong va (x,y)=1.
Tacd: p=a-b=(x-y)(x+y), suyra

x-y=Lx+y=p.

whidd =Bt S Bl 5 8
2 2

2 2 2
1 = +1
a+b=xz+y2=(p;J +(p2 J =‘D2 ;

p2+1_
2
Dovay p=5. Khid6 x=3, y=2thi a=9,b=4

2—
Ma 5|a+b-3= 3=p25th15|p2—5.

Viy a=9, b=4.

Ciu II. a) Giai phicong trinh X+ ( — =15,

i X -9y=18x-5)’
b) Giai hé phirong trinh 5 .
X’ +4=35(y° -1)
Lii gidgi. a) Véi x#2, phuong trinh ban déu
twong duong voi:
X 4x* 4x*
+———=5+
x-2 (x=2)? x=2

( 2x )2 / 4x?
<> X+t =5+
x-2 x—2

¥ +4x.

¥ 4x*

& = =3+
(x-2) x—2

S46 583 (1-2026)
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.2 .2
> ;___'_l _\_~_5 =),
¥=2 Jlx=2

THI: ~—+1-0 e e B
X=2 x-2

o el gy o)) [-\' =1

x-2 X =—
TH2: ¥ —5=Oc3£;:§119=0 (1).
=2 “d

L

Do x* =5y 410> 0 nén (1) v6 nghiém.
Viy x=1;x=<3 1§ che nghi¢m cua phuong trinh

ban dau.

A e 1R 5.8
b) Ta co: .\’ 9 18.: 5y° (1) .
X" +4=5y" -] 2)

T (2) co: x? =5)% 9
Ta(1)taco: »° ~18x+5)y° -9y =0
S X —18x+x2y=0©x(x2 +xy-18)=0.

THI: x= O:>v =§©v—+——

Q]

TH2: x* +xp=18 = 2(5)" =x*)=x? +xp,
hay 3x* + xy =102 =0 (x+2y)(3x-5y) =0.

* Néu x=-2y=9=5y"—x° =2

x:—6’y=3
Suy ra: _
x=6!y=_3
.Néu3x:5y:>9=5y2_£y2=_29y2
9 9
» 81
it i
W5 95
x=—,y=_
Suy ra: 2 10
a3l b 0fE
Aoy 4D

3 3
ay hé PT c6 cdc nghi¢m la:| 0,—= |, 0,——= |,
o 5 ( JEJ ( 45)

6 T?ﬂ{-“uggg S§ 583 (1-2026)

-

3\/— 9\/— },‘/_g.,_i.).\_/_—iJ ( 6 3) (() __3)
8 L0, 2 10
Ciu 1L K& thie nam hoc. thy !»'"(?" chon ngg,
nhicn bon trong nam ban lop O gom: Ay, Bing,
Cucng, Diing, Thao de dw hoi nghi tuyén dy, g,
a) Tinh xac sudt dé trong bon ban dige choy e
ban An. ’ ‘
b) Ban (6 chire chuan bi bon phan qua khee khay,
danh rieng cho moi ban 16p 9A tham dir. Tqi hii
nghi, do quén ghi ten nen ban t6 chire da phg
ngau nhién qua cho hon ban, moi ban nhan mg
phan qua. Tinh xdc sudt ciia bién ¢ “co iy nhéy
mot ban nhan diing /]/I(;ll qua cua minh”.
Loi gidi. a) Ta thiy s6 cach chon 4 ban bjt ki
trong 5 ban chinh 1 sb cach chon mot ban & laj,
tirc 1a 5 céach.

Trong 5 cach do thi c6 4 cach ¢ sir xuat hién cug
VR T TR -
An. Viy xéc sudt can tim la =

b) S6 céch dé pht 4 phin qua tuy y cho 4 ban [
4321 = 24. Tadém s trudng hop ma khéng ai
trong bén ban nhan ding qua ctia minh. Gia si ¢
bon ban 4, B, C, D. Trudc tién, néu 4 liy bit ki
qua cua ba ban con lai thi c6 3 céch. Gia sit 4

nhan cta B. Khi do, ta cod 3 truong hop sau:

Ban B W D

| Nhincia | 4 | b | ¢

Nhén cia C D A

Nhén cta D A (i
e b o

Tuong tu néu 4 nhin cu
nhdn cu

a Ctacod 3 truong hop, 4
aDtacé 3 trudng hop, Viy c6 titcala 9

truomg hop ma khéng ai trong bén ban nhin ding
qua cia minh, Viy dé it nha

qua ctia minh ¢6 24 - g

at mot ban nhin ding
=15 trudmg hep.
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A y A A 4 r A A
Viy Xdc suat dé “co it nhat mot ban nhiin ding

qua cua minh” 13 — ==,

Ciu V. Cho tam gidac AABC nhon (4B > AC)
ngi ticp duircng tron tam O, ban kinh R. Cdac diong
cao AD, BE, CF cla AABC cdt nhau tai H.
Durong kinh AK ctia diong tron (O) edt EF tai N.
a) Chimg minh 0 gice BKNF ngi 1idp va
AKD = AHN.
b) Duong //n?'ng qua C song song voi AB cat
duong thang BE tai M. Goi O la giao diém ciia
BC va HK., dicong thing EF cat OM tqi P. Chitng
minh ABPC vuong.
c) Gia sir A, C va duong tron (O) co dinh,
AC <R3, diém B di dong trén cung lon AC.
Xde dinh vi tri diém B dé 1(3'/1g chu vi cua cac tam
gide AAEF, ABFD, ACED [ nhdt.
Loi gial. a) Vi AK la duong kinh nén:

ACK = 4BK =90",
Ta chimg minh dugc: A4AEF « A4BC(c.g.c) nén

AEF = 4BC. Suy ra:

0 1O —

0AC+AEF=M+AEF

0 — - o
=@;2A_B£+ ABC =90°.

Suy ra AK vudng goc vdi EF.
Nhir viy KNF = ABK =90°. Do do tir gidc BFNK
ndi tiép. Khi d6, chimg minh dugc:

AANF @ AABK (g.8).

AN _AF . 4N.AK = AB.AF.
B

\ oy AR A
va AAFH > AADB (2.2 D, AR

< AD.AH = AB.AF = AN .AK.

Suy ra: ﬂ—ﬂ Mit khac, co DAK chung,

AH 4K
suy ra AAHN © AAKD (c.g.c) nén AFIN = AKD.

b) Ta chimg minh dugc BHCK la hinh binh hanh
nén BC, HK cét nhau tai trung diém Q ciia mdi
doan. Goi /12 giao ctia AH va EF, G 1a trung diém
cua AH.

Ta ching minh dugc AMBC © ACAH tir d6 co
AACG © ABMQ (c.g.c) (1).

Goi L 1a giao AD véi (0). Ta c6 tit gidc NILK ndi
tiép do JLK = INK =90° va

AB.AF = AN.AK = Al.AL = A = ﬁ
Al AF

Két hop véi goc BAL chung, suy ra:

ABIA » ALFA=> ABI = ALF (2).
Ma DQ song song LK do cung vudéng véi AL nén
D 12 trung diém ciia HL. Ta c6:

HF.HC = HAHD = 2HG.HD = HG.HL = 2E - HG
HL _HC

Ma FHL = GHC suy ra AFHL « AGHC (c.g.c).
Do d6 FLH = GCH. Két hgp véi (2) ta dugc:
ABI =GCH.
Ma ABE = ACH nén
IBE = ACG = BMQ (do (1)).

TOAN HOC
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Do d6 Bi song song véi MP.
Theo dinh 1y Thales ta co:

Er EB EA

= PCB = 90°.
EP EM EC:AI//CP:PC

Vay ta c6 diéu phai chimg minh.

Ta c6 tong chu vi cia AAEF, ABDF, ACDE 1a:

I'=AF + AE+EF + BF + DF + BD + CE + CD + DE
=AB+ AC+BC + DE + DF + EF.

Ta thay 0OQ la duong trung binh cia tam gidc

AHK. Suyra AH =200. Taco:

EGF =2BAC = BOC
EF _GE _GH 0Q

Rt GR

BC7..0C R

= AEGF @ ABOC =

:>EF=Bc_%=§AOi_
R R
Tuong trtaco: EF + DE + DF

_9 Saosc +Spous + Saouc _ 28ape
: T .

Nhu vay T = AB+ BC + CA +2.L‘;'2’3£.

Ta théy dién tich cia AABC dat gi4 trj 16n nhét
khi B 1a diém chinh giira cung 16n AC.

8 T?@P'uggg S3 583 (1-2026)

N

Ta Ay trén tia d6i BC diém J sao cho BA=py

. AOC

co6 ABC = khong doi.

Goi X 1a trung diém cung lon AC.

Taco mz,ﬁ:Zm nénJ thuéc (X,XA)
cb dinh.

Nhu vy BC + BA=BC+BJ = JC dat gia trj Ign
nhat khi JC 1a duong kinh hay B tring véi X.

Chu ¥ ring do 4 cb dinh nén AC ¢6 dd di khang
ddi. Do @6, tong BC +BA+ AC dat gia trj I¢n
nhat khi B 13 diém chinh gita cung 16n AC.

Vay téng chu vi cia AAEF, ABDF, ACDE dat
gid tri 16n nhit khi diém B chinh giita cung I¢n
AC.

Cau V. Cho hai s6 thuc a va b thoa man cdc diéy
kién sau:

1) a <b <420.

ii) Voi moi s6 thuc x, y, z thod man:

asx<hasy<h.a<z<h,
Kt o 3 1

ta luén co (x+y+z—420)° < —=xyz.
105

Tinh gid tri Ién nhdt cua biéu thirc T = a —b.
Loi gial.
bat x=105x,,

y=105y,, z= 105z, vai

a <X, ),z < b trong 46 a =105a,,b =1055, .

Khido ab <4 va (x,+y +z - 4)? <xqymz ().

bat x; =2+1x,,y, = 2% Y3z =24

-
“2-

Khi d6 (1) tré thanh:

(% + 3342, +2)* < (x, + 2)(y, +2)(z, +2)

& +y3 +z3 SN2 +4 (2).
Vi m = q, =25x,,,2, Sh-2=p

Tachon x, =y

— i

2 =2 =m thay vio (2) thi
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3’ <m +4 < (m+1)(m- 2?20 m>-1.

Ta chon x, =y, =n, z, =m thay vao (2) va
1
2—-m=4—a, =—— (420 -
50 i

thi co 2n* +m* <mn’ + 4
o Wm-m=2)(m-2)20=> n? <m+2.
« Néu n =1, thi:
n<n’ =>b-a=n-m<n’-m<2,

*Néu n<1 vacéd m=-1 suyra:

b—-a=n-ms<2,
Vay max(h —a)=2<m=-1,n=1.
Hay max(b—a)=210.
Khi m=-1, n=1 thi taco:

a=105a, =105(m +2) =105,
b=105b, =105(n + 2) = 315.

Nguoc lai, voi m=—-1, n=1 taco:

-1<x;, ¥, 2, 1.
Suyra x2,y2,25 <1 va —1£x,),2,.
Khido x? + y3 + 23 —X,y,2, —4 <0 (dlng).
Viay max7 =210 va dAu bang xay ra khi a =105
va b=315.
Cau VL. Trén bang co day s61;2;3;...; 2025 ta
thiee hién nhur sau: Néu trén bang c 4 séa;b;c;d
sao cho d =a+b+c thitaxoa4 56 dé va viét 3
s6 a+b; b+c; c+a lén bang. Gia sit tai mot thoi
diém trén bang con n s6 a;; ay;...; a,. Chung
minh rang af‘ + ag +a; +oet a} -9 chia hét cho
Bvdasism, - |

" HD-Ddp so. =~
Ta c6 nhin xét vé bat bién sau cic budc thyc hién:

« Téng cua ba s6 mai la:
(a+b)+(b+c)+(c+a)=2(a+b+c)

—a+b+c+d.

« Téng binh phuong ctia ba s6 moi 12:

(@+b) +(b+c) +(c+a) =a’ FBE et
ta+b+c) =a?+b* +c’ +d’.

Theo nhan xét trén, tai mot thdi diém trén bang

con n 80 a;;ay;...;a, thitaco:

2025.2026
a+a,+..+ta, =1+l 4 2025 =—F—""""

2

@ +al+..+al =17 +27+..+2025°

_ 2025.2026.6(2.2025 +1) _ 6751013.5051.

Mait khéc, theo bAt ding thirc Bunyakovsky ta c0:

(a, +a, +..+a,)’ Sn(af +aE .t a,zr)

2
(a, +a2+...+an) >1520.

=nz = 3
a tay +..+a,

Ta thiy a —af = a; (a; —1)(a, +1) : 6.

Néu @, chin thi @ chia hét cho 4. Nguoc lai, g,

1é thi (@, —1)(a, +1) chia hét cho 4.

Nhu viy a'-a? i BCNN(4,6)=12. Hay a;, af
¢6 cing sb du khi chia cho 12.
Do d6, af +aj +...+ a’ -9, al +a; + ..+ ar-9
c6 cing sd du khi chia cho 12.
Ma ‘112 +a22 +...+a3‘ —9:12(gia thiét) nén suy ra
af +aj +ai+..+al -9 chia hét ccho 12 va
n 1520 (diéu phai chirng minh).
NGUYEN TRAN HOANG
 (SV Khoa Todn Tin, DHSP Ha Noi)

Gidi thiéu

TOAN HOC
& cruaimé
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Y

: [N
PE THI THU VAO LOP 10 THPT CHUYE

Niam hoc 2026 - 2027
Thoi gian lam bai: 150 phiit

Bai 1. (2,0 diém)
a) Cho da thic P(x)=ax?+bx+c. Biét P(x)
chia cho x + 1 du 3, P(x) chia cho x du 1 va P(x)

chia cho x — 1 du 5. Tim cachésba, b, c.
b) Cho cac sb a, b, x, y théaman ab £ 0, a + b £0,

4 4
X
S i
a b a+b

Chimg minh ring:

x4 5 =1

b)) ay’ = bx?s
X0 200 2

b2) oo T )1—00 S T,
a b (a+b)

c) Tim tit ca cac sé X, ¥ nguyén duong thoéa man
phuong trinhl + 1 = —]-
x y 617

Bai 2. (2,0 diém)
a) Rut gon biéu thirc:

26+V5) . 23-45)
22 +3+45 Zﬁ—\/——ﬁ'
b) Tim m dé phuong trinh:

(¥ =2)(x=3)x+4)(x+5) =m,

6 4 nghiém phan biét.
Bai 3. (2,0 diém)
a) Giai phuong trinh:

%2 = x—4 =2 S 2.

X +x° ~10y=0

A=

b) Giai hé phuong trinh: . [
X +6y =10

Bai 4. (2,5 diém). Cho duong tron (O; R) va day
cung BC=Ry/3cé dinh. Diém 4 di dong trén
cung lén BC sao cho tam giac ABC nhon. Goi E 13
diém dbi xing véi B qua ACvA Fva diém déi
xl'mg véi C qua 4B. Cac dudng tron ngoai tiép cac
tam gidc ABE vi ACF cét nhau tai K (K khong
trang A). Goi H 13 giao diém cua BE va CF.

TOAN HOC

S6 583 (1-2026)

a) Chimg minh KA la phan gidc trong géc BKC i
3 r
tr gidc BHCK noi tiép.v o
b) Xac dinh vi tri diém 4 dé dién tich ti gij,
! Do “foh 4
BHCK 1¢m nhét, tinh dién tich 16n nhat cta ti gisc

d6 theo R. il
¢) Chimng minh 4K luon di qua mét diém ¢d dijnh,

Bai 5. (1,5 diém)
a) Cho 3 sé thuc duong x, v, = théa mén:
| ] ]
—_f i =5 =5
R _l'- Z
Tim gia tri nho nhat cia biéu thire:

2.2 2.2 oL
izl 2°x x°y

psnsupe o} TR e
x(y' +2%) y(:" +x) " zZ(x"+ )

P:

b) Bac Nam lén ké hoach lam hang rdo cho khy
dat hinh chir nhat, dé bao vé rau lréng ciia minh,
Béc rdo 3 mit xung quanh va 1 hang rao & gitra,
chia doi khu dat, dé trf)ng rau, mgt mat khong rao
huéng vé phia bo séng (nhu hinh vé). Bit ring
chi phi dé rio hang rao chiéu dai khu dét Ia 60
nghin dong/mét. 3 hang rao theo chiéu rong cé chi
phi la 50 nghin déng/mét va téng chi phi cho lam
hang rdo 1a 15 trigu dong. Hoi bac Nam c6 thé rio
duge khu dét c dién tich 16n nhét 13 bao nhiéu
mét vudng?

song 7

¢) Cho hinh binh hanh 4BCD, k¢ 17 dudng thing
sao cho moi dudong thing chia ABCD thanh hai

hinh thang ¢6 ti sé dién tich bing —;— Chimg minh

rang trong 17 dudng théllng ¢d 5 dudng thing dong
quy.

. HA VAN NHAN

(GV THCS Hoang Xugn, Hodng Giang, Thanh Hoa)

Gidi thiéu

10

el
e —

* Cludilré

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

s U -

THEO CHUONG TRINH VA SGK MO1

Nhim nhin dién nhimg sai 1am phd bién ma hoc

sinh thudng mac phai khi giai cic bai todn thude
chuyén dd ndy, viéc chi ra cho ciac em biét minh
dém sai con quy hon ca viéc cung cép cho cic em
161 giai cia bai toan, bai didu do gilip cac em hiéu
ban chét van dé va tranh 1ap lai 16i tu duy tuong
tu. Tir d6, bai viét dé xuét nhitng phuong an khic
phuc hiéu qua, gop phan ning cao tu duy logic va
do chinh xdc trong giai toan.

Bai 1. C6 bao nhiéu cach chia 4 ban hoc sinh vao
hai 16 1a 16 1 va 16 2 sao cho:

a) Mot to nhan 3 hoc sinh va mot 16 nhdn 1 hoc
sinh.

b) Mai t6 déu nhan 2 hoc sinh.

Loi giai ciia ban Ty.

a) Chon 3 hoc sinh tir 4 hoc sinh va chon 1 to tir 2
t6 dé nhan 3 hoc sinh nay, c6 C;.Cj =8 cach.

T4 con lai nhan 1 hoc sinh con lai, ¢6 1 céch.
Theo quy tic nhan, c6 8.1=8 cach.

b) Chon 2 hoc sinh tir 4 hoc sinh va chon 1-t5 tir 2
td dé nhan 2 hoc sinh nay, c6 C;.Cy =12 céch.

Tb con lai nhan 2 hoc sinh con lai, ¢6 1 cach.

Theo quy tic nhan, ¢6 12.1=12 céch.

Nhdn xét. Bai toan vdi két qua khong nhiéu, nén
ta ¢ thé liét ké dé nhin 1o cac trudng hogp xay ra.
Gia sir 4 hoc sinh ki hiéu 14 4, B, C va D. Khi do:

Céu a) Cau b)
T61 | To62 To 1 Tb 2
ABC D AB [)))

D ABC cD AB
BCD A AC BD

A BCD BD AC
CDA B DA BC

B CDA BC DA
DAB i

C DAB

NN B 0 0 1 oo g e

NN SAL LA THUENG GP. 55

i 4

, N(:kaﬂmmirm;%f
(GV THPT Triéu Som 4, Thank Hod) )

Nhu vay, loi giai cau a cho két qua chinh xac; con
cau b thi két qua sai. Vay cau b sai ¢ dau?

Phan tich 16 sai: O ngay budc dau, gia sir chon
duoc 2 hoc sinh 1a 4B, chon duge t6 1 dé nhan hai
hoc sinh ndy, nhu vy to 1-AB, to 2-CD. Nhung
ciing trong budc chon nay, co thé xay ra 2 hoc
sinh dugc chon 13 CD va t6 dugc chon la t6 2, khi
do t6 2-CD va té 1-AB. Dén dén bj trung 13p.

Nén v6i cau b, do hai t& déu nhan sb hoc sinh nhu
nhau, viéc phan biét hai t6 chi 1a viéc chon hoc
sinh nao dé dua vao to, tir d6 c6 101 giai nhu sau:

Loi gidi. Bai toan dugc chia 1am 2 budc, budc 1
chon 2 hoc sinh cho mot td, budc 2 chon 2 hoc
sinh cho t6 con lai.

T 1 ¢6 s cach chon hoc sinh 1a C; =6 cach.

T4 2 nhan 2 hoc sinh con lai, ¢6 1 cach.

Suy ra s cach phan chia thod man 1a 6.1=6
cach.

Bai 2. C6 bao nhiéu cich trao hét 6 mén qua khdc

nhau cho 3 ngudi, ma nguwoi nao cung nhan dioc

it nhdt mot mon qua.

Loi gidi ctia bgn Ty. C6 3 truong hop xay ra:

Truong hop 1: Mét ngudi nhin | mén qua, mét

ngudi nhan 2 mon qua, mdt ngudi nhin 3 mon

qua: Ci.C3.Cs.Cy céch.

