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B GIAO DYC VA DA TAO QUYET BINH BO SACH GIAO KHOA
GIAO DUC PHO THONG SU DUNG THONG NHAT TOAN QUOC

Noay 26/12/2025, B Giao dyc va Dao tao (GDOT) da
ban hanh Quyét dinh s&' 3588/QD-BGDDT vé b séch gido
khoa (SGK) gido duc phd thong si dung thing nhat toan
quéc.

Theo d6, by SGK "Ket ndi tri thic vdi cudc song" clia
Nha xuit ban Gido dyc Viét Nam da dugc lya chon 13 b
SGK gido duc phd thong sif dung thong nhat toan qudc ti
ndm hoc 2026-2027.

1. St can thiél trién khai mgt bd sach gido khoa thiing
nhat toan quédc

Vigc ban hanh quyét dinh trién khai mt by SGK thong
nhét toan quic nhdm thyc hién Nghi quydt s§ 71-NQ/TW
ngay 22/8/2025 ciia BG Chinh tri vé dot pha phét trién gido
dyc va ddo tao va Nghi quyét so 281/NQ-GP ngiy
15/9/2025 ban hanh Chudng trinh hanh dong clia Chinh phi
thuc hign Nghi quyét so 71-NQ/TW.

Cu thé, theo Nghi quyét s§ 71-NQ/TW va Nghi quyét s6
281/NQ-CP, tif ndm hoc 2026-2027, Vigt Nam s& sif dung
mdt b SGK thdng nhat trén pham vi toan quic, d&n nam
2030 hoan thanh viéc cung cip mién phi SGK cho tit ca
hoc sinh (HS). Bdy I3 dinh hutng chién Iugc nhim chudn
h6a nji dung gido duc phd thdng, bio dim cdng bing
trong tiép can tri thiic va tao nén tang cho chuyén ddi sg,
xdy dung hé sinh thdi hoc ligu qudc gia.

Viéc lya chon mgt b SGK thong nhat toan quic phai
bdo ddm cdc nguyén tic: ddp ing yéu cdu Chuong trinh
GDPT 2018; bdo dam tinh khoa hoc - su pham - phap Iy:
c6 tinh k& thia; giam ganh ning ddi mai; tiét kiém ngdn
sach; han ché tac dong dén gido vién (GV), HS va x3 hdi
theo tinh than Nghi quyét 71-NQ/TW va Nghi quyét 281/NQ-
CP.

2. Uu diém cia by séch gido khoa Ket ndi tri thite vdi
cudc sdng

Trén ¢d s¢ nghién ciu cdc by SGK hign hanh va doi
chiéu vai cac tiéu chi lya chon, B) GDBT xdc dinh: by SGK
KEt ndi tri thic voi cudc song dap (ng ddy db va ndi tri
hon ¢4, cu thé nhu sau: bdo ddm ddy di, déng bd tat ca
cic mon hoc, hoat dong gido dyc & cd 3 cdp hoc; chat
lugng khoa hgc - su pham dugc khang dinh qua thyc tién,
dugc sif dung rdng rai tai tat ca 34 tinh/thanh, vdi quy md
HS 1dn nhét trong cdc b SGK hién hanh; tinh 6n dinh, kha
nang chinh Iy v& mic do sin sing cao nhat (Nha xudt bin
Gido dyc Viét Nam c6 di ndng lyc k¥ thuat, kho van, phan

phdi, dam bio cung éng trén pham vi todn qudc); han ché
toi da tac dong d&n GV - HS - phy huynh do ddy I3 b
séch dang dugc sii dyng 6n dinh va phd bién nhat.

3. Du kién tac dong dén GV, HS va x4 hoi

Bai vai GV, viéc st dyng mot bo SGK thdng nhat trén
toan qudc s& gilp cho cdng tac day hoc dudc thuc hign
thuan lgi. GV s& dugc tiép can ndi dung chuong trinh theo
ciing mit thiét ke su pham, thdng nhat vé cdu tric bai hoc,
thudt nd, chudn kién thilc - k nang, ti do gidm &p luc Iya
chon tai liu, trénh tinh trang chénh Iach trong cich tigp
cdn bai hoc gilta cdc dia phuong.