Trudng hep 2: Mgt ngudi nhin 4 mon qua va hai

ngudi con lai nhan 1 mén qua: Cy.C3.Cy cdch.

Trudmg hep 3: Mdi ngudi nhin 2 mén qua:

C2.Cy.C3 C} céch.
Vity co: |
Ci.C).C3.Cy +C§ CA.C) + G2 .C1.Ci €y =990

céch trao qua.

TOAN H
: CTub'i% 11
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Phin r’r'ch l6i sai: O trudng hop 3, mic 16i trong
cach d‘ém khi chia qua cho nhiing nguoi duge 50
qua bing nhau, Nhitng ngudi nhin sé qua nhu
nhau thi chi tinh mi céch chia qua cho ho.
Loi giai 1. C6 3 truong hop xay ra:
Truong hop 1: M6t ngudi nhan 1 moén qua, mét
ngudi nhan 2 mén qua, m{t ngudi nhin 3 mon
qua, ¢6 31C;.C7.C3 =360 cach.
Truong hop 2: Mot ngudi nhin 4 mén qua, hai
ngudi lai nhan 1 mén qua, c6 Cj.Cy.C; =90
cach.
Trudng hop 3: Mbi ngudi nhan 2 mén qua:
* Phat qua cho nguoi thi nhit co C; cach.
* Phat qua cho ngudi thir hai co Cf cach.
* Phat qua cho ngudi con lai c6 C5 cach.
Suy ra truong hop nay c6 C;.C;.C: =90 cach.
Vay c¢6 360+90+90=>540 cach trao qua thoa
man.
Léi gigi 2. Mbi mon qua c6 3 kha ning trao cho
ba ngudi nén c6 3° cach. Trong cach chia nay xay
ra nhitng truong hop cé 1 ngudi hodc 2 ngudi
khéng nhédn dugc mdn qua nao.
* Truong hop c6 dung mét nguwoi khong nhan
dugc moén qua nao, co 3(26 - 2) céch.
« Trudmg hop cd ding 2 ngudi khéng nhan dugc
mén qua nao, c6 3 céach.
Viy sb cach chia thoa man:

© 138 -3(2°-2)~3=540 cich.
Bai 3. Mét truong THPT c6 8 I6p 10, méi lop cir 2
hoc sinh di dir budi hop cia doan triuong. Trong
b;u;‘;i hop ban 16 chire can chon ra 4 hoc sinh tir 16
hoc sinh cia khéi 10 dé vao doi thanh nién xung
kl:Ch nha trieong. Hoi ¢o bao nhiéu cdach chon sao
cho trong 4 hgé sinh dwgc chon co d‘m}g 2 hoc
sinh cung lop?
Loi gidi ciia ban Ty. Chon 2 hoc sinh cling 16p
(chon 1 16p tir 8 16p), c6 Gy =8 céch.
Chon hoc sinh thir ba tir 14 hoc sinh con lai cé 14

cach.

12
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Chon hoc sinh thir tu tir 12 hoc sinh (13 hoc sinh
<on lai, bo di hoc sinh cung 16p véi hoc sinh thy 5
da ch‘(_)n trude do) co 12 cach. ‘
Suy ra s6 cach chon thoa méan yéu cau la
8.14.12 =1344 cach.
Phin tich 16i sai: Cach dém ndy da bi Iip ky;
chon hoc sinh thur ba va tho tu, v‘i gilra hai hoe
sinh nay khong c6 phan biét nhau vé nhi(’j:-,m VU hay
vi tri gi. Cach chon trén sé la ding néu nhy ¢g
thém gia thiét phan biét vi tri, chirc vu... cho haj
hoc sinh ndy, vi du nhu *...trong hai em hoc sinp
khac 16p, mot em phén lam to trudng, mot em lim
t6 pho”.
Léi gidi 1. Chon 2 hoc sinh cung 16p co Cq cdch.
Chon 2 hoc sinh bat ky tir 14 hoc sinh con lai ¢
CZ, tuy nhién cach dém nay c6 7 céch chon phai
hai hoc sinh cting 16p. Suy ra, chon hai hoc sinh
khéc 16p tir 14 hoc sinh con lai la C7, = 7.
Theo quy tic nhan, co Cg.(Cﬁ‘ —7)=672 o
chon thod man.
Ldi gidi 2. Chon 2 hoc sinh cting 16p c6 Cy céch.

Chon 2 16p tir 7 16p con lai ¢6 (C# cach, & 16p thi
nhét chon 1 hoc sinh, 16p thir 2 chon 1 hoc sinh
nén c¢6 C;.2.2 céch chon 2 hoc sinh khac lop tir
14 hoc sinh con lai.

Theo quy téc nhan, ¢6 C}.C2.2.2 = 672 céch chon
thoa man.

Bai 4. C6 2 cgp vor chong va 4 dita con di choi
cung nhau. Cé bao nhiéu cdch xép 8 nguoi ndy
thanh mét hang dé chup dnh hru niém sao cho 2
ba vg ciing nhir 2 éng chong khéng dimg canh
nhau.

Loi gigi ciia ban Ty,

Buoc 1: Xép 4 dira con trudce co 4! cach.

Budc 2: Bon dira tré nay tao ra 5 khoang trbng VA
ching duc:xc xem nhu nhimng vich ngan. Chon 2
khoang trong tir 5 khoang tréng do dé xép 2 ba v¢

c6 A2 cich,

el
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Sau khi xép duoc 4 dira tré va 2 ba vo thi 6 nguoi
ndy tao ra 7 khoang tréng va ho duge xem nhu
nhirng vach ngin.

Buéc 3: Chon 2 khoang tréng tir 7 khoang trong

y A A A A ’ 2 .
d6 dé xép 2 dng chong c6 4; cach.

Theo quy tic nhan c6 4142 47 =20160 cach xép

thoa man.

Phan tich 16i sai: Loi giai sai tir bude 2, din dén

thiéu di truong hop:
CON-CON-V(3-V(Q-CON-CON,

ma sau ndy & bude 3 co thé xép giira 2 ba vo 1a

mdt trong hai ngudi chong vao duge. Bd sung

truong hop nay, ta c6 101 giai sau:

Loi gidi 1.

Truong hop 1: Giira 2 ba vg c6 it nhit 1 nguoi

con.

Trudong hop nay la lo1 giai cua ban Ty, ta co:

4142 A7 = 20160 cach.

Truong hop 2: Gitlta 2 ba vo khéng c6 ngudi con

nao (tirc 1a co 1 ong chong dung giira).

Chon mét 6ng chdng va xép ding giira hai b vg

c6 2.2 =4 cach.

Xem b ba ngudi trén 13 mot, xép cing 5 ngudi

con lai (4 dira con va 1 6ng chdng) ¢6 6! cach.

Suy ra c6 4.6!=2880céch.

Viy cé 20160 + 2880 = 23040 ciach xép hang thoa

man.

Loi gidi 2. Xép bat ky 8 nguoi nay thanh mét

hang c6 8! cach.

» Xép 2 ba vg canh nhau c6 2!7! cach.

. Xép 2 ong chfmg canh nhau ¢6 2!7! céch.

Trong trudng hop 2 ba vo canh nhau hodc 2 ong

chéng canh nhau theo cach dém 'trén, déu co

chung nhau truéng hop ca 2 ba vg canh nhau va 2

ong chdng cling canh nhau, do dé ta dém  thém

trurdng hop sau:

« Sé cach xép 2 ong chong canh nhau va 2 ba vg

ciing canh nhau co 2!2!6! cach. ‘

Vay c6 8!-217!-217!+ 2!216!=23040 cich xép

hang théa man.

Bai 5. Cho tip A={M:N;E;F, K; W; [ I}, o
bao nhiéu cdch viét thanh hang ngang mot day
gom 7 ky e (cac ky tw la cac phdn it ldy tir tdp A)
sao cho trong day dé cé 3 ky tw lién tiep la
“WIN " ?
Loi gidi ciia {)gn Ty. Xem diy gom 7 ky tu, méi
ky tu duoc viét vao 1 6 nhur hinh sau.

L
Budc 1: Chon 3 6 lién tip tir 7 6 dé dién bd
“WIN™, nén co 5 cach.

) 2 e L
Budc 2: 4 6 con lai, mdi 6 tity ¥ chon mét phén tir
tir 8 phén tir ctia tap A4, nén co 8* cach dién.
Suy ra co 5.8* =20480 céch.
Phan tich 6i sai: Ldi giai nay, di ¢ém tring 2 lan
khi trong diy ky tu co chira t&i 2 by “WIN”.
J budc 1: Chon 3 6 lién tiép tir 7 6 dé dién bo
“WIN™ c¢6 5 cach, nhu viy co thé xiy ra tinh

hudng:
EERERRE
I O A

O tinh huéng thir nhat, sang budc 2, 4 6 con lai la
dién bit ky nén ciing c6 thé xay ra tiép nhu sau:

[W Il N fo o of ool o
Tuong tu, ¢ tinh huéng thir hai, sang budc 2, 4 6
con lai 1a dién bt ky nén c6 thé xay ra tiép nhu

e o

Dén dén hai diy ky tir nay 1a mdt (tic bi tming),
thanh thir duoc dém t6i 2 1an.
Loi giai 1. Dién b “WIN” c6 5 cach, 4 6 con lai

sau:

[wlr]n]

c6 8* cach dién, suy racé 5.8% cach.
(I O]
Tuy nhién theo cich dién trén xdy ra tring nhau
khi c6 t&i 2 bo “WIN” trong day.
Dién 2 by “WIN” c6 3 cach, 6 con lai c6 8 cach

dlen suy raco 3.8 =24 cach.
Sé cach viét thoa man la: 5.8 -24= 20456

TOAN HOC
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Lot giai 2. Goi S, 1a 56 day c6 n ky tw ma khong
chira b “WIN™.
De 1ap mot day d¢ dai » khéng chira “WIN™:

* Ta lay mot day do dai n—1 khong chira “WIN”

va thém vao mot ky tw bét ky (tir 8 ky ty lay tir tap

A da cho) vao cudi, nén co 8.5,

cach.

* Tuy nhién hanh déng nay c6 thé vé tinh tao ra
“WIN” & cubi day, diéu nay xay ra khi diy n-1

két thuc bing cum “WI” va ta thém “N” vdo.

Day két thuc bing "WI" ma khong chira "WIN"

truge do co sb lugng diing bang §,_, (la cic diy
n—1 ma tin cung I3 “WI).

Suy ra Sn & 8Su—l - Sn—B
Dé thay S, = 5§, =8,5,=8" =5, =2076696 .
S0 cach viét thoa man Ia: 87 - S, = 20456 .

Bai 6. Cho bang 6 vuéng 3% 3 nhur hinh ve. Nguoi
ta dién ngc?u nhién cac chir sé 1: 2: 3: 4: 5:6:7: 8;
9 vao bang, mai 6 dién mét sé v

moi so dién mot lan. Tinh xdc sudt

de moi hang ciing nhiwr méi cét bt

ky déu chira it nhat mér so chan.

Loi gidi ciia ban Ty. S6 cach dién 9 chit sé vao 9
0 ngau nhién theo dé bai 1a 9! cach.

Pém s6 cach ma co mgt hang hodc maét cot trong
bang khéng c6 s6 chin (tirc 1a c6 mot hang hoic
mot cot ndo do6 trong bang chira toan sb 1&).

Buéc 1: Chon mét hang hodc mdt cot chira toan sé
1¢, co 6 céch.

Buée 2: Chon 3 chu 56 1& va dxen vao hang hoic
cot da chon co A2 cach. ’

Buéc 3: Pién 6 chir sc“') con lai vao bang, co 6!
cach.

Suy ra co 6. A3.6! cach dién ma c6 mot hang hodc

mot cOt chira toan chu sb 1e.

3
Xéd sifchnitinhaa § p= 20,2,
9! 7
Phin tich 13i sai: G buée 1, gia sir chon dugc 1
hang dé dién vao d6 3 s 1¢ nhur hinh hinh' 1, khi
sang budc 3, 2 chir s6 1¢ con lai c6 thé dugc dién

TOHN HOC
Ee
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3

nh 2, vo tinh trang vai trucmg hop 4

hinh hi
nhu ot cot dé dién 3 s 1g,

budc 1 khi chon dUO’C mo

x X X
%
X

Hinh 2

Hinh 1

Loi gidi 1. (B6 sung 101 giai cua Ty)
Chon 1 hang, 1 cdt dién 5 chit 6 1&, co 33.3)

cach.
Dién 4 chir s6 chin con lai vao bang, ¢6 4! cich,

Suy ra xac suat can tinh la:

91-(6.43.61-33541) s
F= 9! T4

Loi gidgi cita ban Téo. SO cach dién 9 chir s6 vao 9

6 ngau nhién theo dé bai 13 9! cach.

Dém sb cach dién dé mbi hang, méi cot bt ky déy
¢ chira it nhat 1 sd chin.

Chon 1 6 & ct 1 dé dién 1 chir sb chan c6 3 cich.
Chon 1 6 & cdt 2 dé dién 1 chir s chin c6 2 cach
(tranh hang ma 6 & ¢4t 1 da chon).

Chon 1 6 & cot 3 dé dién 1 chir s6 chin c6 1 cch
(tranh 2 hang ma 2 6 ¢ cot 1, 2 da chon).

Dién 3 chit s6 chin tr 4 chit sd chin vao 3 6 di
chon dugc § trén, co A;: cach.

Dién 6 chir s6 con lai vao bang c6 6! cach.

Suy ra xdc sudt cin tim la: P = M L2 .

i 9! 7
Phén tich 16i sai: O buge chon 3 6 & 3 cot dién 56
chan nhu cach dém trén lam thidu di
cac truong horp ¢6 1 hang va 1 cot
déu chira 2 sé chin (nhu hinh vé

bén) ma vén thoa min yéu céu.

x

X

Lai gidi 2. (Bb sung 161 giai cua Téo).

Chon 1 hang va 1 ¢jt co 3.3 = 9, céch.

Chon 4 § (b6 di 6 ma hang va cot chung nhau),
dién 4 chir s chin o 4! cich,
Dién 5 chir s6 1¢ con lai vao bang,

6 5! cach.
Suy ra x4c suét cin tinh la:

p-3214649415 5

9l 14
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Lai gidai 3. (Mot cach tiép can khéc cho bai toan)
Ta don gian hoa bai toan, xac sudt cua bai toan
ciing chinh I xac sudt t6 ngdu nhién 4 6 tir bang 9
0, sao cho hang nao, cgt nao cling co6 6 dugc to.
Buede 1: Do c6 1 cdt duge to 2 6 nén chon 2 6 tir 1
trong 3 ¢ot c6 C; C} =9 céch.

Budc 2: Hai cot con lai, mdi cdt chon 1 & ¢6
3.3=9 cach, nhung c6 2.2=4 trudng hop trong
bang, mot hang khang ¢6 6 ndo dugc chon, nén sb
cach chon

2 6 con lai thoa midn la 9—-4 =35 cach.

Suy ra Xac sut cantinhla P= g—f salle,
c! 14

Bai 7. Co 2 hoc sinh lop 12A, 3 hoc sinh lop 12B

va 5 hoc sinh den we 5 lop khac nhaw cua Khoi 11

Xép ngau nhién vao 10 ghe, ké thanh 2 hang doi

dién, moi hang 5 ghe. Tinh xac suat dé khong c6 2

hoc sinh cimg lop ngoi doi di¢n nhar.
Loi giai ciia ban Ty. S6 cach xép bat ky 10 hoc
sinh vao 10 ghé la 10! cich.
Pém cich xép khong co 2 hoc sinh nao ngdi doi
dién 1a cung lap, ta chia 2 tnrdmg hop sau:
Truémg hop 1: Ngdi déi dién véi 2 hoc sinh lop
12A 13 2 hoc sinh khoi 11.
Suy ra ngdi doi dién vé&i 3 hoc sinh 16p 12B 1a 3
hoc sinh con lai ciia khéi 11. Xép 5 hoc sinh khdi
11 vio mot hang cé 5! cach. Xép 5 hoc sinh con
lai vao mét hang con lai c6 5! cach.
O mdi cip ngdi dbi dién c6 2 cich hodn ddi cho
nhau, suy ra c6 2° cach.
Nén ¢6 5!.5!.2° cach.

. Truémg hop 2: C6 it nhét 1 hoc sinh 16p 12A ngdi
d6i dién vai 1 hoc sinh 16p 12B.
Bude I: Chon cap ngdi ddi dién 1a 1 hoc sinh 16p
12A va 1 hoc sinh 16p 12B ¢6 2.3 =6 cich.
Con lai 8 hoc sinh, gi‘im 2 hoc sinh 16p 12B, 1 hoc
sinh 16p 12A va 5 hoc sinh khdi 11.
Birée 2: Hoc sinh thir nhat ctia 16p 12B c6 6 cach
chon 1 hoc sinh ngdi d6i dién dé khong cung 16p.
Hoc sinh con lai cua 16p 12B c6 5 céch chon'1 hoc
sinh ngdi dbi dién dé khong cung 10'p Chon 3 vi
tri cho 3 cip ngoi d6i dién nhau va hoan déi gilra 2

hang & trong mdi ¢dp €0 A3.2° céch.
Xép 4 hoc sinh con lai vao 4 ghé con lai co 4!
céch.
Nén c6 6.6.5.43.2°.4! cich.
Xac sudt can tinh 1a:
51512° +6.6.5.4;.2°4! _ 44

B 10! 63
Phiin tich 13i sai: O tomg hop 2, da dém 2 lan
trwémg hop ngdi déi dién véi 2 hoc sinh 16p 12A
1a 2 hoc sinh 16p 12B.
That viy, theo cach chon dd, & bude 1 co thé chon

dugc cip A,B, hodc chon dugc cap 4,B;.

« Budc 1, ciip duge chon 1a 4 B, thi sang budc 2,
hoc sinh B, ciing c6 kha nang bit dugc 4, dé
ngdi dbi dién, din dén co 2 cip la A B, v 4,B;.
« Budc 1, cip duge chon la 4, B, thi sang budc 2,
hoc sinh B, ciing c6 kha ning bit dugc 4, dé
ngdi déi dién, din dénco 2 cap 1a 4B, va 4,B;.
Loi gidi 1. (Khac phuc 16i gidi cua Ty)
Xét truomg hop ca 2 hoc sinh 16p 12A co nguoi
ngoi doi dién 1a 2 hoc sinh 16p 12B.
Cé 2.3=6 cach chia 2 cip, xép 2 cip ndy vao day
ghé va hoan dbi hang & moi cp 6 A52-22.
Xép 6 hoc sinh con lai c6 6! céch.
Suy ra co 6.4:.2%.6! cach.
Xdc suét can tinh la:

5'5'2’+665A5 2°41-6.4;.2°6! 38

10! 763

Lgi giai 2 X'ép 3 hoc sinh 16p 12B vao diy ghé dé
tranh ngoi doi dién nhau c6 10.8.6 cach.

B

B | B

Néu hoc sinh 4, ngdi ddi dién 1 hoc sinh l6p 12B
thi c6 3.6 cach xép 2 hoc sinh 16p 12A.

Néu hoc sinh 4, khéng ngéi dbi dién hoc sinh l6p
12’B thi ¢6 4.5 cach xép 2 hoc sinh 16p 12A.

Xép 5 hoc sinh khéi 16p 11 ¢6 5! cach,

TOHN HOC
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Suy ra x4c suét cin tinh 1a:
10.8.6(3.6 +4.5).5! 38
10! 63

Léi gidgi 3. Xép 2 hoc sinh 16p 12A dé khong ngoi
doi dién c6 10.8 cach.

P=

A

A

Xep 3 hoe sinh 16p 12B dé khong co 2 hoc sinh
nao ngdi déi dién.

* Xép bat ky 3 hoc sinh 16p 12B vio 8 ghé con
trong, ¢6 A3 cach.

* Truong hop c6 2 hoc sinh 16p 12B ngdi dbi dién:
Chon 2 hoc sinh tir 3 hoc sinh 16p 12B co C32
cach, tiép theo xép 2 em ndy ngdi déi dién nhau
(chon c6t va xép) ¢6 3.2 céach, hoc sinh con lai
cua 16p 12B ¢6 6 lua chon dé ngoi.

Suy ra sb cich xép 3 hoc sinh 12B ma khéng c6 2
hoc sinh nao ngéi déi dién 1a Ag - Cf.3.2.6 cach.

Xé&p 5 hoc sinh khdi 16p 11 c6 5! cach.