Boi vdi HS, mdt by SGK thdng nhat s& gop phdn bao
dam HS cdc ving mién tiép can tri thic binh ding, han
ché chénh I&ch ni dung hoc tip gida céc dia phuong. HS
dugc hoc theo mach kién thitc xuyén sudt tir 1Gp 1 dén lap
12, tao nén tang lién thong, dong b trong phét trién ning
lyc, gidm rli ro dit gay kién thic khi chuyén truiing giita
nam hoc, dac biét vai HS ving khd khdn, con em lao dong
di cu. L9 trinh ti€n t6i mién phi SGK vao ndm 2030 dem lai
I0i ich tryc ti€p cho HS va gia dinh, gidm chi phi hoc tip
thuding xuyén. Khi SGK dugc s§ hoa, HS cd thé tiép can kho
hoc liéu md, bai tap, video, md phdng, gop phdn ning cao
hiing thd, khd nang ty hoc va ndng luc hoc tap sudt dai.

Bai vdi xa hai, vigc thdng nhat SGK gidp on dinh chinh
sach hoc ligu qudc gia, tao niém tin, ddng thuin X hoi
trong gido dyc pho thdng. Chi phi xa hoi cho viéc mua, thay
mdi sich hiang ndm dugc gidm déng ké: nqutii din, dic
bigt G viing kho, dugc hubng loi tir chinh sich hd trg va
mién phi SGK. Céc dia phudng thuan Igi hon trong phan bd
ngan séch, 1§ chic ddu thiu - cung ing séch, gidm 4p Iy
truyén thang va hubng dn trign khai. Viéc thong nhit SGK
cing & nén tang thic ddy chuyén dgi so' hoc ligu, phat
trién th vién s vd kho tai nguyén md, phi hgp xu thé
quic té va chign lugc chuyén ddi s6 qudc gia.

B GDBT khang dinh s& phdi hop chat ché vai cac dia
phuong, ¢a sd gido dyc, dgi ngll GV va toan xa hoi dé trién
khai higu qud b SGK thdng nhat toan quic. BY GDDT sé
ti€p tyc lAng nghe, tiép thu ¥ kin cla nhan dan, chuyén
gia, nha gido d& khong ngung hoan thien hoc ligu, nang

620 chét lugng day - hoc, gdp phdn thyc hign thanh cong

dgt pha phét trién gido duc va dao tao theo tinh thin Nghi
quyét 71-NQ/TW.

BAN TRUYEN THONG (Nha xuat bdn Gido dyc Viet Nam)
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VAN DUNG MOT 7iN GHAT
v TRUG 71 CUA AN GIAC VAU
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(GY Traimg THCS Hod Hiéu, Thir Hod

TRUNG HOC CO SO -
C6 nhiéu tinh chét lién quan dén truc tim cua tam
gidc, trong bai viét ndy tic gid xin phép trao doi
voi ban doc mét tinh chit co ban vé tryc tdm cta
tam gidc va img dung cua no trong giai toan. Tinh
chat vé truc tim ndy cua tam giac dugc phat bidu
thong qua bai toan sau day:
Bai toan 1. Cho tam gidc ABC ngi tiép dwong
tron (Q). Cac dwong cao AD, BE va CF cua tam
giac ABC cat nhau tai H. Goi K la giao diém
thir hai ctia AH vd duong tron (0). Chitng minh
rang H va K doéi ximg voi nhau qua duong thang
BC.
Loi gidi.
Trwong hop 1: Tam giac ABC c6 ba goc nhon.
Ta c6 KCB=KAB (hai goc ndi tiép cimg chin
BK). Mit khiac HCB =KAB (cing phu vai goc
ABC.
Suy ra 1?579 = I—@, do
do:
ADCH = ADCK (g.c.g)
nén HD = KD.

0

~

N

Viy diém K d6i ximg
vo6i diém H qua dudng
thiang BC.

Truong hop 2: Tam giic ABC t (gia sur
"

A
b
S
Sy
N

A-\__,/

BAC > 90°).

Ta co KCB = BAD
(hai gbc ndi ticp cung
chin cung BK )

Mit khac, tu gidc
ADCE nfi tiep nén
BAD = HCB. Tir d6

suy ra @z[ﬁ Do d6, ADCH = ADCK
(g.c.g), suy ra HD =KD. Vay diém K doi ximg
vGi diém H qua dudmg thing BC.