Suy ra xac sudt can tinh 1a:

10.8(45 - C33.26)5! 33

P= =—.
10! 63

Loi gidi 4. (M6t cach liép can khéc cho bai todn)

« Tinh xdc suAt ma hoc sinh 16p 12A ngdi ddi dién
nhau: Xép 1 hoc sinh 12A ngdi ty y vao day ghé,
tiép d6 dé em con lai ngdi ddi dién thi em nay s&
chon chiéc ghé déi dién ban 16p minh da ngdi tir 9
ghé con tréng. Suy ra xac suat 2 hoc sinh 16p 12A

Sl ik pbvagtl
ngoi d6i dién la A
« Tinh xéc suit ma hoc sinh 16p 12B ngdi d6i dién
nhau: Chon 2 em tir 3 em c6 3 cach. Tuong tw nhu
2 e ==
trén, x4c suat 2 em nay ngoi doi dién nhau la 5

s adlaos 2o 0]
suy ra xac sudt trong truong hop nay la A3.§=§_

. Tmh xéc sult ma hoc smh 16p 12B ng01 dbi dién,

doéng thoi hoc Smh lorp '12A ciling ng01 dbi dién
nhau (hai truong hop vira tinh ¢ trén trung nhau

TOAN HOC
16 crusitpe
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hon 2 hoc sinh tr 3 hoc Sinj

>ng hop nay): C
truong hop hé dé ng01 dbi dién nhau

16p 12B xép vao day &

1 _l’ tiép theo xép 2 hoc sin lop
9 3

12A vao 8 ghe con lai v

xac suat a 3.—

i ciing ngdi doi dién nhy,

xéc sudt 1a 2 Suy ra xac suat can tinh trong
7

{i kel ) s

truomg hop nay 12 3581

X4c suit c6 hoc sinh cung 1p ngo! doi dién la;

Tow o okt
g3 2163
Suy ra xéc suét khéng c6 hoc sinh cling 16p ngj;
23 . 38
di dién la: 1- Fr =55

Bai 8. Mot robot giao hang tw dong xudt phat tiy vj
i A ciia mot khu do thi duge quy hoach 6 ban co
(nhue hinh ve). Moi tuyen
,n/uf trong khu do thi coi

'----b‘
IIIII

nhie mot canh cua mot hinh

vuong. Robot vudt phat I.z'r H ) . LT
vi tri A chi co thé di c/m_u"n‘ B ST
sang phai hoac lén trén dé Acn sn o sm &
dén vi tri B (voi xac sudt "““8 phai

e ¢ ’ [ ard ’ £
nhte nhaw moi khi c¢o s liea chon). Tinh xac suat

robot di qua vi tri trung tam C trong hanh trinh.

Loi gidi ciia ban Ty. Goi D 1a bién cb: “Robot di
qua vi tri trung tam C”’.

S6 con dudng di tir A dén B 1a C?, suy ra s phin
tir cua khéng gian mau 1a »n (Q) = C{;’.

Tir 4 di dén C, robot ¢6 C? con dudng dé di; tir C
di dén B, robot ciing c6 Cf con dudng dé di.

Suy ra s0 con dudmg robot di tir 4 dén B qua C 12

n(D)=(c3)’.
(& )2 18

C“ HTH
Phan ttch 16i sai: Chi tinh xac suit theo cong thisc
n(4)

n(Q)

Xéc suét can tinh 13 P(D) =

khi céc két qua cua phép thir trong

A
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khong gian miu ddng kha nang.
Céc két qua ddng kha ndng nhur gieo 1 dong xu
can doi, dong chat, khi d6 mat sip va mat ngua

s T e | %
xuét hién la 50-50, tirc x4c suat la -2-; hay rit ngau

nhién 1 con bai tir by bai ti lo kho 52 con bai, x4c

suit rat dugc mdi con bai 1a nhu nhau, cing bang
1

T

Trong l&i gidi cia ban Ty, xem khéng gian mau 13

tp cac con dudng di cia robot. Theo quy tic di

cua robot thi dé thiy cac con

............

duong nay khéng déng kha

nang, vi du nhu: Xac suat ma
robot di theo con duong mau |

den dam la ?,xécsuétmé 4 J0NE 9 OSTE

robot di theo con dudmg mau hong dam 1a 2%. (O
mbi budc di, khi ¢6 2 lya chon hogc di 1én hoidc
sang ngang thi xac suit chon 14 %, khi c6 duy

nhét 1 hudng di thi xac suét chon 1a 1).
Léi gidi ctia ban Téo. Robot c6 C; con dudmg dé

di tir 4 dén C va mdi con dudng nay c6 clung xac

; é 1
suat chon la —-.

24
Suy ra xéc suat robot di tir 4 dén Cla:
[P 3
P=C}—==.
b8 ghwdB

Tuong tu, di tr C dén B robot ciing ¢c6 C; con

dudmg dé di, cac con dudng ndy c6 cung xdc suat
. il |
chonla —-.
2

Suy ra xac suét robot di tir C dén B la:

1
O LI
2t 7§
Suy ra x4c suét can tinh Ia: ‘
33" '0
P=P B ===+
-

64

Phdn tich 16i sai:

« X4c sut robot di tir 4 dén C ban Téo tinh dang.

« X4c suét robot di tir C dén B ban Téo tinh sai,
khi cho ring 6 con dudmg d6 c6 ciing xdc sudt lya

chon. ‘ o g
Tht ra thi: o W‘H*’;
» Con dudmg C-E-F-K-B va *?'#M"""
1 TR 5 8 8 8L
C-M-N-P-B c¢6 cung xac suat } & & 1 !
11 1 Ty T
I ==.11=— B S U T Y
22 4 At il
« Con duong C-E-H-K-B, C-E-H-P-B, C-M-H-K-B
sucin At 1 1
va C-M-H-P-B ¢6 cung xéc suat la 355" = T

Suy ra xdc suét robot di tir C dén B la:

B = J, l l+l l+ ! =].

4 4 8 8 8 8

Vi robot chi cé thé di chuyén sang phai hoic 1én
trén, nén sau 4 budc kiéu gi robot ciing dén B, do
d6 xac sudt bing 1 & giai doan di nay la vay.
Tir day thdy ring, viéc tinh xac sudt robot di tir 4
dén B ma qua C, chi cin tinh x4c suét sao cho
robot dén dugc C sau 4 budc.
Loi gidi. Xac suét robot di tir A dén B ma qua C
ciing chinh 12 x4c sut robot di tir 4 dén C.

Robot ¢6 C? con dudng dé di tir 4 dén C va mbi
Bt {evava oy Yok o
con dudng nay c6 cung xéac suat chon la 5

Suy ra xac suat can tinh la:
]

Pc21 '
2?8

"Bai 9. Cho hai hép H, va H, giong nhau. Hop

H, chita 3 vién bi dé va 2 vién bi xanh, hop H,
chira 2'vién bi do va 2 vién bi xanh. Chon ngdu
nhién mot hgp r6i chon ng5u nhién tir hop dé mat
vién bi. Biét rang vién bi chon dwgc ¢ mau do,
tinh xdc sudt dé vién bi dé dwoc la"}; tir hop H,. |

Loi gidi ciia ban Ty. Theo dé bai; vién bi chon
dugc c6 mau d6 nén nhin thiy ring:

TOAN HQC
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Ca hai hop c6 tit ca 5 vién bi mau do, hop H, co

3 vién bi mau dé va hop H, cé 2 vién mau do, nén

Xac suét iy ¢ ién bi mau dé tir ho 5 2
uat lay dugc vién bi mau do tir hop Hild =

Phan tich 16i sai: Xac suit dé chon dugc mot vién

bi nao dé tir hop H, la: il =i.
25 10
Xac suat de chon duge mot vién bi nao dé tir hop
111
2 ]a: T e
24 8

Nhur viy, xéac suit liy duge cic vién bi tir hop H,
va H, 1a khac nhau, nén khong thé tinh xac sut
n(A)
n(Q)

R . A i 1 . & 41X
Loi gigi. Goi H,, H, lan lugt 1a cac bicn co lay

theo cong thirc nhu 161 giai cua Ty dugc.,

duge mét vién bi tir hop H, va hop H,, suy ra

P(Hl)zé va P(Hz):

| -

Goi X, P lan lugt 1 céc bién cé ldy dugc vién bi
mau xanh va vién bi mau do.
Suyra P(D|H,) =% va P(B|H,) =%.
P(H,P)
P(D)
P(H,).P(D|H,)
P(D|H,)+P(H,).P(D|H,)

Xéc suat can tinh 1a: P(H, |P)=

~ P(H,

S—

6

» 11

N | —

2=
4

N | —
w | w

BAI TAP CUNG CO

Bai 1. Ky thi clia mét truong gom 10 phong thi, c6
7 hoc sinh cua trudng khéc cling dang ky tham gia
thi. Hoi c6 bao nhiéu cich xép 7 em nay vao cic
phong thi sao cho mét phong c6 3 hoc sinh va hai
phong khéc moi phong c6 2 hoc sinh.

Bai 2. Mot con kién dang & trén mét dinh cta khéi
tir dién déu, con kién do dudmg nén né chon ngau
nhién mét trong cac canh tai dinh ma né dang
dtmg (v6i xédc sudt nhu nhau moi khi c6 sur lya

TOAN HOC
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chon) va bo doc theP canh .
46 dén dinh lién ke. Con
kién chon va bo lién tuc,
moi canh con kién bo trong
mot phut. Tinh xdc suat dé
sau 7 phut con kién quay lai

dinh ban dau. . N
Bai 3. Cé 7 hoc sinh gom 5 nam va 2 nit. C6 bao

nhiéu cach xép 7 em ndy vio 4 16p hoc sao cho
moi lép o it nhat 1 nam va 2 em nit luén cing
mot 1op.

Bai 4. Mot nhom gdm 16 hoc sinh xép ngau nhién
thanh hang ngang dé chyp anh luu niém, ¢6 7 nam
vd 9 nir, trong cic ban nir ndy c6 mot ciip song
sinh tén la Hoa va Hong. Tinh xdc sudt ma dimg
gitra cip song sinh nay khong ¢4 ban nam nao.

Bai 5. Trong tiet hoc My thuat, bé An vé mét ngoi
sa0 5 canh vao vo, roi to ngau

nhién 5 canh cia ngéi sao do tir

6 hép mau mau khic nhau, moi

canh chi t6 mot mau. Tinh xéac

sudt khéng co6 hai canh ké nhau

cung mau.

Bai 6. Xung quanh mgt bo hd c6 20 cay cau vua,
ngudi ta mudn chit bot 4 cdy, sé cach dé chit 4
cdy ma khong c6 hai cidy nao canh nhau.

Bai 7. Mot hop dung 6 bi xanh danh s tir 1 dén 6,
5 vién bi d6 danh 6 tir 1 dén 5 va 4 vién bi vang
déanh s6 tir 1 dén 4. C6 bao nhiéu cach chon ra 6
vién bi dit ca ba mau va déi mot khéc sé.

Bai 8. Cho mot bang & vubng

3x3. Dién ngiu nhién cic sé 0,1,
2,3,4,5,6,7, 8,9 vao bang trén
(mdi 6 dién mot sé va mdi s§ didn
kl‘161.1g qua mét 1dn). Tinh xac sudt
d¢€ tong cdc sb trén maj hing va mdi cot déu la 50
1é.

Bai 9. Cho tam gide ABC trén canh AC Iy 14
diem phén biét khac haj di_ém A, C rdi ndi chiing
voi B. Trén canh BC ldy 7 didm phan biét khéc

hai dié Ty e ;
= d“im B, C roi ndi ching véi A. Tinh sb tam
glac trén hinh,
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RO P 0 UG P 1 RIS,
 DUDH A G o 0 P GOCTAN Gl

e TRAN MINH TUAN
(GV THPT Hém Long, phutng Nam Som, Bie. an@

1. Co sé cua phwong phap

Ta di biét mot hinh binh hanh c6 hai canh ké bing
nhau thi n6 s€ la hinh thoi, khi d6 duong chéo sé
1a tia phén giac cia goc ma no di qua

Thi du. Néu 4BCD 14 hinh thoi khi dé ta cé:

AD=AB+AC
va AD la tia phén gic trong cta goc BAC.
B
A D
8}

2. Mt s6 vi du

Thi du 1. Trong mat phang véi hé toa do Oxy, cho
gidgc, ABC c¢6 A(0;2),B(1;2),C(3;6). Tim

phueong trinh duong phan gidac trong cua goc A?

ram

L gidi.

A_B'=(1;Q)=:>’_A_B'|=l

Ta co: . Chon hai so de

ZE=(3;4)=>]'ATE|=5

|52§|=|1.ZE1=5, khi d6 ta Ty vecto chi phuong
ctia durdmg thing AB 13 1 =5AB=(5,0); Vecto chi
phuong ciia duong thing AC 12 1 =AC=(3;4).

Ta c6 theo quy tic hinh binh hanh thi

W= =(50)+(3i4)=@4)=4(2)).

Chon {2=(2;1) thi khi d6 vecto u chinh 12 vecto
chi phuong ctia duong phan giac trong goc 4.

Vay phuong trinh duong phan gidc trong Al (di
qua A(0; 2) co vecte chi phuong E:(Z;I)) co

X -0 y-2
phuong trinh: -xT=y—]—<:>x—2y+4=0.
Thi du 2. Cho tam gidc ABC c¢o AB: 2x—y+4=0;
AC: x=2y=6=0 va hai diém B; C thudéc Ox. Tim

—

phirong trinh phan gidae ngodai cua goc BAC.

Loi gidi. Toa d0 diém A 1a nghiém ciia hé phuong

- A(Z2719)
3y i3

) 2x-y+4=0
trinh:
x-2y—-6=0

Vi cac diém B, C thudc truc Oxnén ta cd
B(-2;0), C(6;0).

{5 i

‘Tacé: B Chon hai sé
Ez(ﬂ;ﬁ)gmzlﬁ
33 3
dé |2AB‘ \l AC‘—Ei, khi d6 ta lay vecto chi

phuong ciia dudng thiing 4B 1a

u —21413'-[1—<é -:E), (Xem tidp rang 42)
33 ‘
; TOAN HOQC
Sd58301-2020  * cyusifre 19
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B—

CAC LOP THCS

Bai T1/583 (L6p 6). Mot  khoa c6 tb hop so 1
mét s& nguyén duong c¢6 bén chir s6. Chir sé dau
tién 12 4 va t6 hop bén chit sé nay chia hét cho 45.
Hoi c6 bao nhiéu t hop khac nhau c6 thé c6?

NGUYEN PUC TUONG
( Pleitu)

Bai T2/583 (Lop 7). Cho tam giac ABC co

BAC =125 va ACB=30". Ly diém D sao cho 4
va D nam veé hai phia cua dudng thang BC, ngoai
ra BAD=40°, CBD=75". Tinh sé do cua goc

ADC.

NGUYEN TAN NGOC
(GV THCS Binh Dinh, phiceng Binh Dinh, Gia Lai)

Bai T3/583. Tim sé nguyén duong 7 sao cho ton tai
cac sb6 nguyén duong a, b thoéa man dong thoi cic
diéu kién:

i) 0<H<9.

ii) 37 =10a+b.

iii) [ab—12] 14 s6 chinh phuong.
PHAN QUANG PAT
(56 23, ngd 29, phé Quy Nhi, Thai Nguyén)

Bai T4/583. Cho tam giac nhon ABC ndi tiép
duong tron (0). Hai duomg cao BE, CF cét nhau
tai H. Buong thing AH cét duong tron (O) tai K
(K khac 4). Pudng tron ngoai tiép tam gidc CHK
cit AC tai I (I khac C). Goi D 1a trung diém cua
AJ, Chimg minh cac diém D, F, K, C cling nim

trén mot dudng tron.

BUI VAN CHI
(Quy Nhon)
20 T?g?uangg S3 583 (1-2026)

a,b,cla cac sd thuc dugng th
3abc. Ching minh rang:

|
I L ———s]
e IR

2 +b+c brcta
HOANG NGOC Mny

(GV THPT chuyén KHTN, PHOG Hg Noi
CAC LGP THPT
Bai T6/583. Giai phuong trinh
VU HONG PHONG
(GV THPT Tién Du 1, Bic Nink)
Bai T7/583. Cho day sO (1) xdc dinh boi
u =2

2n+1
i = u

(
= 2n

Bai T5/583. Cho
min ab+bctca=

n 2
+——neN,n22
n+1

n-1

Chirng minh rang 025 > 2026.
CAO NGOQC TOAN
(GV THPT Tam Giang, phuong Phong Quang, TP. Hué)

Bai T8/583. Cho hai duong tron (7), (J) cét nhau
tai hai diém A, B, trong d6 /, J nim vé hai phia ciia
duomg thing AB va IJ > AB. Tiép tuyén ctia (/) tai
B cht (J) tai diém thi hai 13 D. Tiép tuyén cta (J)
tai B cét (1) tai diém thtr hai 1a C. Pudng thang CI
cit (I) tai P (P khac C), dudng thing DJ cit (J) tai
0 (Q khac D).

a) Chimg minh B Ia tim dudng tron noi tiép tam
giac APQ.

b) Goi K 14 trung diém cia PQ. Chimg minh ring
KB 1 CD.

NGUYEN ANH VU, LE BINH MINH
(Trwomg THPT chuyén Chu Vén An, Binh Dinh)

Bai T9/583. Cho s6 nguyén duong n > 3. Goi M la
mét s6 nguyén duong chi géln cc chirsé 1 va 2
thoa mén M chia hét cho 107 —7. Hoi M cb it nhit
bao nhiéu chir s§?

BUI VAN BINH
(GV THPT chuyén Lam Som, Thanh Hoa)

i

el
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TIEN TO1 OLYMPIC TOAN
Bai T10/583. Cho diy s6 (u,) xdc dinh béi:
=14, u, =20, uy =32,
Upy2 =41, =81y, +8u,_, neN,n>2.

. 4 - , A 2 . 4
Tim tat ca cac so n dé u, chia hét cho 2"+

: LE HOAI BAC
(GV THPT Nguyén Van Cir, Xudn Son, Chdu Dac,
Ba Rja-Viing Tau)
Bai T11/583. Tim tat ca cdc ham s6 f:R—>R
sao cho:
S(fGx=2)+w=f(x)= )+ ),
Vx,yeR.
NGUYEN HUNG CUONG
(Xd Nhon My, TX. An Nhon, Binh Dinh)
Bai T12/583. Cho tam giac ABC ndi tiép dudng
tron (O) va ngoai tiép dudng tron (/). Puong tron
() tiép xuc vai BC, CA, AB lan lugt tai D, E, F.
Lay H thudc (I) sao cho DH 1 EF. Goi N 14 giao
diém cta AH véi (I); T 1a giao diém cia OI voi
BC. Chimg minh ring ANT =90°.
TRAN TAN TRIET
(A1K40, THPT chuyén Lé Quy Don, Da Nang)
Bai L1/583. Trong qua trinh van hanh tau sén bay,
viéc ha cénh an toan cho may bay khong ngudi 14i
(UAV) hang ning la mét thach thire ki thuat 1on.
Khong gian han ché cua boong tau va téc do tiép
dét cao doi hoi hé théng giam chén dic biét dé hip
thu nang lugng va cham mdt cach hiéu qua. Hai
quén da phat trién hé théng gidm chén khi nén hai
budng khi nén hai budng két hop 16 xo trg luc nhu

hinh vé.

48 S

Hé théng bao gdm: budng chinh (bén trai), c6 tiét
dign 48, chira khi nén; budng phu (bén phai), c6
tiét dién S, chira khi nén va 10 xo; giita hai budng
khi c6 mot kénh két ndi nhd cho phép khi di
chuyén giira hai budng. Khi UAV ha cénh, lyc tic
dong 1én hé théng budng chinh, 1am pit - tong ddy
xubng thé tich budng chinh giam, 4p suat khi ting
va chuyén sang budng phu. Pit-tong bén phai &
budng phu bj day 1én, giam chin cho hé thdng.
Trong qua trinh nay d§ giam chin toi da cho phép
& budng phu 1a 15 cm. Biét tiét dién S = 100 cm’,
chidu cao ban dau cua hai cot khi s = 40 cm, ap
suAt ban diu p = 7,488 bar, nhiét dd cia khoi khi
coi nhu khong déi; 1 bar = 10° Pa. Ban d4u 16 xo
khéng bién dang. Cac ki thudt vién hai quan cin
phai sir dung 16 xo ¢6 d6 cing la bao nhiéu (N/m)
dé hanh trinh giam chén tbi da cho phép & budng
chinh bang 5 cm.

VIET CUONG (Ha Néi)
Bai L.2/583. Poan ddy CD dai 20 cm, khéi lugng
m = 10 g duoc treo bing hai ddy mém céich dién
sao cho doan ddy CD nim ngang. Diy & trong tir
truong déu c6 B = 0,2 T va cac dudng stc tir la
cac dudng théng dimg huéng 1én. Mai diy treo
chiu dugc luc kéo 16n nhat Fx = 0,06 N. Héi ¢6
thé cho dong dién qua diy déng CD c6 cuong do
1én nhét 13 bao nhiéu dé day dong CD c6 cudng
d5 16n nhét bao nhiéu dé day treo khong dut. Coi
khéi luong ddy treo rat nho; g = 10 /s’

THANH LAM (Ha Ngi)

TOAN HOC
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PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Prablem T1/583 (Grade 6). A combination lock
uses a four-digit positive integer as its code. The
first digit is 4, and the four-digit number is
divisible by 45. How many different combinations
are possible?

Problem T2/583 (Grade 7). Given a triangle

ABC with BAC=125° and ACB=30°. Take the
point D such that 4 and D are on opposite sides of

the line BC and BAD=40°,CBD=75", Compute

the measurement of the angle ADC.

Problem T3/5383. Find positive integers n such that
there exist positive integers a and b that
simultaneously satisfy the following conditions:

1) 0<bh<9;
1) 3"=10a+b;
iii) |ab—12| is a perfect square.

Problem T4/583. Given an acute triangle 4BC
inscribed in a circle (O). The two altitudes BE and
CF of the triangle intersect at H. The line AH
intersects the circle (O) at K (K#4). The
circumcircle of triangle CHK intersects AC at |
(I#C). Let D be the midpoint of AL Prove that
points D, F, K, and C lie on the same circle.
Problem T5/583. Let a, b, ¢ be positive numbers
satisfying ab + bc + ca = 3abc . Prove that:
1 1 1

f } <l.
a*+b+c  bi+c+a ct+a+bd

FOR HIGH SCHOOL
Problem T6/583. Solve the following equation

Y1-4x+3x2 +31-5x+2x2 =2—x+x%,
Problem T7/583. Given the sequence (u,) defined
u =2
by: =2ntl

143 .
Uy =——U, | +——,neN ,n22
2n n+l1

Prove that U025 >2026.

TOAN HOC
22 "o

S 583 (1-2026)

=
{

Problem T8/583. Suppose that two circles (/) ang
{ at A and B, where [ and J are op
opposite sides of the line AB and 1J > AB. The
tangent of (/) at B intersects (J) at the Sechd point
D. The tangent of (J) at B intersects (/) at the
second point C. The line CI intersects (/) at p

(P#C), the line DJ intersects (J) at O (O#D).

(/) intersec

a) Prove that B is the center of the incircle of the
triangle APQ.

b) Let K be the midpoint of PQ. Prove that KB |
CD.

Problem T9/583. Given a positive integer n > 3,
Let M be a positive integer consisting only of the

digits 1 and 2 such that M is divisible by 107-7.

How many digits does M have at least?
TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/583. Given the sequence (u,)
defined by: u, =14, u,=20, u3=32,

tty2 =2y —8u, +8u,y ,neN,n>2.
Find all n such that u, is divisible by 2" *?,

Problem T11/583. Find all functions f:R—R
such that:

S =)= ()=1 ()£ (%) £ (),
Vx,yeR.

Problem T12/583. Let (0) and (1) be the
circumcircle and the incircle of a triangle ABC
respectively. Circle (/) is tangent to BC, CA, AB at
D, E, F respectively. Take the point H on (/) such
that DH | EF. Let N be the intersection between
AH and (1); T the intersection between OI and BC.
Prove that ANT=9(0,

 NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

|
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Bai T1/579. Tim so
3 4+2026(p-1)
2025

Loi gidgi. Véip =2 thi
37+2026(p-1) 32+2026(2-1) 2035
2025 ' 2025 ' 2025

khong 14 s6 nguyén.

nguyén 16 p dé so

la mot s6 chinh phirong.

Ta xét s6 nguyén té p > 2 thi p 1a s6 1€.

Véi sb nguyén 7 thi
@n+1)Y=4"+4n+1=4@" +n)+1,

tir 46 c6 nhan xét sau.

Nhén xét. Binh phwong ciia mét sé Ié chia cho 4

duoc 56 du la 1.

Gilysir el By Totae2p=l
2025

chinh phuong véi sb nguyén a , lic d6

37 +2026(p — 1) = 20254°,

37 +2026(p — 1) = (45a)°  (*).

Ta thdy s6 nguyén t6 p la s6 1é thi 2026(p — 1) 1a

b6i ciia 4, con 37 1a s6 1é nén vé trai cia (*) 1a sb

2 A A
a” la mot so

hay la

1¢, do do vé phai ciia (*) la s6 1&. Theo nhén xét
trén sb 1& (45a)° chia cho 4 dugc s6 du 1a 1 (**).
Do p la sb nguyén t6 1&, dit p = 2m + 1 véi s0
nguyén duong m thi
P =3"*1=3 32" =3 9"=3(42+1)",

s6 (4.2 + 1)" chia cho 4 du 1 véi bt ki s6 nguyén
duong m nén s6 3(4.2 + 1)" chia cho 4 du 3, do do
& vé trai cia (*), s6 37+ 2026(p — 1) chia cho 4 du
3, diéu ndy mau thuan vm (**), nghla 12 khéng ton
tai s6 chinh phwong a* . Vay voi s6 nguyén td p

bt ki thi s 3—’71’%)2265(—”—_9 khong 13 sé chinh

phuong.

Nhén xét. Cac ban sau c6 10i gidi dung Thanh Héa:
Lé Nhw Quynh, 6B2, THCS lién cap Pong Bic Ga,
phudong Hac Thanh; Pa Ning: Lé Van Minh, 6/12,

truong Luong Thé Vinh, phudng Hoa Khanh;
Quing Ngii: Tran Van Phung, 6C, THCS Nguyén

Kim Vang, xd Dinh Cuong.
‘ NGUYEN VIET HAI

Bai T2/579. Tim chit so tdn cung ciia 50

A=1+22 433 +...+ 2025202,
Loi gidi. Chia tonz, s A thanh 203 tong, trong do 202
long dau m01 tong c6 10 s6 hang, tong thir 203 c6
5 56 hang cudi.
Khi d¢6 ta co:
a=(1'+2"+3+ - +10'°)

+(11“+12'2+13”+ --+202°)

+(201 12011 4 90122012 4 2013712 +-~+20202°2")

+(20217" + 20227 + 20237 + 20247 +2025%).
Xét 202 tong diu, mdi tong déu co chir sb tan
cung ciia mdi s6 hang lan luot tir trai sang phai la:
1: 4; 7::6; 5;:65 33 6;.9;0.

Vi l+4+7+6+5+6+3+6+9+0=47nén chi
s6 tan cling ciia moi tong nay la 7.
Mit khdc, tong thit 203 c6 chir sb tan cing lan
lugt 1a: 1; 4; 7; 6; 5, ma 1+44+7+6+5=23nén
c6 chir sb tan cung 1a 3.
Vay chit sb tan cing bén phai clia tong 4 14 chit s6
tan cing ciia 202-7+3=1417, tacla 7.
Vay s A4 co chir s6 tan cing bén phai la 7.
Nhdn xét. Ngoai cach giai ngin gon ma tic gia dua
ra, cac ban tham gia giai, dva ra cau tra loi ding va
chi tiét. Tuyén duong cac ban sau co 16i giai tot.
Ha Nbi: Diwcong Diec Anh, 7TM, THCS Ng6 Si Lién,
Cira Nam; Pha The: Vi Nhdt Thanh, 7A6, THCS
Yén Lac, Yén Lac; Quang Ngai: T ran Van Phung,
7C, THCS Nguyén Kim Vang, Pinh Cuong; Nghé
An: Dgng Van Hoang, 7Al, THCS Quan Hanh,
Nghi Ldc; Triwong Binh Quéc Anh, Thai Biui Ha
Anh, TE, THCS Ly Nhat Quang, Do Luong.

TRAN THI KIM THANH

Bai T3/579. Tim tdt ca cdc cdp so e nhién (a, b)
thoa man (a+b+2)(a*>+b*+2)(a*+b*+2) la liy
thira véi s6 mii nguyén dwong ciia mot s6 nguvén
16.

TOAN HOC
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Loi gidgi. Gia sir tdn tai s6 nguyén ) pvd ne N
thda min:

(@+b+2)(a +b? +2)(a* +b* +2) = p" (*).
Vi a,b e N nén 1dn tai x, v,z e N sao cho:
A+b+2=p'; a2 +b2+2=pr; @' +b*+2=p".
Do a'+b*+22a?+b* +2>a+b+2 nén
pr2prapr=z2yzx=ptipipr.
Taco: prip*=(a?+b? +2)i(a+b+2)
& [(a+b) ~4-2(ab-3)(a+b+2)
< [(a+b-2)(a+b+2)-2(ab-3)|(a+b+2)
=2(ab-3)(a+b+2) ().
pip’ = (a* +b* +2)(a? +b2 +2)
& [(@? +b2)2 ~4-2(a%? -3)]i(a? +b? +2)
< [(a2 +b7 -2)(a2 +b2 +2)-2(a?b? -3)]i(a? +b>+2)
= 2(a?b*-3):(a*+b? +2).
Do p®:p*=2(a?b*-3)(a+b+2)
=[2(ab-3)(ab+3)+12](a+b+2) (2).
Tir (1) va (2) suyra: 12i(a+b+2)=>12:p".
Do p*=a+b+222>1 nénx>0=x21.
.« Xétp=2.
+Vaix=1=a+b+2=p*=2'=2=a+b=0
=a=b=0. Tu (*) suy ra:
2" =8 = n=23 (thda min).
+ Voi x = 2 =a+b+2=p*=22=4=a+b=12
a=b=1
=|a=0,b=2.
a=2,b=0
-V&ia=b=1,tir (*) suy ra: 2" =64=n=06(thoa
man).
-Véia=0,b=2,tir (*) suy ra: 2" =432 (khong
tén tai » nguyén duong).
-Vé6ia=2,b=0,ti(*) suy ra: 2" =432 (khong
ton tai 7 nguyén duong).
o Xétp=3 =12ip* = x=1. Do do:
a=0,b=1
a+b+2=3=3 =3:a+b=1:>|:a=l,b=0'

-Vgia=0,b=1,tr(*¥) suyra: 3 =27T=n=3
(thoa min).

TOAN HOC
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Y

veia=1,b=0 tr () s8Y ra: 3" =27=p<3

(thoa mén).
o Xétp>3 :;vaS::»lle',VxZ],
Viy céc ciip ¢6 ty nhién (a; b) thoa man baj todn

e (azb)e{(0;0), (1D, (O3 (10)-

Nhan xét. 1) Mot s& ban Axc’:t ‘thiéu 1me/,.jg pr nén
din dén thiéu nghiél'ﬂ‘- M?‘ 5"1 bz-"_' khd(: co nljuﬂg
d4nh gi4 sai nén din dcn1kc.l’c'|ua~kh0n’g d?ng. Mot s
ban sir dung dbng du dé giai cung ‘1:0 kCl qué dlng
nf1ung loi giai dai. Cdc ban sau coO Lm g:z’u. dfing:
Nghé An: Hodng Van Duy, 9~D, nguyen Thaf Diing,

8B, THCS Ly Nhit Quang, xa Do Lu‘or'lg, -ngg Vin

Hoang, TAl, THCS Quéan Hanh, I\,Jgh!.LQC’_Lé Vi ‘
Quynh Nhur, 9A, THC? Phung ?hl Kién, xa Hing

Chau; Ha Tinh: Nguyen Mai Tréam, 9A6, THCS La

vin Thiém, phuong Thanh Sen; Thanh Hga:
Nguyén Ba Ditc Anh, 8A, TH&THCS Luang Chi,

Tinh Gia. C6 mot ban giai dang nhung quén ghi tén,

NGUYEN ANH DUNG

Bai T4/579. Cho tam gidc ABC can x"gi A,'O ki
trung diém ciia BC. Trén canh AB lay diem D,
trén canh AC ldy diém E sao cho DOE = ABC.
Pit AB = b, BC =2a(b>a>0). Tim gia tri nho
nhét cua doan thang DE.

"Loi gidi.

B
Ta ¢c6 ABC=DOE . Suy ra:
BDO=180°~DOB—DBO=EOC .
Suy ra: ABDO «» ACOE (g.g), dan t6i:
OD BD OD OE
— = =
EO Co BD OB
Tir d6: ADOE e ADBO (c.g.c). Viy
AODE v» ABDO v» ACOE.

-
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Suy ra: @=5EB,6§D=E)§C‘_
Ha OG, OH, OI lan lugt vudng goc véi AB DE
AC tai G, H, I tuong umg,. i
Dé chimg minh: ADGO = ADHO (g.c.g);

AEHO = AEIO (g.c.p).
Suyra: DE=DG+EIl ().

Tam gidc AOB vudng tai O ¢6 OG |a duong cao
BO? ga?
"n BG:.—:-—._:
né 5D 4 Cl (2).

Lai c6 ABDO «» ACOE nén
BD_BO
CO CE
Tudé: BD+CE22VBDCE=2a (3).
T (1), (2), (3) ta co:

hay BD.CE =4

DE=DG+EI=BD+CE-2BG >2q- s

Ping thirc xdy ra khi BD = CE=gq.

Vay DE dat gia tri nhé nhét bing Za(o~4) khi
b

BD=CE=a.
Nhdn xét. 1) Mot sé ban mic sai lim khi danh gia
A > B thi A dat gia trj nhd nhét khi 4 = B. Khing dinh
trén chi dung khi B 1a dai lugng khong dbi.
2) Céc ban sau day cho i giai tét:
An Giang: Luu Minh V7, 16p 8/7, THCS Lé Quy Dén;
Ha Tinh: Nguyén Mai Trdm, 9A6, THCS L& Vin
Thiém, phuomg Thanh Sen; LAm Pong: Truwong My
Linh, 8A2, THCS Quang Trung, Bao Lac.

NGUYEN THANH HONG
Bai T5/579. Cho a, b, ¢ la d¢ dai ba canh ciia mot

et il Pl oty 2 2 .
tam gidc va thoa man a” + b~ + ¢ = 1. Chung

+1+123\/§.
a+b—-c b+c-a c+a-b

minh rang:
Léi gidi. Goi A 1a vé tréi cia bét ding thic can
chimg minh. Theo bét ddng thirc Bunyakovsky ta co:
(@+b+c) <3(a* +b +c*)=3
nénsuyra: O<a+b+c <3 .
Do a, b, ¢ 13 ba canh ctia mét tam giéc nén
a+b-c>0,b+c—-a>0, c+a—_b>0.

Theo bat ding thirc Schwarz ta c6:

| | |
+ 4
a+b-c b+c—a cta-b
(1+1+1)? o
T a+b-c+b+c—a+c+a-b a+b+c.

Két hop vai (1) suy ra:

9
ly - il g o ey

a+b—c b+c-a c+a-b a+b+c

> 9.—\;—5— =33 (dpcm).

, 1
Dau ‘=" xayrakhi a=b=c=—.
4 N

Nhiin xét. Bai toan da cho kha co ban nén cac ban
tham gia déu c6 1o giai dang voi cach giadi tuong ty
nhu trén. Danh sich céc ban giai ding la: Ngh¢ An:
Hoang Vén Duy, 9D, Nguyén Thdi Diing, 8B, THCS
Ly Nhat Quang, xa D6 Luong, Lé Kim Ngdn, 8Al,
THCS Quynh Thién, phuong Hoang Mai, Lé Vi
Quynh Nhir, 9A, THCS Phung Chi Kién, xa Hung
Chau; Phi The: Ta Minh Hang, 8A6, THCS Yén
Lac, xi Tam Hong; Ha Tinh: Nguyén Mai Trdm,
9A6, THCS Lé Vin Thiém, phuong Thanh Sen; Ha
Noi: Nguyén Thanh Nam, 9A1, THCS Linh Dam;
TP. Hd Chi Minh: Mai Phi Khang, 9A12, THPT
chuyén Trin Dai Nghia; Thanh Héa: Nguyén Bd
Pire Anh, 8A, TH&THCS Luong Chi, Tinh Gia;
Cong hoda Ao: Lé Bach Hdai Dang, 3B, trudng Quéc
té Song ngit 2, 3 GIBS, TP. Graz; An Giang: Luu
Minh V1, 8/7, THCS Lé Quy Dén.

TRAN HU'U NAM
Bai T6/579. Gidi phiwong trinh sau trén tap s6

thue
(o -4y =($/(x2 14y’ +4)
Loi gigi. Piéu kién: x>-4>0<x>34 . Pat
y=/x3-4 (1), z=x2+4 (2) (véiy > 0,z > 0).
Khi d6 phuong trinh da cho c6 dang:
() =(z2+4)2 =3 =z2+4 (3).
Tir (1), (2) va (3), ta c6 hé phuong trinh:

-

X3=p244
y3I=z2+4 (%)
3=x+4
, TOANH
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Cdch 1. Nhan thily trong hé (*) vai tro x, ¥, z hodn
vi vong quanh. Khéng giam tong quat, gia sir
Y =max (x, y, 2), tire 1A x> yvix=>z,

T x >y suy ra: >3, nén V42244, dodo
Y22 TU y>zsuyray’ >z nénz2+4 >x +4,
dO’ d6 z>x. Suy rax 2yzzzx. Viviyx =y =z
Ket hop véi (™), ta co:

X =x2 4 (x-2)(x? +x+2)=0.
Dox’+x+2> 0 nénsuyrax-2= 0 hay x =2
(thoa man diéu kién).

Vay phuong trinh cé nghiém duy nhat x = 2.
Cdch 2. Xét ham s f(xX)=x2+4 trén  (0;+0).
Ham sc‘)ﬂx) lién tuc va ¢6 dao ham S'(x)=2x1uén

duong trén (0;+). Do d6 ham s flx) dong bién
trén (0;+).,

f()=x
Hg (*) c6 thé viét thanh: f(2)=)3.

f(x)=23
Néu x > Y thi fix) > fly), suy ra 2 > x* nén z &%,
T do f(z) > f(x), suy ra y'> 2’ nén Y=z

Tacox>y>z>x Suyrax =y = Lap luan

trong tu, néu x Sy tacingsuyrax=y=r:.

Tr d6 ciing tim ra nghiém duy nhit cua phuong
trinh la x = 2.

Nhén xét. Dy 1a mot bai toan hay vé giai phuong
trinh, méu chét 13 tim ra hé phuong trinh (*). Da sé
cdc ban tham gia giri bai déu giai theo mot trong hai
cach trén. Tuyén duong cac ban sau c6 16i giai tot:
Phii Tho: Nguyén Bdo Chdu, 8A6, THCS Yén Lac;
Hung Yén: Pham Vin Phong, 11 Toéan 1, THPT
chuyén Hung Yén; Ha Noi: Nguyén Thanh Nam,
9A1, THCS Linh Pam, Hoang Liét; Ha Tinh:
Nguyén Mai Tram, 9A6, THCS Lé Van Thiém, Ngé
Bui Anh Khoa, Biii Ting Lam, 11 Toan 1, Pham Viét
Lé Huy, 11 Toan 2, THPT chuyén Ha Tinh; Ngh¢
An: Nguyén Dirc Diing, 11A1, THPT Yén Thanh;
Quing Tri: Hodng Ha Uyén Nhi, 10 Toan 1, Lé
Phude Quy, 11 Toan 2, THPT chuyén Vo Nguyén
Giap; Vinh Long: Thdi Minh Phic, Lé Hoang
Phong, 11T1, Lé Thién Khiém, 12T2, THPT chuyén
Nguyén Binh Khiém; An Giang: Trdn Hoadng Bdch,
11T2, THPT chuyén Huynh Man Pat; Lim Ddng:
Hé Pai Vig, 9A10, THCS Quang Trung, Hupnh

26 T?g?ugg; S& 583 (1-2026)

(0T, THPT chuyén Thing Long,

wyén Lé Minh, ’ k '
fvéu)[cllé Léhi Minh: Nguyén Chanh T_’"en, T cry.
;‘;PT chuyén L¢ Hong Phong, Nguyén Hai D&Hg,
11A1, TH THCS&THPT Lé Thanh Téng.

PHAM THI BACH NGOc
Bai T7/579. Cho cdc 0 thire x, y thoa mén
y VX
Tim gia tri nho nhat ciia S Z’x+y|.