Truong hop 3: Tam giac ABC vuong (gia su
BAC =90°). Khi d6 céc diém A, H, E, F tring
nhau va A thudc duong tron duomg kinh BC nén
ta ¢6 ngay diéu phai chimg minh.

Nhén xét. Bai toan 1 1a mt tinh chét co ban lién
quan dén truc tam cua mot tam gidc. Tinh chit nay
c6 nhiéu tmg dung trong hinh hoc. Ta xét mot )
bai toan van dung sau:

Bai toan 2. Cho tam gidc ABC c6 ba goéc nhon not
tiép dwong tron (O,R). Cdc dwong cao AD, BE
va CF cua tam giac ABC cat nhau tai H. So
sdnh ban kinh dwong tron ngoai tiép cac tam gidc
ABH, BCH va ACH.
Loi gidi.

Kéo dai AH cat dudng
tron (O,R) tai K. Theo
bai toan 1 ta c6 K ddi
ximng véi H qua duong
thing BC nén
ABHC = ABKC.Suy ra
bin kinh dudng trén
ngoai tiép ABHC bing ban kinh dwdng tron ngoai
tidp ABKC. Ma bén kinh duong tron ngoai tiép
ABKC biing R. Do d6, bin kinh dudng tron ngoai
tip ABHC bing R. Ching minh tuong ty ta c6
ban kinh cia cic dudng tron ngogi tiép A4BH va
AACH d&u bing R. Viy ban kinh dudng tron
ngoai tiép tam gide ABH, BCH vi ACH bing
nhau va bing R.

TOAN HQC
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Bai toan 3. Cho tam giac nhon ABC noi ticp
dwong tron (O). Goi D, M, H lin heot la chan
dweng cao ha nr A, (rung diem cua canh BC va
fruc tam cua tam giac ABC. Duwong tron tam A
ban kinh AD car (O) tai P, Q. Duong lh&ng PO
cat AD. A0 lan leot 1ai F, N. Duwong kinh AK
cua (0) car BC tai E. Chirng minh r{ing:

a) EF /| DK;

b) DO. EF, HK déng quy.

Loi gidi.

a) Tacé AK L PQ (tinh chét cia dudng néi tam).
Suy ra tir gisc FDEN noi tiép nén NEF = ADN.
Mit khac, AD? = AQ2 = AN.AK nén:

AADN <> AAKD (c.g.c) = AKD = ADN.

Tir d6 suy ra NEF = AKD (hai géc ddng vi) nén
DK [/ EF.

b) Goi I = KH n DO. Ap dung dinh ly Menelaus
vao tam giac ADO vdi ba diém thang hang H, I,

Ktacé'e.l_g_lg___AH— :_lll.li]izl
" Ol AK HD 0l 2 HD
B 2HD a4y
Ol AH

Kéo dai AD cét (O) taiJ, tacoé DJ = HD (theo
bai toan 1) va JK//DE. Suy ra:

KE DJ __ KE _DJ _ KE_2DJ HJ
Ik A7 20K AJ Ok A1 T4y
KE HJ KE _HJ _2HD

(2).

— . = =
“OK_KE AJ~HJ] OE AH AH

2 T?gpuggec S6 584 (2-2026)

KE

DI A
X P : 2L _ 27 nén EIl// DK (theo
Tu (1) va (2) suy ra ol OE

dinh ly Thalés dao) (3).

Miit khéc theo cau a), ta c6 EF /| DK (4).

Tir (3) va (4) suy ra ba diém E, I, F thang hang, do
d6 DO, EF, HK dong quy.

Bai tosn 4. (D& tuyén sinh vao 16p 10 THPT
chuyén Phan B§i Chiu, Ngh¢ An nim hgc
2024-2025) Cho ABC nhon o
AB < BC < AC ngi tiép duong tron (O), hai

tam gidc

duong cao BE va CF cdt nhau tai H, AH cat
duong tron (O) tai diém thic hai la G:GE cat
dwong tron (O) tai diém thir hai la 1. Goi J la
giao diém cua BI va EF, K la giao diém cua OA
va EF.

a) Chung minh JE = JF va DK /| HJ.

b) Goi P, QO lan leot doi xung voi O qua CF va
BE; N la trung diém cua PQ. Chirng minh rdng
NJ L EF.