Loi giai. Tir gia thiét suy ra x,y ctng dau vi

* 2 o927 ek
x-y= £+\ﬁ B ()
y Vx y x xy

Ap dung bét ding thirc Cauchy ta c6:

3
2+ 20 +H(x=yP | (x+y)6
2xy.2xy(x=y)? S[ 3 27

(2).
Tu (1) va (2) suy ra:

-1 1\6
4(x+y)4 gﬁ-%l—Q(x+y)2 =108

hay §=|x+y[>6+/3.
Dau béng xdy ra khi x=3+3\/§,y=—3+3\/§ -

Viy gi4 trj nho nhit cia S1a 643 .
Nhén xét. Pa s6 cac ban giri 151 gidi vé toa soan déu

Pl e L L2 s, o
dung cach dua vé khao sat ham mQt bién vl ==
y

hodc t=\/£. Mot sé ban sir dung bat ding thirc
))

Cauchy nhung lai khéng chu ¥ dén didu kién cc sb
phai khong am. C6 vaj ban giai sai do chua thanh
thao trong viéc khao sat ham 50, V& béang bién thién,
str dung déu twong duong mét cach tiy tién. Co hién
twong lam bai tap thé hodc chép bai cia nhau-day la
diéu khong hay, mong cdc ban nay nit kinh nghiém
dé khong xay ra sy vige tuong tir 1in sau nira. Céc
ban sau day c6 13 giai tot:

Hung Yén: Trdn Gig Phit, 11T1, THPT chuyén
Hung Yén;" TP. HS Chi Minh: Nguyén Bire Quang

Minh, 11E1, Trin Nhat Nguyén, 11E2, TH,
THCS&THPT Lé Thénh Tong; Nguyén Chdnh
Thién, 11CT1, THPT chuyén Lé Héng Phong; Mai
Phit Khang, 9A12, THPT chuyén Tran Pai Nghia;
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Ha Tinh: Phan Viét Lé Huy, 11 Toan 2, Ngé B,‘;.,'
Anh Khoa, 11 Todn 1, THPT chuyén Ha Tinh; Tay
Ninh: Dang Hoang Khdanh Ngoe, 11TI, THPT
chuyén Tran Vin Gidu; Vinh Long: Lé Duy Minh
Thdi Minh Pliﬁc’ Lé Hoang Khang, 171, THP’I:
chuyén Nguyén Binh Khiém: An Giang: Train
Hoang Bach, 11T2, THPT chuyén Huynh Min Dat.

| HOANG NGQC MINH
Bai T8/579. C/m’mm giac ABC ngi ”";’P sl
tron (Q). P la diém bt ky trén (O). Chimng min;
rang: 2(a*PA* +b'PB* +¢' PCY) ;

]

=((n2 +b' +c)PL +_§ﬂ‘_]
a +b +c”
trong do a = BC, b = CA, ¢ = AB va L la diém
Lemoin cua tam gidc ABC, tic la diém thoa man
a’ LA+b*LB+c> LC =0.
Lai gidi. Theo dinh ly Ptolemy ta co:
e Néu P thudc cung BC khéng chira diém A thi
aPA=bPB+cPC .
«Néu P thudc cung AC khong chita diém B thi
bPB=cPC+aPA .
e Néu P thudc cung 4B khong chta diém C thi
cPC=aPA+bPB .
Nghia la trong moi truomg hop ta ludn co:
(bPB+cPC-aPAYcPC+aPA-bPB)(aPA+bPB—cPC)=0.
Bing bién dbi don gian, ta lai ¢6 dang thirc:
(x+y+2)(y+z—x)(z+x—y)x+y—2z)
=2(x2y2+y2z24x222)—(x* + y*+2%).
Tir nhirng diéu do suy ra :
a*PA*+b*PB* +c*PCH
=2(a2b2PA2PB? +b2c2PB2PC? +c2a’PC? PA?)
hay
2(a*PAY +b4 PB4 +c4 PC*)=(a*PA? +b2PB2+c2PC%)? (D).
Miit khac, voi moi diém P, theo cong thitc Leibniz
thi
a’PA?2+b2PB?+c?PC?
=(a?+b?+c?)PL* +a’LA? +b?LB? +c2LC2.
Dit T= a2LA2+b2LB*+c*LC. '
Cho P=A, thay vao cong thirc Leibniz ta thu
dugc: b2AB2+c2AC? =(a? +b*+c2) AL +T.

Tir d6: 2a2h2c? =(a? +b* +c?)a? AL} +a* T.
Tuong ty cho P=8,P=C va cong theo vé ta thu

dugc:
6a2b2c? =(a? +b* +c2 a2 AL2 +b2BI2 +c2CL?)
+(a2+b2+c?)T.
4 3albic? !
Vi_ly T=m. Suy ra:
alPA? +b2PB+c?PC?
3alh2c?
(@2 +b2+2) P +——— (2).
R a’+b%+c? )
Tir (1) va (2) suy ra:
2(a4PA“+b4PB4+c4PC4)
3a2b%c? Y
| ta2 252 £ c2VPI2
—[(a +b2+c*)PL +a2+b2+c2J :

Bai toan dugc chimg minh.

Nhén xét. Bii toan trén cho ching ta mét cong thic
téng quat ctia mot két qua dep lién quan dén tam giac
déu:

“Cho tam giagc ABC déu noi tiép dwong tron (O;R).
P la mot diém bat ki nam trén (0) . Khi do:

PA% +PB*+PC*=18R*".

Xin néu tén cic ban co loi giai dang: Ty Ninh:
Trén Lé Trong Phic, 11T1, THPT chuyén Tran Van
Giau; Ha Tinh: Bui Tang Lam, Nguyén Viét Thé Tai,
Ngo Bii Anh Khoa, 11T1, THPT chuyén Ha Tinh;
Lam Dbng: Hupnh Nguyén Lé Minh, 10T, THPT
chuyén Thang Long; Hung Yén: Pé Quang Anh,
10T1, THPT chuyén Hung Yén; TP. Hé Chi Minh:
Nguyén Chi Pai, 11A1, TH, THCS&THPT L&
Thanh Tong.

NGUYEN VAN LINH
Bai T9/579. Cho a, b la hai s6 thire dwong va

T el . , s 7
o ¢—2-+kn:, B#km, keZ la cdc goc thoa man dieu

kién asinasinp—bcosacosB=0. Tim gia tri nho
nhat ciia biéu thirc:

1 1
: 9 2 + o) 2 '
asina+bcos* o asin’B+bcos B

P=(a3+h3)(

Loi giai.. (Theo ban Lé Minh Manh, 11 Toan 1,
THPT chuyén Ha Tinh, Ha Tinh).

TOAN HOC
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Tir gid thiét asinasin f-bcosacos f=0

sina bcosf

<asinasin f=hcosacosff < :
cosa asinf

Qiana:.{’_co[ﬂ

a
taco: — : } l
asin?a+bcos?a asin? f+bcos? f
1 1
—_coslg , sin’p l+tan2@  l+cot?f
. -~ T —
sin-a cos? 2 t2
=L g+bS B atan’a+b a+bcot?
cos“a szﬂ |
B2
I+——cot?
et a? P L l+cot2 B al+blcot?f | l1+cot’f

2

' 38 ‘ab2tot B+all 2
a%cmz pap a+beo B ablcot? fralb atbeot? f
a

. a?+blcot? g  l+cot2 g _az+bzcot2ﬁ+ab(l+cot2ﬁ)

ab(a+bcot? §) at+beot? ab(a+bcot? f)
_a(a+b)+(a+b)beot? B (a+b)(a+beot? f)

ab(a+bcot? f)  ab(a+beot? f)

atbh 1 1
=——=—+_

ab a b

3352
Do d6: P=(al+b2)[1 } 1J=(a+b)(a i ).
a b ab
2

Bt b= ko, b b Kb a: praleThoal).

Cé dinh k, khi do: limP=0. Vi P>0,Ya,b>0
nén P khong c6 gia tri nho nhat.

Nhdn xét. 1) Mot s6 ban di nham khi cho ring tir gia
thiét thi a, b 13 cic hing s6, nén khi tim dugc

P:(al +b2 )(l%) thi da két luan P 1a hing s6 khong

a
phu thude vio o, B nén két luin day 13 gia tri nho nhat
ciia P. Cin cha y ring néu gia thiét viét: Cho a, b 13 hai
s6 thuc duong cho trirée (hodc xdc dinh, co dinh, khéng
déi, ...) thi khi d6 a, b méi la cic hing sb.
2) M6t s6 ban di danh gia:

2 2
P=(a+By 2B 5005 1)
a
2 2 3 b
wi 2 *: >2.Va,b>0). Déu ‘=" xayrakhia=b
a ]

va két ludn: minP =2(a + b) =4a=4b.

S& 583 (1-2026)

' Cludilpe

4 sai 1Am khi dénh gid A4 2 B thi 4
A = B. Dinh gia ndy chi ding
g dbi. O diy B=2a+b) 1z

Nhur viy cdc ban d
dat gid trj nho nhét khi
khi B 14 dai lugng khon

13
dai lugng thay doi.
3; Chi ¢6 ban Lé Minh Manh, 11 Toén 1, THPT

chuyén Ha Tinh, HA Tinh ¢ loi gifli chit ché& cho

bai nay.
NHU HOANG

Bai T10/579. Hay tim 50 tir nhién 1¢ n nho nhdy

co 1t nhat 4 e

£ 8 4
sao cho so M=p"+np +

nguyen 16 phdn biét (voi p la sr) nguyén 16 bt ky).

Loi gidi. (Dya theo ¥ cua da so cac ban).

Vi n 14 sé tir nhién 1& nén n=2k+1 v&i k 14 56 ty

nhién, Khi do pS+np® chin va
n2=l (2k+1)2-1_4k2+4k
i e T

chia hét cho 2.
Viynén M chin, luén c6 uéc nguyén to 1a 2,

e — 4+ﬂ]
Tacé: M [p A+ 2 ](P 2

=(p*+k)(pH+k+1) (D).
V&i k=0,1,2,3 va p=2, thay vio (1) ta thiy M
déu c6 it hon 4 udc nguyén t6 phan biét.
Viy k>4, thc n29. Xét k=4, tirc n=9 thi tir (1)
suyra: M=(p*+4)(p*+5)
=(p?+2p+2)(p*-2p+2)(p*+5) (2).
- VGip =2 thi thi M c6 4 udc nguyén t6 phan
biétla2,3,5,7. :
-V6i p=3 thi M cb 4 udc nguyén to phén biét 1a
2,5,17,43.
- Véi p>3 thi p 1& va khong chia hét cho 3 va

=k(k+1)

p*+5 chia hét cho 3 nén p*+5 co 2 udc nguyén
th1a 2 va 3.

 UCLN (p2+2p+2,p2—-2p+2)

=UCLN (p2+2p+2,4p) =1;

UCLN (p2+2p+2, p* +5)

=UCLN(p? +2p+2,p* +5—(p2 +2p+2)*)

= UCLN (p2+2p+2,-4p>-8p2 -8 p+1) =1.
Tuong tu: UCLN(p?-2p+2,p* +5)

|
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= UCLN(p? =2p+2,p*+5-(p2-2p+2)?)
=UCLN (p?-2p+2,4p3 -8 2 +8p+1)=1.
Suyra3s0 p2+2p+2, p?-2p+2, p*45 doi mot
nguyén t6 cung nhau,
Nhin xétring p2+2p+2, p2-2p+2 1a cic sé I¢
nén khong chia hét cho 2 va do p>3 1a sé I¢é nén
pz +2 p+2 khoéng chia hét cho 3.
Suyra M cé it nhat 4 uéc nguyén t6 phan biét.
Két ludn: S6 n=9 1a sb tuv nhién 1é nho nhit dé

s0 M=pS+npi+

co it nhat 4 sd nguyén to
phan biét {rng v&i moi ) nguyén td p cho trude.

Nhdn xét. Pay la dang toan co ban vé tinh toan udc
chung 1én nhit cia bo sb nguyén duong cho trude.
Pa s6 cac ban déu co lap luin dang khi xét va tinh
todn cac truong hop riéng biét ing vai n=1,3,5.7.
Cic ban sau day co lai giai dang.

An Giang: Nguyén Hoai Nhanh, 1172, Poan Khdnh
Bang, Dinh Thanh Hoang, 10T1, THPT chuyén
Huynh Min Pat; Cin Tho: Ng”_l'(?.'l Phiic An, 10A,
THPT chuyén Ly Ty Trong; Ha Tinh: Newven Mai
Tram, 9A6, THCS Lé Van Thiém, phuong Thanh
An; Bang Sy Phuoc Birc, 10T1, Pham Viét Lé Huy,
11T2, Ngé Bui Anh Khoa, Nguyvén Tung Duy,
Nguyén Viét Thé Tai, 11T1, THPT chuyén Ha Tinh;
TP. Hd Chi Minh: Ngtg'én Chanh Thién, 11CTl,
THPT chuyén Lé Hong Phong, Puwong Minh Bang,
11A1, TH, THCS&THPT Lé Thanh Téng; Lam
Dang: Huynh Nguyén Lé Minh, 10T, THPT chuyén
Thang Long; Nghé¢ An: Lé Vi Hupnh Nhiu, 9A,
THCS Phing Chi Kién, xa Hung Chau, Hoang Vin
Duy, 9D, THCS Ly Nhit Quang, xa D6 Luong;
Quing Tri: Nguyén Vin Phic, Hoang Ha Uyén Nhi,
10T1, THPT chuyén V6 Nguyén Giap; Vinh Long:
" Lé Duy Minh, Dang Thanh Trung, Thai Minh Phiic,
Lé Hoang Khang, 11T1, THPT chuyén Nguyén Binh
Khiém.

NGUYEN VAN MAU
Bai T11/579. Tim tat ca cdc sé thuc x, y, = théa
[x]+{y}=z2
man hé phwong trinh: 3[yl+lz}=x (1), trong do
[z]+{x}=Yy ‘

[.] fa phan nguyén va {.} la phan phdn cita mot sc

thirc.
Loi gra.r (Cua Nguyén Van Duy, Mai Phu Khang,

Nguyén Mai Trdam v nhiéu ban khac)

Vi x=[x]+ X nén
[x]- []={ b0
iy-x]=tx } (-
[e]-01=0 { 1O

Xét (1). Vi 0<{z}<1,0<{y}<l nén ~1<{z}—{y}<1.
Ma [x]-[z] 1a songuyénnén
(e x]-[z]={z} -} =0 []=[z} =1
Tuong tu:
@=H-4d
GrelHy=t
.ly[][][]w xh={)
Suy ra [v]e ) =[p b} =Laelz

hay x=y=zeR.

zp=0=[y]=[x]:{x}={z}
{x} 0<::>[] )i {}={}-

}

Viy nghiém coa hé (1) 1a (a,a,a),acR.
Nhdn xét. 1) Da co bai T7-545 dang tuong tyr:
x+[y]+{z}=l,l (1
{.r}+_v+[:]=2,2 (2)
[x]+{y}+z=3,3. (3)
C6 thé tim thiy nhiéu bai dang nay trong Chuong ‘
3, trang 167-239 cua [1]: Nguyén Thi Hong Hanh, '
Nguyén Thi Binh Minh, Ta Duy Phuong, Nguyén
Thi Bich Thily, Phan nguyén va ung dung trong
giai toan, Nha xut ban Gido duc Viét Nam, 2020,
303 trang.
2) Bai nay dé nén nhiéu ban, thim chi cic ban &
THCS ciing tham gia giai va giai dung.
An Giang: Nguyén Pirc Manh, Nguyén Hoai

'Nhanh, 11T2, THPT chuyén Huynh Man Pat, TP.

Rach Gii; Cin Tho: Nguyén Phic An, 10A,
THPT chuyén Ly Ty Trong; Ha Tinh: Nguyén
Mai Tram, 9A6, THCS Lé Van Thiém, Phudng
Thanh Sen; Nguyén Anh Diing, Nguyén Ting Duy,
Ngé Bui Anh Khoa, Biti Ting Lam, Nguyén Viét
Thé Tai, 11 Toén 1, THPT chuyén Ha Tinh; Hung *

TOAN HOC
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Yén: Tran Gia Phi, 11 Tofn 1, THPT chuyén
Hung Yén; Lam Ddng: Ho Dai Vi, 9A0, THCS
Quang Trung; Tran Dirc Hiéu, Nguyén Bii Minh
Huy, Huynh Nguyén Lé Minh, 10 Toan, THPT
chuyén Thing Long; Ngh¢ An: Nguyén Dire
Diing. 11A1, THPT Yén Thanh 2, xi Quan Thanh,
Hodang Véan Duy, 9D, THCS Ly Nhat Quang, xa
D6 Luong, Lé va Quynh Nhi, 9A, THCS Phing
Chi Kién, xa Hing Chau; TP. Hd Chi Minh: Vi
Khdc Duy, 11E3, THPT L& Thanh Tong, Tan Ph,
Mai Phii Khang, 9A12, THPT chuyén Trin Dai
Nghia, Nguyén Chanh Thi¢n, 11CT1, THPT
chuyén Lé Hong Phong; Vinh Long: Lé Hodng
Khang, Thai Minh Phic, LIT1, Lé Thién Khiém,
12T2, THPT chuyén Nguyén Binh Khiém,

TA DUY PHUQNG
Bai T12/579. Cho tam giac ABC nhon (AB < AC)
noi tiép duong tron (0), duong cao AD. Goi M i
trung diém BC, hai n'é'p Iuyé'n ctia (0) tai B, C cat
nhau tai 1. Tia déi cua tia DA cdt duong tron
duong kinh BC tai T. Tia TM cdt diong tron
(, IB) tai di¢m X.

a) Chimg minh A, O, X thang hang.

b) Duong tron (XMB) cat doan !11511g AB tai E,
duong tron (XMC) cat doan thang AC tai F
Chirng minh hai dwong tron (AEF) va (1, IB) tiép
xuc nhau.
Loi giai (theo ban Nguyén Viér Thé Tai, 11T1,
THPT chuyén Ha Tinh, Ha Tinh).
a) Goi X, Y la giao diém cua 40 véi cung BC
chira X va cung BC khéng chira X cia dudng
tron (7, IB); T” la giao diém cua.tia XM v duimg
tron duéng kinh BC (h.1).
A0 _BO 1 1
T'M BM sinBOM sind
Mat khic, ta c6 OX'.0Y=0C2=0M.OI. Do d6
cac tam gidc OX"M va OIY dong dang. Didu d6 c6
ox' or o 1 1
X'M 1Y IC sinJOoC sind’
Viy AQL 0K i khic, AT"//OM.

T'M MX'
Két hop véi OM LBC ,suyra AT'LBC.

TOAN HOC :
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Dé thz:iy

nghia Ia

Do do 1'=T. Viy X'=X hay A, 0, X thing hang,

Y

Hinh [

b) Goi xy 1 tiép tuyén tai X ciia dudmg tron (/, IB)
(h.1). Vi céc tir gide BMXE, CMXF ndi tiép nén
@?+EX"F=2+(360°~@—@)
:2+(180°—Em)+(1800-1?§m7)
=A+B+C=1800,
Do d6 tir gidc AEXF noi tiép (1). Vi OB, OC tiép
xuc véi dudmg tron (1, IB) nén tir gidc XBYC didu
hoa. Két hop véi MB=MC , ta c6 YXB=MXC..
Tir d6, chit y réng xy tidp xiic véi dudng tron (I, B)
tai X va tir gidc CMXF npi tiép, suy ra:
EXB=180° - AXE-TXB=180°— 1FE - MXC
=180%~ AFE~MFC=EFM.
Do dé: EXx=EXB-xXB=EFM —XCii
=EFM -XFM =EFX (2).
Tir (1) va (2) suy ra xp tiép xic voi dudng tron
(AEF). Viy cic dudmg tron (AEF) va (I, IB) tiép
xuc voi nhau (i X),
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Nhdin xét. 1) Bai todn ndy khong kho nhng chi 10
ban tham gia gidi, nhiéu ban gigi qué dai,

2) Xin néu tén tht ca cde ban: Pha Tho: Tran Vigt
ring, 11T, THPT chuyén Hing Vuwong; Thanh
Hoéa: Vi Duy Manh, 10T1, THPT chuyén Lam Son:
Ha Tinh: Nguyen Ting Duy, Ngo Bii Anh Khoa, Lé
Minh Manh, 11T1, THPT chuyén Ha Tinh; LAm
pong: Huynh Ngllj'csn Lé Minh, Tran Dirc Hiéu,
10T, THPT chuyén Thang Long; Vinh Long: Lé
Thi¢gn Khiém, 12T2, THPT chuyén Nguydn Binh
Khiém; An Giang: Neuyvén Son Khanh, 11T2, THPT
chuyén Huynh Mén Dat.

NGUYEN MINH HA

Bai L1/579. Mot nhiét I'\( khi tr(;n: m hai binh
gmnq nlmu drms: tich mai binh lq V', noi voi nhau
boi mot UHE.’ nam ngang c6 chicu dm [ va tiét dicn

S (hinh diwoi). Trong ong cé mot giot thuy ngan dé

ngan cach khéng khi trong hai éng va dé lam vir
chudan chi nhiét @. Binh bén phai dat trong may
dien nhiét va dwoe giiv o nhiét do T, Tim cong
thire cho s phu thuoc cua nhiét do T cua binh bén
trai vao do doi x cua giot thuy ngdn.

ChoV=5L1=20cm, S=4mm’, T, =300K,
x=5cm Tirkét qua ctia T tim dugc cho biét nhiét
ké co nhay khong?

Léi gidi. Lay goc dé tinh do doi x 1a vi tri (g véi
nhiét do cua binh bén trai ciing bang T (nhu hinh
bén phai), gia thiét ring vi tri 4y & chinh giira 6ng
néi hai binh. Goi po va p lan lugt 13 4p sut ciia khi
trong binh khi nhiét d§ cta binh bén trai la T[] va
T. Taco:

1 1
V+—=58I V+—S[+Sx)
”"( US) ”[ 2

= (1);
Ty r \
pO(V+ Sl) p(V+lSl—Sx)
2
! (2).
Ty To
2V + (1 +2x)8

Tir (1) va (2) suyra: T =Ty om0

Vai V=5 1= 0,005 m’; [ =20 em;
§=4mm’ =4.10"m’, Ty=300K
thi khi x = 5 em nhi¢t do 7' la:
T=T,1+0,8.107") = 300,024 K.

Vi mot do chénh Iéch nhigt do: 7= To=0,024 K
giot thuy ngan di chuyén 5 cm, nhu vy Ia nhiét ké
kh4 nhay. Sy nd cia binh dd dugc bd qua vi rat
nhd so vai sy nd cua khi.
Nhin xét. Chic mimng cic ban sau di co loi giai
diing cho dé ra ki nay: Hung Yén: Tran Mai Anh,
16p 11 Ly, THPT chuyén Hung Yén; Ha Tinh:
Naguyén Lé Khanh Ha, 11 Ly, Dang Van Lé Manh,
11 Toan 1; Truwong Khdnh Toan, 11 Ly, THPT
chuyén Ha Tinh.

PINH THI THAI QUYNH

. 3 P p
Bai L2/579. Hat nhan “ig Py han dau dimg yen,

sau do phdan ra . bien doi thanh hat nhdn chi.
Béng nang cia hat a bay ra chiem bao nhieu
phan tram cua nang lwong phan ra :
Léi gidgi. Ap dung dinh luat bao toan déng hrong:
= T y
0=py +Ppp = Pa = PPh = Pa = PPb
<~ 2maWda = ZPHPdePb

Wy

o ta  JCPH %%
Wap, Ma
Mit khic: W= Wy, + Waps
W
i PR N
L } o
51,5

Viy déng ning cua hat o bay ra chiém 98.1% cua
ning lugng phén ra.
Nhdn xéf. Chuc mimg cic ban sau da c¢o ln giai
ding cho dé ra ki nay: HA Tinh: Ddang Vin Lé
Manh, 11 Toan 1; Dinh Van Truong, Truong Khanh
Toan, Nguyén Lé Khdanh Ha, 11 Ly, THPT chuyén
Ha Tinh; TP. Hd Chi Minh: Lé Huvnh Hong Lim.
10A1, TH, THCS&THPT L& Thanh Téng; Humg
Yén: Trdn Mai Anh, 11 Ly, THPT chuyén Hung
Yén.

NGUYEN XUAN QUANG
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EASARE. WD G
PHRUONG PHAP f

GIRT TOXNTL | U

s e bt e

| o i PhvG PHAP AiC O1NR cI0T AN ]
Wi | cUA DAY SO DANG TONG

HO PHAM QU()C TOAN

( SV I\hoa Ste pham Tudn Tin, Ti rr(mg Sie pham, Trieang Dal hac Drmg T/mp )/

Trong cdc ki thi chon Ddi tuyén HSG cic cip béc
THPT, kién thic vé gidi han ddy s6 1a mot phin
ndi dung rit quan trong va khong thé thiéu. Trong
s0 cc 16p bai toan dé, dang bai toan x4c dinh gidi
han ciia diy s6 dang tong (day tong) xuét hién vai
tin sudt rat nhidu, Nhan dip Chao mimg 60 nam
TH&TT, t5i viét chuyén dé nay dé trinh bay ba
phuong phap dé giai mot sb bai toan xéc dinh gidi
han cua diy tong trong cic dé thi chon HSG,
Olympic Toan. Mét s6 bai dugc trich tir cac d? thi
Olympic Toan Sinh vién nhung vén c6 thé phu
hop véi d6i trong HSG THPT.
1. MOT SO TU NGU VIET TAT

OLP: Olympic.

OLP TSV: Olympic Toan Sinh vién.

HSG QG: Hoc sinh gisi Qudc gia.

DT HSG: Déi tuyén hoc sinh gidi.
IL. KHAI NIEM CO BAN VE DAY TONG
Cho day sé {u,}

” -~ 4 +m ,
;- Xeétddy so {S,} " dugc xdc

n

dinhboi S, =) u; =y +uy +...+u,.
i=1

Khi do, day sb {8, }:: dwoc goi 13 day tong.

IIL. MOT SO PHUONG PHAP. XAC PINH GIOI
HAN CUA DAY TONG ‘

1. Phuong phép tim 56 hang tdng quit cia day
$0 {Sn}w"

n=|

a) N§i dung phuong phap

n
=D, ta thirong bién ddi

i=l

=i i(l ’?'i+l) = Ay

i=l i=l

o Dé riit gon tong S

32 T?g?"uggg S8 583 (1-2026)

e Phuong phép tich: Vi 4, B 1a hai biéu thirc x4c

1 1 |
dinh, taco: ——=——[=—-73 |

AB B-A\A B
b) Mt s6 bai todn
Bai toan 1. Cho day so |u, | xdc dinh nhir sau:
1| = i Nl Do,

n

(3:1—2)2(:’|H+1)2

Tim lim Zu

H—>+a0 =
6n-1

Léi gidi. Tacé: u, =
P (3n-2)* (3n +1)’

n

_ bn-1 1 P 1
18n-3 (3.n~2)2 (3n+1)2

=l : R : ;Vn=12...
3 (311—2) (3n+1)

Do do, ta co téng:

n l 1
ZM,- =g tuy+.tu, =—fl-—m |
Ao

= 3n+ 1)2

Viynén lim Zu E hm (ul +uy +..tu,)
n—+ow0
i=1

1 .. | 1
== lim l———— g
3 oo (3n+l)' 3

Nhgn xét. Néu gip céc bai toan cho day ESR

dugc xdc dinh béi hé thie truy  hdi

X, = f(x

w1)V022, dé tim gisi han cua
n
Sy = Z K(.’C,») ta

lim x, =doo. Sau d6, tinh tdng S,, va tim
=+

thudng  chimg  minh

lim §,. D& hiéu rd hon, ta xét cic bi todn sau.
n—r+m
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Bai todn 2. Cho day {.\‘"} nhie sau;

¥ =3

a9
'\n+| -;(-\” —-\"' +4).V” T I’z"” (l)

: &y -3
Tim lim )

n—+0 7 X; + 1

Loi giai. Ta x¢t hi¢u:

1
Xoel 4 = 5(‘\.11 ey 2)2 2 O,VH € N‘.

Do d6 {x,} la ddy sb tang.
Bién ddi (1), ta dugc:
3(.\'"+1 i3 2) = (xn > 2)(x,, + ])

*®
Do x,=2x; =3,VneN nén:

IR i 3
er-l = 2 (x” = 2)(){.'” + 1)
1 1 "
— = ,VnelN
X, —2"txe+]
1 |

= = VneN
- 2 .
ekl o ey

Crel —
Do do, ta tinh dugc:

n 3

1 1 1 1
Z =3 e 3t o
f=lxi+1 -\‘1_2 .‘:2—2 x2—2 .1‘3—2
1 1
+..+ —
xn_z "cn+l_2
_ R R T (Wl
xl'__2 xn+l_'2 xn+1_2

Gia sit day {x,} bi chan trén. Khi do, theo ticu

],Vn=1,2,...

chudn Weierstrass thi ddy {x,} hoi tu nén ton tai

gi6i han hiru han. Dat lim x, =/ VOi
_ ‘ n—+

JeR,/>3. Khi n—»+eo, chuyén (1) qua gi6i

ta duogc:

han, z=l(12-1+4)@l=2 (méu
3 .

thuin). Do vay day {x,} ting va khong bl chin

trén. Khi d6: lim x, =40 =
n—»+w

lim Xn+1 = ok
n—+o

1
= lim —— =0.

n—o+o0 X, v

n 3 ]
R = lim {3|1- =4
n—+40 i1 X; +1 n-o+» Xl -2

Viy lim
Nhén xét. Dé tim biéu thirc
| 1

*n i Xn— 2 Xp4l — 2

ta dura thém céc tham s6 a, f € R sao cho

1 1 1
= - 1').
Xn +1 a(xn +ﬂ Xn+l +ﬂ] ( )

Khai trién va rat gon (1') , ta dugc:
(a=pB)x,u+(a —1) X, X1
—ax’+(a+p)x, = 1
So sanh (1) va (1"), ta co:

a-1=0
a=1
a _l<=>{
a-pf 3

Bai todn 3. Cho day s6 thic {u, | xdc dinh boi

VnelN,

”2 :
z(,,+1:i)”2—4+u“,VnZl (1)

n

a L; ‘ -
Pat v, =Z i ¥n=12...Tim lm v,.

3 —+x0
i=1 U 3

i+l
Léi gidi. Dé thay u, >0,Yn21.

o 1 )
Xét hieu u.., —u, =——u, >0,Vn21. Suy ra
¥ n+l1 n 2024 n Y

{u,,} la day tang.

2
¥ . u
Bién doi (1), ta co: n_—y . —U
) D e
1 uf, i Jee B A 1

—_—— —

2024 uwu,.,  Uplpy | Up Ups

u 1 1
. =2024(——— ),Vn=1,2,...
‘un+l u, Uyt
n
s up _u U u,
Do d6: v, =) ——=—+=at i —
il U2 W Upi

=2024 Ayl + d42 +..+ )
U Uy Uy Uy u, U,

=2024(—‘—— L }Vn=1,2...
2024 u,,
'S5 583 (1-2026) T?gll-“ugg 3 3
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14 \ ] - A A =1 A
Gid st {u,} bi chin trén, theo tiéu chuén
Weierstrass thi hoi ty, do db né ton tai gioi

strass thi {u,} hi ty, do dé n6 ton tai g
han hiru han. Dat lim u, =a,(aeR,a>0). Khi
n—»+400

1= 400, chuyen (1) qua gidgi han, ta duge:

~
-

a= = itu ndy ma an. Va
3024 +a < a=0. Diéu ndy mau thuan. Vay
day {u,} ting va khong bj chin trén.
Khi do:
lim u, =400 = lim U,y =+o= lim =0.
n—+0 n—+x n=+o U,
g i A% U
Do dé: lim v, = lim .
n—+x0 n—+x0 i=1 ”i+|
\ 1 1
= lim | 2024 — — =1.
n—+w 2024 wu,,,

Bai toan 4. (HSG THPT chuyén Lé Quy Dén,
Ba Ria — Viing Tau, 2023). Cho day 56 {x,} xdc

J’,\‘l = 2
dinh bot: PR : . Xeét
15):”+l =X, x; +3:VheN | (1)
n 2
~ .’ o X, +3 *
ddy so {y,} voi y_ = PE— VneN,

k=1 X +2x,.°+2
Chirng minh day so {_v,,} co gidi han va tinh gici
han do.
Loi gidi. T (1), ta c6:

5(Xpa1 =%, )= (%, =1)*(x, +3) > 0,¥ne N,
Suyra {x,} la ddy sé ting.
Néu day {x,} bi chin trén, theo tiéu chuén

Weierstrass thi ddy hdi tu nén ton tai gi6i han hitu

han. Dit lim x, =4 (a22). Khi n— +o,
n—+x

chuyén (1) qua giéi  han, ta duogc:

Sa=a’+a*+3 < a=-3va=1. Ditu nay mau

thuén, do d6 lim x, =+,
n—+n

Tir (1), ta co:
5(x,41 =1)=(x, —l)(x,:f +2x, + 2),Vn eN’
va ta ciing co:

s(fo-l —x,,): (xn _])2 (X” e 3),VH € N*I.

TOAN HOC ;
uGitre SO 583 1-2026)

Suy ra; I
P L T o '

- ———

X

n

b

Y .YA, ap 3

Khi do: y, =
A =1 xf + Z,Vk + 2

| | ( ] | J
i -~ + =
xl—l x2—1 xz—] x3_]

*
=1- VneN .
Xpel —
Vi lim x, =+0= lim x,,, =+®
n—+o n—>+n
= lim =0. Do do ta tim dugc:

n—+w0 xﬂ+l _1

1
lim y, = lim [1- ]=1.

n—»+a0 n—+x x"+1 = 1
Bai todn 5. Cho day 56 |u, } diwege xdac dinh boi:

{lll = l,[lz :2,U3 :3

U3 =61, 5 — 110, +6u, ,Yn>1 (1)

n?

Xeét dav so {v, )} vdi
Y nJ

_6u, +3"—6.2" +n° +3n+5

- N2in+3

n 1
Hay tinh lim ) —.
n—+w = p!__

Vv

,Vn=1.

Loi gigi. Véi day sd {u,}, ta giai phuong trinh
dac trung 2»3—6112+11&—6=0 va duoc cac
nghiém 4 =1,4,=2,4,=3. Suy ma cong thire
tbng quat cia diy sé {u,} <6 dang
u, =a+ 2" +y3" Két hop véi cic gia tri

Uy, ty,uy tatim duge o =_%,/5' = laas _%_

Do d¢, ta c6 cong thirc tdng quit cua {u,,} la

1
u, =—-—+2" —1.3", Vn21.
2 6

T A »
Véi diy so {v,}, ta co:

\‘2, -+ 2.\'” 42 (X” % I)(xml = I) Xy =l Xngp = f.

-
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e 2iatd 202 tnl 43k
V2n+3
o n?43n+42
“'—‘m—,‘v’nZl.
Khi do:
1 2n+3 1

(M+1)2

—_— =

v (n+1)2 (n+2) Vnzl,

(n + 2)2 ’

1 1
Sllyra Z_=—— : ,v 21 ..
= |\) 4 (Il+2)' L4 Do doé:

ol
lim Z—: lim l._ 1 ok
2
At Y Aw 4 ("+2)2

Nhan xét. Viéc tim cong thire tdng quat cia diy

S

{u,} dua trén ki thuat st dung phuong trinh sai
phan tuyén tinh cp ba.
Xét diy sb {u,,} co dang w; = x,uy = y,u; =z va
au, 3 +bu, > +cu,  +du,=0,Yn>1.
Ta xét phuong trinh dac trung:
ad®> +bA%+cAd+d =0 ().
e Néu phuong trinh (*) c6 3 nghiém phéan biét
Ay 2.4 thi u, =ady' + BA) + ¥y
e Néu phuwong trinh (*) c¢6 1 nghiém don, 1
nghiém kép A=A #4 thi
u, =(a+pn)A' +y.
« Néu phuong trinh (*) c6 nghiém bdi-3 1a
Jy= g =2y thi u, =(a+ fn+yn® ) A
Dura vao cac gia tri uy,uy,u; ta tim duge cac hé'sé
a,p.y. _
Bai toan 6 (HSG QG — 2004, HSG Ca Mau -
2022). Cho day 56 {un} diroc xac dinh nhwe sau.;,
u =1 | »
(2+cos2a)u, +cos’ @

n+l = Vn"—‘l,z,...
© (2-2cos2a)u, +2—cos2a

u

i { ’ ’ ~ ; £
Trong do a la mot tham so cho truoc. Xét day 5o

1
{\,,} nhw sau. v, _Z

| 2u; +d
Tim cac gia trj cua o dé {1'"} co gioi han hiru

S =1,

han va tim gioi han (iy.
Y] A
Loi gidi. D& thay u, >0,Yn=1,2,...
Tir cong thirc xac dinh cta ddy {u, } ta co:

(2+cos2a)u, + cos’ &

) +1= +1
) (2-2cos2a)u, +2 - cos2a
i, 6u,,+2cosza+1+25in2a
(2-2cos2a)u, +2-cos2a
3(2u, +1)
" 2(1-cos2a)u, +1-cos2a +1
3(2u, +1)
~ (1-cos2a)(2u, +1)+1°
; 1
Khi dé6: wid ol 2sin? o + ;
Qo+l 3 2u, +1
1 .
Suy ra: F—I—-—sinza=l —sin” aj.
2ty 1 3\ 2u, +1
Dit x, = —sin’a, n=12,... thi
2u, +1
1
Xntl =75 3 Xps _1 2
Do d6 {x,} 1a mdt cip s6 nhan véi
| T N 1 s ;
xy=—-simn"a va q=§ nén ta co:
1
n X l—q" ==
xf=“(——)‘=(l—sin2a) 3
i=1 1-¢ 3 1_1
= —(— —sin? a)[l ——l—-]
3"
” L
Xétday {v,}, taco: v, =
{ } Z2u |

n
Z(x +sin a) i +nsm o

—g(l—sma 1 1 +
213 3 nsin’ a.

TOAN HOC
' cTugitre 39
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" 1
Vi day {3—"} h§itunén lim v, 1dn tai khi va chi

N=y+40
khi sin@=0¢e q = kz, k e Z. Khi d6:
) IVRN |

lim v, == —=—,
n— 40 23 .2

2. Phwong phip tong tich phan — nguyén li kep
a) N§i dung phwong phép

Huéng tr duy chinh cia phuong phap nay la sir
dung nguyén 1i kep dé dua bai toan ban diu vé
Viéc tim gi&i han cia cic day s6 don gian hon.

* Nguyén li kep: Cho ba day s6 {x.}:{yn} va

- g ) r . . *
{..,,} thoa man X, Sy, <z, voimoi n2 nygeN .

Khi  ds, neu lim x, = lim z, =1 thi
n—+a0 n—+x
lim y =1
n—<4an

e Tong tich phin cia ham f trén doan [a;b]
Ung véi mdt phép phan hoach P nao dé: Cho
ham sé [ khd tich trén [a;b]. V6i méi diém
nelN chon cdc diém chia

A=Xp <X <Xy <..<x,=b sao cho

lim sup |x —X;c ][—0 va cdc diem trung gian
n-—)+ﬂJl_‘<n

¢ €[xisx;]. Khi do:

lim Zf A x]ﬂj‘f(x)dx

H—)-H:D

V6i truémg hop a=0,b=1 bing cich chon

¢ =x,=—, taco: 11mz f[] jfx)dx

n—>+co 1 n

Khi gip nhiéu bai toan gioi han diy sé dang

lim Zu ma viéc tinh tdng tryc tiép day do rit

n—+0 )

kho khin, ta nén nghi dén phuong phéap nay!
e Mot sb bat ding thirc hay duge sir dung dé so
sanh diy sb:
3 T
x—x—<sinx<x—x—+x—,‘v’x>0.
6 6

2 2 4
l—%Scosxsl—'—ré—+x—,Vx2_O.

S8 583 (1-2026)

: CTudilge

e* S|4+ x,Veelk
2

X
l_xsc—,rsl_x+—2——,v,\:20.

X _<in(x+1)<xVxe(-1,0),
x+1

In(x+1)<x< ~In(1-x),¥xe(0;1),
Viéc chirng minh cic bit ding thirc trén xem nhy
bai tap danh cho céc ban!
b) Mjt s6 bai todn

Bai toan 7. Cho diy so |x,} xdc dinh bai:

|
| J i
+— [,Vrn=1
4”

.'(l S
1 2
T e *4[Fn
5 s . n n "
Tinh gioi han lm x| +x3 + ...+ X505

“~

2
n—+x

: |
Loi giai. Ta chimg minh x, =—cot

2]! 2n+1’vn2]
T \
bing quy nap. Ta cé: X Teot—— va
1
Xy l l<:ot—+ —cot? = ¢~
2\ 2
U Leiim 115 1P 0 1
=j)' ECOt'Z'I-—z- = :Z +
& sin— sin— sin—
4
1+cos— 2cos’ =
:l- -..1 = T
T2 2+1
¥ sin— 2sin=cosZ 2 27

1
Gia | st x,\—?cotzkl,‘v’k_l Ta s& chimg

i 1
minh x,, = ey cot———- 2" Tizz>Vk21. Thit vay, ta

eby e 234
 Xrgl > X + xk+2[?

_1 1 =l 1 z Y 1
e o (5“5—) '
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il 2k+l g T
2k+] III—F
2 T
1 2cos s l
=2k+1 i Il‘ T _2.( zm,\ﬂcal.
+2 Ak+2
2

Theo nguyén li quy nap, ta két ludn:

Xy =53

zn 21:+1 ’V" - 1

Miit khac, ta cé danh gia
X024 <\f +X; ..+ X) < X3024.82024,Vn > 1.
Ma lim ¥2024 =1 nén theo nguyén li kep, ta co:

n—=r+0

. 1
llln "I"+X"+...+x" =X = —
e 1 2 n 2024 22024 cot 22025 .

Nhéan xét. Ta chimg minh lim {2024 =1 nhu

n—+wx

sau: Ta co: 1<%2024 = 22024.1.1...1
_V—J

n-1sol
2024 +1+1+...+1
y 5,
< n=1sol e 2024 .
n n

2024
Vi lim —— =0 nén theo nguyén li kep, ta suy

n—+x0 n

ra: lim ¥2024 =1.

n—-+xo

Bai toan 8. Tinh gici han sau:

Iim n—Zcos : ]
n—r+0 iy Nn+k

Loi giagi. Ap dung bat dang thic

R | 2

x x L., 1 :
——f—sl—cosxs— Vol x = , taco:
2 24 2 n+k

1 1,
: d <1-cos <

2(n+k) 24(n+k) nik  2(n+k)

Cho k=1,2,...,n rbi liy tong, ta thu duoc:
L | 1 & 1

1
2ian+k 24k=|(n+k)2

Ta c¢6; 0<
§,1+k) ::l(n+l)2 (n+l)2

nén theo nguyén 1y kep thi
~=0 (2).

lim )
n—>+mg (” & k)

n I
Mit khéc, ta co: lim D ——
n—rton = 1 +k

1
n 1 1 ]
hm ;—'—k -[[—-——1 =In2 (3).

n—-H-’Dk =1
n

Tir (1), (2), (3) va theo nguyén li kep ta c6 dugc:

n ] ln 2
lim | n— ) cos——— |=
n—+n Z{ n+k 2
Bai toan 9. Cho cdc sé nguyén dicong h, m va cho

. +1
da thirc P(x)=a,x"" +ax" +.+a,x, ap * 0.