Loi gidi.

a) D& thiy:
ABEF «» ADEH (g.g) va ABFJ <> AGHE (g.g)
_, EF _BF FJ _BF 1 BF
EH DH HE GH 2 DH
(vi GH =2.DH)

FJ 1 EF
LA IS il
HE 2 EH Sk = g
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Goi M 14 tryc tdm cua AAEF. Suy ra EM // FH
va FM //HE nén EMFH la hinh binh hanh, do
do6J 1a trung diém cua doan HM.

D& thiy AAEM o AABH (g.g)nén M _ AE
AH  AB

OALEF) nén

AAKE «> AADB (g.g) (do

AK AE AM  AK
—=——.Suyra —=—— hay H
4D Y G A Y MK,

do d6 ta cé HJ // DK.
b) Goi T, Z lan luot 1a giao diém thir hai ciia CF
va BE véi duong tron (O).

Khi d6 theo bai todn 1 ta ¢c6 AZ = AH = AT. Goi
X, Y 14n luot 1a trung diém ciia A4C va AB; L la
giao diém ctia OQ va BE; R la giao diém ciia
OP va CF. D& thiy OLNR 1 hinh binh hanh va
OLEX 14 hinh chir nhit nén NR =OL = EX. Ma
NR//EX (cing vudng goéc véi BE), do dé

ENRX 1a hinh binh hanh, suy ra
: AT
NE = RX =—.
2
AZ
TUUﬂgtu NF-—-LY:——Z—

Tir d6 suy ra NE = NF, ma J 1a trung didm cua
EF (theo cau a)), dodé NJ 1 EF.

Bai todn 5. (D& kiém tra chit lugng lin 2 nim
hoc 2023-2024 THPT chuyén Ha Noi
Amsterdam ngay 30/3/2024) Cho tam gide ABC
c6 ba goc nhon, AB < AC, ngi tiép dwong tron

(0) va o truc tam H. Duong thang AH cit BC
va dwong tron (O) lan heot tai D, P (P # A), g2o
M la trung diém cua BC. Dwng diccmg kinh AK
ciia dicong tron (0), u'é'p tuyén tai A ciia (Q) cét
BC tai S. Goi Q la giao diém cua OD va SK va
N la giao diém cua PQ va SC. Chirng minh
SA//NH va PQ la tiép tuyén ciua dwong tron
(0).
Loi gigi. Ta dé dang chimg minh dugc tir gidc
BHCK 12 hinh binh hanh. Do M la trung diém cia
HK nén OM la duong trung binh cua A4HK, suy

ra AH =20M.

Ta c6 DH = DP (theo bai toan 1) va MH = MK
nén DM 13 dudng trung binh cua AHPK , do do
PK =2DM.
Pé chirng minh NH // SA ta can chirg minh:

SN _ AH _ SN _20M *).

ND HD ND DP
Thét vay, goi 1 1a giao diém cia KP va OD. Khi
d6 PK // SD (cung vuéng goc vdi canh AD). Suy

. . NO NS
ra: ANQS « APQK nén ta co P_Q = o .
Ap dung dinh li Thalés vao tam gidc NOD ta co:
N ND
Fg_ =3 (2).
Tir (1) va (2) suy ra:
NS ND SN=PK=2DMI
PK IP ND [P 1P

20M 2DM _ OM DM
= L] =

. (%
Bodo: C) =28~ Tp B .
& AOMD «> ADPI  (két qua ndy Ia
ding).
. TOAN HOC
$5584(2-2026)  © Gluditye 3
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Viy (*) dugc chimg minh hay NH // SA.

Suy ra SAP=NHP, ma NHP = NPH (do tam

gidc NHP cin theo bai toan 1) nén

NPH = S?ﬁ:%sd.:ﬁ’ hay PQ 14 tiép tuyén cua
duong tron (0).