Xet  day  so {u,} vac  dinh  boi:
hn f
u, —ZP 224, Tim gidi han
o W2
lim u,.
n—r+ao

Loi gidi. Tix cong thirc xac dinh cua day, ta co:

hn
n _,ZUP(ZnHJ
m+l hn m
_aoz(2n+tJ IZ[anJ
hn hn
+ai 12[ J b, Z—l—-— (D).

n+i
hn J
Véi j>2, tace: 0<Z( : ) hnitl
2n+i (2,,)
hn+1

Ma lim —=0doj=2,theo nguyén li kep,

2n+i

hn 1 J
tacd: V&imeoi j=2 thi lim Z( ) =0.

n=>+0 g 2n+1i
Do do, tir (1) suy ra:
hn 1
lim u, = lim | a =a, lm
n—tw | n—o m§2n+i u n-—>+oo§ 2n+1

TOFINH C
Loe37
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hn | l hh 1

Dt §, =

i=0 2" +|'. 2”’

Lo 2n+i

hn In §
=L+z I "lz.]_.‘_Zlf[_’_]

2n islggln 2n gnt \n

hn
vai f(x )=— Ta thy Z f( )lz‘: tong tich

1
2+x
cac dié ' A e R
¢ diem chia x, =—;k=0,hn va cach chon

n

phan cta him f(x)= trén doan [0;4] voi

iz k )
diém Ax, =—;k =1,hn.
n

Do " la ham lién tuc trén doan [0;4] nén ton tai

=In (2+ r)! . =1n(]+§].

Theo dinh nghla tich phfm ta co:

o e O

Tir (2) ta 6 két luan:

tich phin J' =
v A \

hn
lim u, =a, lim ) _
n—+o n—+o =0 2+ i

Im
; h
=a, lim z =a Inl14+=|
n-mu(Zn i Inf(nD o ( 2]

fin
Nhdn xét. Do tong Z(
i=0

J
-| co hn+l so
2n+i

1N o
J déu be hon
2n+i

hang va moi sb hang [

, trir tredng hop i =0 nén ta c6 danh gia

hn J
<Z[ | ) (hnﬂ_

iso\2n+i (211)]

3. Phuong phap sir dung dinh Iy Stolz — dinh ly
trung binh Cesiro
a) Noi dung phwong phap

(20)

e Pinh ly Stolz: Cho {u,},{v,} Ia hai déy so

thoa man:

+ {v,} 1 day tang thyc sy va nl—i)Tm v, =+

TORN HOC
38 ¢

'S§ 583 (1-2026)

1 -Uu
¥ lim 2l—t=a.
n=rto Vo Vi

o U 1
Khi dé, tacod lim —=d.
n—r+n0 V”
o Dinh ly (rung binh Cesaro: Néy
lim u, =L e R thi day trung binh cong ciing hg;

n—+x0

R )] +..+U, s i
twva lim ———— &
n—r+x0 n

¢ Hé qua: Néu lim (xn+l —x!l): L thi

n—+0

3 X
lim 2+ =L.

n—+x i}
b) Mt so bai todn.

’ o~ R P | ) 1 5 -
Bai todn 10. Cho dav s6 {x,} ¢6 lim x, =2,

N>+

. A3 L,_
Tinh gioi han ,,lfl,l?.er \[ ﬁ ‘/; .
Loi gidi. Ta chon hai day s {u,},{v,} saocho

u, =ZT’ va v, =+n,n21.

DE thiy {v,} la day s6 ting thuc sy va

lim v, =+o0. Ta xét:

n—+4a
- u,.
lim —al"n = lim n+l
nto Y, =V, -+ fp i |/n + )
: Jn+l+ J_
= lim Xl — n*l
n—>4a0 n + n—+x0
4 1 . :
= lim | x, 4|1+ |—|[=2 lim x,,, =2 lim x, =4.
H—+10 1+l n—+x0 n—+xo

n

Theo dinh -13'1 Stolz, suy ra:

u,
lim £ = lim =

i 2ot 3 S )

Bai todn 11. Cho day s6 {u,} xdc dinh bai

u =1

Uy =4y +—

n

o

i s Lot v i i
Tinh gioi han lim —L="2 72T ln
aFTRED NN R
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Loi gidi. Ta ¢6 w,,, ~u, =“L>0,Vn=:] 2
_ u, e

suyra {1,} 1 day ting thye sy va Tim o = 40
n -

nN=»4a0
i 2 2
Taco: lim (u,, n -u")
n—+x

2
g 1 3
= b s+ =u,
n—+x0 u,

Theo h¢ qua, ta co:
2

- tl % l[
i =23 lim'=E =5
n—+0 N n—+o i

= lim (24.-]_]:2
R ",2' '

n
Pit x, =Zu,- va y, =n\/;. Ta thz“]y {y"} la day

i=l

ting thye sy va lim y, = +o0, Ta cé:
n—»+wo

X — ¥
]im M: ]il'“ ”H‘l‘l

A3 Yoo} = Yoo no0(n +1)Vn+1 —nn
Wiy [(n+l)\/n+l+n\m:|
m

n—+x

3n2 +3n+1

1
(l+—) 1+l+1
lim Uyt n n

i b I
2

n o n

Ma lim u, = lim u,,; nén suy ra:
n—+x n—+x

. Xp+l =X, 2 . u, 2\/—2—
Jim &2 0 =" |ijm L =""
e R 3 n—>+co\/;
Theo dinh ly Stolz, ta cé:
i B Uty i‘"_=2‘/5_‘
n—+x NHn\n n—+x yn 3

Bai toan 12. (D& nghi OLP 30/04/2017). Cho day
s6 {x,} xdc dinh béi:
x=a>lx=1
{v’(mz =x, ~Bx;Vne N
n-1 .

& o
Bt §, =) In X3k, Tinh gici han lim —-.

i=1 n—=->+xo n
Loi gigi. Ta c6: X, =1VneN. Him 50
f(x) =x—Inx lién tuc va di")ng bién trén (];+00)

{
vi f'(x)=1—§>0,v.r>l.

Taco: x5, = f (%, ). Xét ddy 88 (X3t }ont -
Biing phuang phap quy nap, ta chimg minh dugce:
Xap >, VHE N,

Thit viy, ta c6 x, =a>1. Gid sit xy >1, khi

d6 Xy = S (x90) > S(1)=1.
Vay diy s6 {xy,1} o bi chin dudibi 1.
Vi x,, , >1 nén Inx,, ; >0. Do do:
Xppsl = Xap-t — 1N X2y > X201
Viy dy s6 {x,}, _ gidm.
Theo tiéu chudn Weicrstrass, suy ra diy 50
{-"2,.-|}”6N‘ c6 gidi han hiru han.

Goi lim x,, =a. Ta cb a=a-Ina, (azl).

n—+x0
Suyra lim x,,, =a=1. Vay lim x, =1,
n—+x n—»+®

Ta co: §, =”f]nxf,:fl

k=l
=(n=1)Inx, +(n-2)Inx; +..+Inxy_;
=(n=1)(x, = x3)+ (1= 2) (3 = x5 )+ -+ (3203 = X3p-1)
= nx —(xl +Xx3+X5+...F X, )

Theo dinh 1y trung binh Cesaro, ta co:
Xjtxg X bt Xy g

lim
n—y+o0 2n
. g -8, +n =
Suy ra: lim —4——"—=1. Do do:
n—>+m n
S i A
fim [—u-‘”l —4J=1. Viy lim “2=a-1.
n—to\ 2 2n n—+o H

Bai tosn 13. Cho ddy s6 {u,}' ", xdic dinh boi

= \/27—\/2+\/2+...+\/51,Vn:1,2,...

n+1 diu can bic hai

o !
Bat v, =T];1_1(

u u i
R R S o I L T
1 2 n

Tim gidi han lim v,.
n—r+oo

Lot gidi. Pt x, = 3[2 24442, Vn=1,2,...

n dau ci’\‘;\ bc hai
Bing quy nap, ta sé chirng minh

TOAN HQC 39
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X, =2cos Vn=12,. ().

2 +] X
Véi n=1, taco x, =2 = ZCOSE%. Suy ra cong

thirc (*) ding véi n=1.
Gid st cong thic (%)
n=k (k21keN), ticla

ding  vai

Xy =2c052k—],\ﬂ\ 21.

Ta s&€ chimg minh cong thic (*) ding vai
n=k+1, (k21keN), tucla

Vk21.

Xpa) -20052’( 54

That vay, ta c6 xk+l=\/2+ 2+..+2. Theo

k+1 dfiu can bac hai

gia thiét quy nap, ta cé:

Xp S2HX = }2(1-&-003%]:

Theo nguyén ly quy nap toin hoc,

ta co

Ta co:

U, =2" 2 -2cos—— =2" (2| 1 - cos—~
2n+1 2n+l
=2" /2zsm =2 —2"+lsin§:—€3, Vn=12,..

> 5 =T
Khi #n — 400 thi —— 0 suyra:
2ﬂ+2

T
X, = 2COSF,V11 = 1,2,...

n+2 ﬂ-. sin n+2 T
=1= lim u, =— lim =—,
n—+o 2 n—+x b 4 2

2!‘l+2

sin

lim
n—+n T

2n+2

Xét hai diy sb {a,}.{b,} voi a”:iu—_" v
=l

=Inn. Ta thiy diy {b,,}"22 tang thuc su va

lim b, =+. Ta co:
n—+0

., a.,—a y 1 u
lim Zn+l Tn _ lim ___.....”_*.'l_

n—+w0 n+[_b n—+o| n+1 1n[l+l]
7 - n

TOﬂNH C
40 "chbine
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n n

= i Wekls s ’
n—l’Tw ?+l l (I+1J
H

Gy "% lim Ilm u, =Z
Suyra lim = Ul = s ;
n—y+x0 “b A=»#0
n+l n
Theo dinh Iy Stolz, tacé lim —’-E Vay
n—+m

1 “I "2 un
lim v, = lim —|—+—2-+..+—=
Nn— 40 n—+o Inn 1 2 n

. a,
= lim 2*=—.
A=%D bﬂ' 2
Nhén xét. Bai toén trén di sir dung hai ket qua
sinx

( ip:  lim——=1 va
gidgi  han thwong gap ==
: el
limMﬂ. Khi n— 4w thay x bo1 —, ta
x—0 X n
1
dé dang tim duoc lim —2—=1.

i [n(l + 1)
n

4. Bai tip rén luyén

Bai 1. (HSG Tdy Ninh, 2023). Cho diy s thuc

ul =].
{u,} xéc dinh béi: : y
wel Sl +u, nelN .
2 2 2
it §, =L+ L4+ ”2 .Tim lim .
uy Uy Uy B

Bai 2. (HSG QG 200!, Bing B). Cho day s0
{u,}, n=1,2,... dwoc xéc dinh nhu sau:

ul‘———

3

U,

U =
e 2(2n+1)u, +1

Tinh gigi han lim S, véi S, Zu

n—+00 i=1
Bii 3. (Chon Déi tuyén HSG QG Tuyén Quang,
2022). Cho diy s6 {u,} x4c djnh béi:

u =3

i

1 .
T =§(u,3, = 2),\7'n eN
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) Chimg minh rang; u,>2,VneN',

n—+b
i=] Wi \u;

2) Tinh gidi han  lim Z (_i‘(u,_—ﬂ}

Bai 4. (HSG QG 2009). Cho day sé {x,)

nhu
il
Sﬂu: .\l —"'2'
L '\J.\'rzl_l + 4):"_1 + Xy
\!a _\ —3

Chimg minh ring diy {y,,}, vOi y, =i—12‘ o
i=1 X;

giéi han hiru han khi 7 — +o0 v tim gi¢i han d6

Bai 5. (Dé xuat OLP TSV DPH Ngain hang

TP.HCM, 2016). Tinh gidi han lim (n i 1 )
PR e n+\[—
Bai 6. Cho ddy s6 {x,} thoa man:
x =1
(8x, _1)2024

X, g =———4x,V
+1 2024 Xa neN"

(85 -1 (8 -1)""
8.7(:2 -1 Sx?’ -1
(8x" e 1)2023

8x

n+l

bat y, =

+

*
vt ,VneN .

Tigh lim y,.

n—+x
Bai 7. (Chon D6i tuyén HSG PTNK, TP. H6 Chi
Minh, 2022). Cho day sb {u,} xédc dinh boi u; =1

2 * s ‘-,.
Va u,, =+2+u,, VneN . Tim gio1 han

; 1 (u U u,
lim —| ++—=+..+—|
nsolnn\ 1 2 n

Bai 8. (T9/405, TH&TT). Cho keN ,a eR. Xeét
day sb {an} thda man:

i =le.aJ+‘_2k.aJ+ +‘_nk .aJ . 1’2,.'"

+1
nk

trong d6 | x | 12 ki hi¢u phan nguyén cta x. Tim

lim a,.
n—y+m

BAi 9. (Trucng Déng Todn hoc, 2020). Cho diy
0 { u} xéc dinh bai x, =2020 vd

‘/;;xn

1+vn+lx,

Vnel'.

Xuel =

X o T
kL Tim lim §,.
n=—y+0

n

Véimdi neZt, dit S, =,

k=1 %k i

Bai 10. (Dé chon Pgi tupén HSG TP. ba Nang,
2023). Xét day s6 {x,} thoa man:

.\’l=l

1 )
Xppl =X T3 vnzl

x”

4
1 ¥ . x5 X

Tinh gi¢i han lim —'2+—2?+...+—32- ;
nrologypy n\ 17 2 n

Bai 11. (HSG Lam Dong dir thi HSG QG, 2024).
Cho ddy sb {u,} xac dinh boi

ug =1

u, +4

Uy = 6

Szl

—u,

1) Chitng minh réng day {u,,} c6 gioi han hitu
han va tim gioi han do.
)Pt T, = Z

k=1t ~
Bai 12. (HSG Quding Nam, 2023). Cho diy sb
{u,} xéc dinh nhu sau:

uy = 2023
20221 +2022u

U= n_yneN'
™ 202202 —u, +2022

. Tim lim ——T—-—
n—+0 81 + 2024

1 < u;"
Tinh giéi han lim

"—>+C°2n+1,_11+u

Bai 13. (HSG Thira Thién Hué, 2023). Cho day sb
X =xy=1

{x,},5, xéc dinh boi: af [1+L} s
n+ =

Xn-1

1) Chimg minh rang x,, 2 2" véimoi n21.

2) Tinh gidi han  lim {

i il T

—

TOAN HOC
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BAi 14. (HSG Ca Mau, 2024). Cho diy s {u,)

u =1
xdc dinh nhr sau: bu,,

My =~
" 2, 1943

uf. Chimg minh day {v,,} co gidi

VneN".

Ma

bt v, =

o
i

han hiru han va tim gidi han do.

Bai 15. (Ohmpic TSV Quéc ié, 1995).
Cho day s6 thuc duong {x,} xdc dinh bai:

.to =1
{x,, =% Jx, - 2,f1 +yx, ;. Vne N
Véimoi nelN', dat y, =Y 2*x,. Chimg minh
k=1

{»,} co giti han hiru han va tim gidi han do.
Bai 16. (Kv veu Olympic TSV 2019, PH Péng
Thap). Cho day s6 {u,} xic dinh bai;

u =1
202 *
I +2018u2°'° +u, Vn21

1) Chimg minh ring: Day {u,} khong bi chan

trén.

2) Tinh gidi han
2019 1019 thy
| ot TR

nI—LTn u, +2018 +H_‘ + 20’8 Uy +2018 j

TAI LIEU THAM KHAO
[1] Nguyén Tai Chung. Boi duing HSG Chuyén
khdo day so. NXBDHQG Ha N¢i, 2014.
[2] Van Phi Québc. Boi dwing HSG mon Toan .
NXB DPHQG Ha Ngi, 2014. ‘ '
[3] Phan Huy Khai. Cac bdi todn vé ddy so BD
HSG. NXBGD, 2007.
[4] Nguyén Tat Thu. Ddy s6 va gici han cua ddy
50.
[5] Tuyén tap dé thi Olympic 30/04 lan thir XX
XXT XXTI XX
[6] Group Hwémg tsi Olympic Todn VN.
https://www.facebook.com/groups/vmo.tst/?ref=s
hare&mibextid&=NSMWB
[7] Ki yéu Olympic Toan Sinh vién 2014 — 2019.

[8] TS. Lé Phuong (chu bién). Hwdéng dan én thi
Olympic Toan sinh vién (Gidi tich).

m+2S8(m)=n,

trong d6 S(m) 14 tong cac chir s6 cia m.

t*tt*tttttt*tt#*tt***tt******#tt***t*****t*#*****************************************s****t****

BAN POC ...

vecto chi phuong cia dudng thing AC la

( Tiép theo trang 19)

uy =§E=(§;§). Ta c6 theo quy tic hinh binh

fididhi 1 =2 +£={E;2J)+(£;E)=(l 6:16).
S 33

Khi d6 vecto u chinh la chi phuong cua dudng

phan giéc trong. Do duong phén gidc trong va

phén gidc ngoai vudng géc vai nhau nén vecto chi

phuong  dudng  phin  gide  ngodi 1

V=(=16;16)=16(~1;1) hay ta liy v=(~L1)vecto

chi phuong chi phuong cia phuong trinh duong

S48 583 (1-2026)

* Cludilge

phan gidc ngoai. Vay phuong trinh duong phan
giac ngodi cua goc BAC la:
r+l_4_ Y —
g
-1
BAI TAP TUONG TY'

Bai 1. Trong mit phing véi h¢ toa d§ Oy, cho
tam gidc 4ABC ¢o A(L;5),B(-4;-5),C(4;=1). Tim
phuong trinh dwdng phin gidc ngodi cia goc 4?

< x+y+10=0.

Ddp so: v-5=0
Bai 2. Cho tam gide 4BC o A(=2;-1),B(-1;3),

C(6;1). Viét phuong trinh dudng phén gidc ngodi
goce A cua tam gide ARC.,

Bdp 56: x+y+3=0

DPuogc quét bang CamScanner
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TIENG ANH QUA CAC BAI TOAN

PROBLEM. 4 reseqrch Student weighed lizayd
eggs in grams and recorded the results &Thc'
following box and whiskey diagram .\'halu'\' 1
summary of the results wheye | and U m'e‘ lla;
lower and upper quartiles respectively.

‘»

10 L 40 U

75

s 20 grams and there are
no outliers in the resuls.

The interquartile range |

Find the minimum

possible value of U.

Solution.  Since

there is o outlier,

75<U+1.510R, where IQR=U-L. Therefore, in

BAI SO 124

this case, we have 755U +1.5x20=U+30. Hence
45<U and the minimum value for U is 45.

Remark: This problem is collected from an
International Baccalaureate Math exam paper.
TU VUNG/KIi HIEU
box and whisker diagram : hiéu do hop v ria
(mét 56 SGK goi la biéu do hép)
lower quartile 2t phdn vi thir nhat 0O,
upper quartile o tir phan vi thir ba (5
1OR (inter quartile range): khoang tr phan vj
NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

BAI DICH SO 122

BAI TOAN. X¢1 tam gidac Pascal
: I

Néu ta ghép cdc so trong méi hang lai véi nhau dé
tao thanh mgt s6 moi thi ta sé thu diroc 56 ndo va

tai sao?

Loi gidi. Néu ta ghép céc sb trong mdi hang lai
v6i nhau, ta sé thu dugc day sb:

1, 11, 121, 1331, 14641,...
Day chinh la ddy cac lily thira cua 11:

1095 1R 0085 114
Ta biét ring tam giac Pascal bao gom cac hé s6
trong khai trién nhj thirc Newton.

Xét mot khai trién cu thé:
(10+1)’ =1.10° +3.10% +3.10' =1331

Tir d6 ta thiy rang céc sé trong hang thir » cuia
tam gidc Pascal tuong (ng véi cdc hé sé cia cac
hé s6 ctia 10’ trong khai trién ctia (10 + 1)". Do d6,
ta nhén dugc diy cac lily thira cia 11.
Chit thich. Bii toan nay do thiy Nghiém Xudn
Luc, Truong THPT Thing Long, 44 Ta Quang
Biru, Bach Mai, Ha Ngi dé xuat.
Nhdn xét. Hoan nghénh cac ban: Bui Tung Lam,
11 Toén 1, THPT chuyén Ha Tinh, Nguyén Hing
Cuwong, phuong An Nhon, Gia Lai di c6 bai dich
tot.

NHU HOANG (Ha Néi)

B R N L T L R L R R R R R D T R T AR SIS A

THONG BAO

Ban doc c6 thé d3t mua cac 4n phﬁm ctia Tap chi Toén hoc va Vin hoc trong nha truong tai cdc buu cuc

cia VNPT trén ca nudc voi ma dat nhu sau: Todn hoc va Tuéi tré (C168); Todn Tudi tho 1 (C169);
Todn Tudi tho 2 (C169.1); Vén hoc va Tudi tré (C668); Vin Tudi tho (C668.1).
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BAI TOAN 103. Gidi phirong trinh
x4 +4

x2-2

Loi gidgi. PK: x2-2+# 0 e<>x#2 va x2—/2 (%)

—5x=0 (1).

Cach 1. Phwong phap dat an phu
x*—4x2 +4+4x2

Véi DK(*) ta co: (1) 5x=0
x2-2
(x2 —2)2 +4x2 x2
——— - 5x=0x2-2+4 —5x=0.
x2-2 x2-2
Ta thay x=0 khéng phai la nghiém nén chia 2 vé
3
cho x ta dugc: x 2+4 i 5=0.
x x2-2
L, XE— 1 ,
bit t= 120> =—, PT tr& thanh:
X x2-2 ¢

t=1

t+i—5=0<:>ﬂ—5t+4=0 @[ .
t 1=4

. x2-2
Véi t=1= =l=x2—x-2=0=>x=-1,x=2
X
(thda min DK(*)).
= x2-2 ‘
Véi t=4= =4=x2-4x-2=0
X
:>x=2—\/g,x:2+x/€ (théa man DK(*)).
Vay PT(1) c6 4 nghiém:

x=—1, x=2, x=2-6, x=2+\/g.
Cich 2. Phuong phdp diea vé phiong trinh tich
Vi DK(*) ta co: ()&= x*—5x3+10x+4=0 (2)
S xt+x3-6x3 +6x+4x+4=0
< x3 (x+1)—6_7c(x2 —1)+4(x+1)=0
< (x+1)(x*—6x2+6x+4)=0
<> (x+1) [(x3 8)-6(x2-x-2)]=0
& (x+1)[(x-2)(x2 +2x+4)-6(x+1)(x-2) |=0
< (x+1)(x-2)(x2-4x-2)=0

TOF]N HOC

44 'S4 583 (1-2026)

el

1=0 )
x+2 0 o x=2 (thda min DK(*)),
| x-2=
x2-4x-2=0 =216

ay PT(1) co 4 nghi¢m:
o :=¢1,x=2,x=2—\/3 , x=2+6.
Cich 3. Phiwong phdp dua vé phwong trinh béc haj
Voi DK(*) ta co: (1) x*-5x3+10x+4=0 (2).
Ta thiy x = 0 khong 1a nghiém cta PT(2) nén chia

; - :
2 vé cho x” ta dugc:

2,4 2)=0e x—g 2—:3(,1c—g]+4=0.
X +._.x_2-—5 x—; = X X

bit u=x——2—. PT tré thanh:
' X
w2 =5u+4=0 <u=1u=4.

Vai u=l:‘:~.1c—g=l:>_\‘,2 =3 =0=x=+1,x2=2,

S
x=2—\/g
Vi u =4:>.t’——2-=4:>.1'2 —4x-—2z0-:.>li
x

x=2+/6 l
Cac nghiém tim duogc déu thoa min DK(*).
Vay phuong trinh c6 4 nghi¢m:

x=-1,x=2, x=2—\/g, x=2+\/g.
Cich 4. Phuong phdp hé so bat dinh
Véi DK(*) ta c6: (1)<>x*—5x3+10x+4=0 (2).
Gia sir vé trai cia PT(2) duoc phan tich thanh:

x4=5x3+1 0x+4=(x2 +ax+b)(x2 +cx+d)
(voi a,b,c,deZ)

< x4 =5x3 +10x+4=x* +{c+a) x> +(b+d+ac)x?

+(ad +bc)x+bd
c+a=— a=—
b+d+ac=0 |b=-2
ad+bc=10 = c=—4
bd =4 d=-2

Khi d6: x4 =523 +10x+4=(x? ~x-2)(x2-4x-2)

Dong nhét hé sé ta co:

Dodé:  (2)>(x2-x-2)(x2—4x-2)=0

3, x2—x-2=0 R
oot | x=2 (thoa man DK(*)).
x=2i\/g
Vay PT(1) c6 4 nghiém:
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x==l,x=2, .\'=2—\/a, x=2+4/6,
Cidcl 5. Phwong phap tim nghié¢m hivy 1
voi DK(*) ta cot (1) x4 =5x3 +10x+4=0
<:::>(.\‘+l)(.vr3 —-6x2 +6x+4)=0

x=-1
o
23 —6x2+6x+4=0
xét g(x)=x3-6x2+6x+4. Gia si g(x) co
WP R ;
nghi¢m hiru ti n v6i (r,5)=1. Khi dé nghiém hiru

ti A thudc tap hop:

A
{’; "|4,S|1,—gm52.,g—(_—llez}

s—=r S+r
I —
={—: r|4,s|l,—5-—ez,1_2€Z}
R S—=r S+r
={-2,2,4,4).

Ding so d6 Homer thir 4 gia tri trén ta dugc
nghiém hiru ti x=2. Khi dé:
g(x)=(x-2)(x2-4x-2)
g(x)=0&(x-2)(x2-4x-2)=0
x-2=0 x=2
<::»Lc2 -4x—2=.—0@L=2_+_\[6 (thoa man BK (*)).
Vay PT(1) c6 4 nghigm:
x:—l,x=2,x=2——\/g, x:2+\/g.
Ciclh 6 Phuong phdp gidi phwong trinh bdc 4

téng qudt
Véi DK(*) ta co: (1)<>x*-5x3+10x+4=0

2
R E AR

Cong hai vé cia phuong trinh voi tong

2
[xz —5%) y+y?- ta dugc:

2 2
(xz ——Sf-i—l) =(-2—5—+y)x2 _5(1_,.2)3(4.2__4 *).

2 2 4 2 4
Ta chon y sao cho vé phai 14 binh phuong cua mot

nhj thirc. Biét thirc:

2 2

2] 2o 54

Acas( 2| -4 24y | L4 =0
5(2 ) (4 Y4

&5 y¥-66y~200=0.
Ddy 1d phuong trinh bic 3 theo y. Ta tim duge
nghi¢m y=-4 va thay vao phuong trinh (*) ta

A g X *22—{—2 =gx
dugc: (x2 --_S.ir;_gJ A, ;
2 4 52 . S
Z
gl AT
[xz —x=2=U Llx=2  (thoa min DK(*))
x2-4x-2=0
x=2ix/6
Vay PT(1) c6 4 nghi¢m:
x=—1,x=2, x:2—\/g, x=2+«/8.
TRAN VAN HANH
(GV Truomg Dai hoc Pham Van Dong,
Quang Ngai)

Nhdn xét. Cac ban: Mai Thién An, 9B, THCS Chu
Vin An, xa Nga Son, Thanh Héa, Huynh Thanh
Tric, 11 Toan 1, THPT chuyén Ha Tinh, Ha Tinh,
Nguyén Himg Cuwong, phuong An Nhon, Gia Lai,
Vii Pirc Duy, phuémg Binh Loi Trung, TP. Hb Chi
Minh, mai ban déng gop 2 cach giai. Cac ban: Ho
Thanh Pat, 11T1, THPT chuyén Nguyén Quang
Diéu, Pdng Thap; Lé Anh Duwong, 12 Toén 1, THPT
chuyén V& Nguyén Giap, Quing Binh; Duwong Bdo
Minh, Tran Nguyén Anh Huy, 11Al, Nguye:n Purc
Quang Minh, Nguye:n Huong Giang, 11E1, TH,
THCS&THPT Lé Thanh Tong, TP. H6 Chi Minh;
Trén Phieomg Dung, 9A, THCS Bic Son, Quing
Ninh, mdi ban dong gop 1 cach giai. Nhimg cach
gidi ctia cac ban tuong tw nhu nhimg cach giai trén
cua ban T van Van Hanh, nguoi gioi thiu bai toan.
Hoan nghénh tit ca cac ban.
NHU HOANG (Ha Noi)
Mi céc ban giri 15i giai BAI TOAN 105 dudi day
vé Toa soan Tap chi TH&TT truéc ngay
28/2/2026.
BAI TOAN 105. Cho hinh chép S.ABCD ¢6 ddy
ABCD la hinh thang cdn, AB=BC=CD=2,4D=4,
canh bén 54=26 va vuong goc voi maqt ph(ing
(ABCD). ‘ Tinh cosin  goc phc?ng nhi dién
[B:SC;D).
NGUYEN QUANG NAM
(GV Trirong THPT Quy Hop 2 - Nghé An)

S 583 (1-2026)
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DU LICH THE QIO %

[ QUACACBATOANHAY

f%'.

BAI TOAN 111 (IMO 1992). (L) la ticp tyén
ctia dwong tron (C) va M la diém vén (L). Hay tim
quy tich cac diem P théa man tinh chér  ton tai hai
di¢m R, Q trén (L) sao cho RM = OM va tam giac
PQOR nhdn (C) la dirong tron noi fi(f]).

Loi giai.

AR (L)

)4
Goi X la tiép diém cia (L) va (C), O 1a tim cuia
(C). Gia st XO cit (C) tai diém thir hai Z. Goi ¥ 1a
diém trén OR sao cho M 1a trung diém cia XY.
Goi (C’) la dudng tron tiép xtc véi cac dudmg
thing QR, PQ, PR nhung & khéc phia véi (C) so
véi canh OR (tc 1a dudng tron bang tiép goc P
cua tam gidc POR). Gia sir (C’) tiép xic véi OR
tai Y’

Phép vi tir tam P, ty sb % bién (C) thanh (C’),

tiép tuyén véi (C) tai Z bién thanh dudmg thing
OR, suy ra Z bién thanh Y. Ta s& chimg minh
QX = RY. Thit viy, hién nhién X vd ¥ 14 chén

TOFIN H C
46 " e
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ang vuong ghe trén OR hy tr O va ¢

= = O 0
(rong tmg. Ta cling cd: ()Q() = ORO' = 90"
Tir d6 suy ra: AQY'O' ~ AOXQ. Do db:

cic du

gr_ox
Y'O YQ
! RX _ 0 y'
Ciing viy, ARXO~ AOQ'YR nén =T

Suy ra: QY. X0 = Y'0.0X = RX.YR.

Tir dé la duurc:

I
RY QY CLXroX OV+RY T OR QR

suy ra: QX = RY'. Mit khic, QX' = RY vi M vira
13 trung diém cua XY, vira la trung diém OR, do d6
ta c6 Y=Y Nhu viy, diém P di dong nhung
ludn nim trén tia ¥Z (dé thay Z ¢cb dinh, Y ¢b dinh
nén tia YZ co dinh). .
Péo lai, ldy diém P bt ky trén tia YZ thi bang
cach 1y luin tuong ty nhu trén ta cling c6
OX=RY. Nhung M la trung diém cta XY nén suy
ra M 14 trung diém cua OR.
Vay quy tich cua P la tia YZ.
Nhin xét. Hoan nghénh ban Vii e Duy, phuong
Binh Loi Trung, TP. H6 Chi Minh di c¢6 10i giai
ding cho bai todn nay.

NHU HOANG (Ha Ngi)
Sau day 1a bai tap dé nghi. Ban doc hdy guri 1oi
giai vé Toa soan TH&TT trude ngay 30/1/2026.
BAI TOAN 113. Cho hé phiong  trinh  voi
X\ XyseinX, L cdc dn 56
ax; +bx, +c=x,

ax; +bx, +c=x,

2
ax kb e = x*
1"

2
grathrebc =1

trong o a, b, ¢ la cdc so thuc va a =0. Chimg
minh rang: |

a) hé khong cé nghiém thire néu (b=1)" —4ac <.
b) hé co mot nghiéin duy nhat néu (h=1)" —dac =0.

¢) hé ¢é hon mot nghiém thite néu (b=1)" —dac>0.

NHU HOANG (Ha Ngi)
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GIAI DPAP: BIEU DIEN BGT BAQ
NHIEU PIEM 2
(Dé ding trén TH&TT 56 579, thing 9 nam 2025)

Phén tich sai lam. Hoc sinh di mic saj 1am: hai

s T < = C
ho nghiém x=5+k7r va x=‘6£+£§£ €O chung

> T i
hg nghiém .\':—2—+k27r, do dé nghiém cta phuong

trinh biéu dién trén duong tron luong gidc bai 4
diém. Chon B.

Nhin xét. Khong c6 ban nao phat hién duge sai lim
trong bai nay.

KIHIVI

Al SAIL, Al DUNG ?

Trong bai kiém tra c6 cau héi tric nghiém sau
Tap nghiem cua bat phirong trinh:

x2+

I)<0 la:

log»a5(lo
goms (loge s

2026
§=(-00;—4)U(-3;8)
§=(-4;-3)(8;+x)
S=(—4;2)(2;+,0)
S=(-4;—-1)U(0;+0)
Khi chim thiy gido thdy c6 3 hoc sinh chon ba két
qua khic nhau A, C, D. Gio chira bai thiy gido
cho ba hoc sinh 1én trinh bay 1&i giai bai toan. Ba

R R

hoc sinh ¢ 161 giai nhu sau:

Loi gidi ciia hpc sinh 1: Ta co:

x2+x
log 2025 (loge )<0 [
T é
2 ol
Xx o
x+4
—4<x<-1
x>0 ’

Viy dap dn dung la dap an D.

Lai gidi ciia hoc sinh 2: Ta co:

2
XEA4X
IOg%nE(IOg(, 2 )<0
2026 T
2 2
x24x X7 +x
>0 4>O
x+4 x+
= R =
x2+x x2+x
loge >0 >1
x+4 x+4
5 )
X°+x x-—4
>l >0
x+4 x+4
—4<x<?
x>2 '

Vay dap dn dang la dap an C.

Loi giai ciia hoc sinh 3: Ta c6:

2 .
X +A)<0
x+4

x2+x

log 2925 (logs
2026

S~

)<logaas 1

< log 2025 (logs i
2026 |

2026

x24+x

< loge <l

x24+x

< logg <loggb

x+x
x+4
x2-5x-24
&S —<
x+4
[—3<x<8

x<—4

<6

0

Vay dap an dung la dap an A.
Theo ban ba hoc sinh trén ai sai, ai ditng?

NGUYEN THANH GIANG
(Trirong THPT Chuyén Hung Yén)
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YUAT BAN TU 1964

' i . N 4 o 583 (1.2026)
Tap chi TOAN HOC va TUOI TRE e 7, i b

DT Bién 13p: 024.35121607,

1 ! nh: 02435142849, 024.3568279
Mtlﬂ'lemullts ﬂnd Yomh Mﬂgﬂlme g:,:ﬂf:uannucmollmlmam@qmau.cum
- \
BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. TRAN VAN NHUNG Téng Gidm d6c NXBGD Vit Nam
TS.NGUYEN VAN VONG NGUYEN TIEN THANH
PGS.TS. TRAN VAN HAO Téng Bién tap NXBGD Viét Nam
' PHAM VINH THAI
Vién truémg Vién nghién clu Sich va HLGD
LE HONG SON
HOI DPONG BIEN TAP -
Phu tréch Tap chi: TS. LE HONG MAI T ki Toa soan: CN. VO THI HONG THy

7S. TRAN BINH CHAU, T4, NGUYEN ANH DONG, 75, TRAN NAM DUNG, 75. NGUYEN MINH BUC. T5. NGUYEN MINH H3,
TS. NGUYEN VIET HAL PGs. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. TRAN HOU NAM, TS. PHAM THI BACH NGOC, PGS Ts, TA
DUY PHUONG. ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS, PHAN DOAN THOAL ThS. VU KIM THUY,

PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoe Co s&
For Lower Secondary School
Nguyén Van Bin - Thém mét cich giai cho bai

todn 5 diém va mot vai ap dung.

@ Huome din gisi dé thi vao 16p 10 THPT chuyen
tinh Ngh¢ An, nim hoc 2025 — 2026,

@ : i thir vio 16p 10 THPT chuyén, nam hoc
2026 — 2027.

0 Dién dan day hgc todn

Nguyén Thanh Hai ~ Nhing sai 1im thuéng gip
trong bai toan td hop — x4c sut va huémg khic
phuc.

0 Ban dgc tim toi

Trdn Minh Tudn — Phuong phap xéc dinh dudng
phén gidc trong, duong phin gidc ngodi ciia mot
g6c tam giéc.

L

‘Bién tdp: KIM THANH, NHU HOANG
Tri sus, phdit hanh; TRAN TH] MINH HIEN

AT A R N O oS o

B o -1 RN e

@ Dé ra ky nay Problems in This Issye
T1/583, ..., T12/583, L1/583, L.2/583,

e Giai bai ki trrdc
Solutions to Previous Problems
T1/579, ..., T12/579, L1/579, L2/579

e Phuong phap giai toan

Hé Pham Qucfc Toan — Mot sé phuong phép
xac dinh gi¢i han cia day sb dang tong.

@ Titng Anb qua cic bai todn - Bai 5 124 -
Bai dich s6 122.

@ whidu cich gidi cho myt bai tosn — Giai ba
todn 103 — D& bai toan 105,

@ Duich thé gici qua cic bai todn hay - Giii
bdi todn 111, D& bai toan 113,

@ soivimoasue

Mithugt: QUOC HIEP, THANH LONG
Thiét ké, ché bdn; MINH HOA
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(DANH CHO HS THCS — THEO CHUGNG TRINH GDPT 2018)
TACGIA: BUI VAN TUYEN

PUNE———

i e -k e

BAITAP ; BAI TAP N BAITAP

MANG CAO ] NANG CAO ‘ Y NANG CAO
VA BOT 50 . VA MOT s6 - | VAMOTSO
CHUYEN DE ; CHUYEN DE : f'  CHUYEN DE

Toan'y [ ToAN @

B¢ sdch “Bai tdp ndng cao va mét s6 chuyén dé” mén Todn céip THCS duoc bién soan theo huéng phadt
trién nang luc, gidp ctng ¢é va ndng cao kién thic, béi duéng hoc sinh khd giéi hon vé mén Todn.

Cudn sdch c6 ba phan: $6 hoc, Hinh hoc va Théng ké - Xdc sudt. Méi phdn 6 cdc chuong, méi chuong
g6m nhiéu bai. Méi bai bao gém cdc muc:

* BO SUNG: Phén ndy gidi thiéu thém nhiing kién thic lién quan dén cha dé cua bai hoc ma sdch gido
khoa chua dé cap.

¥ Vidu: Méi bai ¢c6 mét, hai vi du minh hoa cdc véan dung kién thiic co ban dé gidi todn va cdch trinh bay
bai gidi. Cu6i méi v du thudng c6 nhan xét, luu y hodc binh lugn vé phuong phdp gidi.

# Baitdp: Phdan nay cé cdc bal tdp dugc phan loai tir co bdn dén ndng cao.
Ngodira con cé cdc chuyén dé, duac sdp xép xen ké trong cdc chuong, tuong tng vai kién thiic dang hoc.

Cubi sdch la phdn hudng dan giai, chi dan hodc ddp sé. Cdc ban cé thé kiém tra 19i gidi ciia minh, déi
chiéu vdi 164 gidi trong sdch dé rat ra nhimg kinh nghiém gidi todn.

Cuén sdch con la tai liéu tham khdo cho cdce thdy gido c6 gido c:hgn bai cho tiét luyén tdp, béi dudng
hoc sinh. Cdc bac phu huynh ciing ¢6 thé diing cudn sdch nay dé hudng ddn con em hoc tap.

@

- CONGTY (6 PHAN DJCH YU XUAT BAN GIAO DUCHA NOI
 Diachl: ing 4, Tol Dramond Pawer, 5 45 LV Leona U Tioarh Yo TH MO N -
: '-fﬁ“_ntbn;i:ﬂ?(_}_’ﬁ'ﬂﬁii(u\ mdy 1A 112) - OAARAA308 | Fac g 351207

x ,tmﬂ!k?nh&&h,mfw}r:adr-n. | Website: Intpeyisils e/

DVL‘I’QlC- quét béhg CamScanner


https://v3.camscanner.com/user/download

Vign Nghién ciru Shch va Hoc ligu gido dyc Quit 4§ ding vy

|

|

&VietED phdi hop |
-.. ‘

| [=] 34 (=] | |

1900 099937 | Support@vieted.com

F

Gify phép XB 86 SIUGP-BTTTT céip ngay 19.11.2020; MA s6: BBY1M26
in tal Xi nghi¢p Ban d6 1 - BOP Gld: 22.000 dong

in xong va nop luu chibu thang 1 nim 2026 Hal mual hal nghin dong
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