Bii todn 6. (D& tuyén sinh 16p 10 mén Tosn
(chuyén) nim 2024-2025 truomg PTNK, TP. H)
Chi Minh) Cho tir giGgc ABCD ngi tiép dwong
tron (O) c6 tam giac ABD la tam gidc nhon va
dwong chéo AC di qua tim O ciia dwong tron
(0). Goi I la trung diém BD,H la tryc tém tam
gidc ABD,E la giao diém khic A cua Al véi
duong tron (O) va K la hinh chiéu vuong goc cua
Hleén Al.

a) Chirng minh rang tir giagc CEHK la hinh binh
hanh va IB* = ID* = JAIK.

b) Lay diém F trén cung nho BD cua duong tron
(0) sao cho BAF = DAI. Chimg minh rang cdc
diém K va F doi xiung nhau qua dwong thing BD.
¢) Ching minh cdac duong phdn gidc trong cia
cac goc BAD va BKD cat nhau trén BD.

d) Trén duomg thang qua H va song song AC ldy
diem T sao cho TH =TK. Chung minh bon diém
O, K, F, T cung thugc mot duong tron.

Lai gidgi. a) DE thay tr giac DHBC 1a hinh binh
hanh nén / 13 trung diém cia HC. Ta cb
HK[/CE (cung wvudng gbéc voi AE) nén
AKHI = AECI (g.c.g), suy ra /K =[F do d6 ti
gidc CEHK 1a hinh binh hanh (do c6 hai dudng
chéo cit nhau tai trung diém cia mdi dudmg).

Kéo dai AH, BH, DH lan lugt cit BD, AD, AB
tai G, M, L.

Ta c6 céc tr giic GHKI, GHLB ndi tiép nén
Al.AK = AH.AG = AL.AB. Suy ra t giac /KLB
néi tiép, do d6 IKB = ILB = IBL (vi ADLBvudng
tai L, c6 IL 12 trung tuyén nén AILB cén tai .
Viy AIKB <> AIBA (g.g)nén ta cé:

S 584 (2-2026)

TOAN HOC
4 Tcnsige

[DZ = ]B2 :]K[A

b) Vi BAF = DAI = BF = DE = BE = DF
= ADIF = ABIE (c.g.c)
= DIF = BIE = DIK.

Vi: ID? = IK.IA = AIDK > AIAD(c.g.c)

aﬁ{:@:%sdﬁ:%sdﬁ:fﬁﬁ

Tir d6 suy ra diém K va F déi ximg nhau qua
dudng thing BD.

c) Ta dé dang chimg minh dugc nim diém 4, L,
K, H, M cing thugc mdt dudng tron, suy ra

ALDK <> AMBK (g.g) nén %zﬂ
BK MB
Mit khic ALDA <> AMBA (g.g) nén “2 _ LD
MB
DK AD
Tl d6 suy ra —=—_Goi J 1a cha ong
y BK - 4B 01 J 1d chan dudng
phin giic trong AJ cta tam giac 4BC.
JD AD KD JD
Tact: —=——="2=_8§ JJ1a pha
JE AB KB B VYTt phin

gidc trong BKD. Suy ra cdc duong phan gidc

trong cua BAD va BKD cht nhau trén duong
thiing BD.

d) Goi N 13 giao diém thit hai cia AH va (0),
P 1a giao diém cia TH véi BD.
Ta co: HPJ/ AC = PHN = OAN

= APHN «» AOAN (hai tam gidc can c6 hai
goc & day bing nhau)
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= HNP = HNO nén ba diém N, P,0O thfmg
hang = OPI =TPI (do HPD = @),

Trén tia dbi cia tia PH ldy T’ sao cho
PO = PT'.

Suy ra AIPO = AIPT' (c.g.c) nén ta c6:

PIT'=PIO=90° va IO=IT' nén O va T’ dbi
xung véi nhau qua dudng thang BD, tir d6 suy ra
DT'=BT' = BO.

Mit khac HT'=PT'+ PH = PO+ NP=0ON. Ma
ON=0B, Do d6 DT'=BT'=HT'suy ra T'la
tam dudng tron ngoai tiép tam gidac DHB, ma
DHKB la
KT'=HT'.Tx d6 suy ra T=T'hay t gidc
OKFT 14 hinh thang can. Tir d6 d& dang suy ra
cic diém O, K, F, T cung thujc mdt duong

tir giac noi tiép nén K e(I")hay

tron.

Ngoai ra cdu d) co thé giai theo cac céch sau:
Cich 2. Ly T' dbi tmg v6i O qua BD nén
OT' L BD, suy ra AO//HT'va OT'//AH, ma
OT' =2.0I = AH nén OAHT' la hinh binh hanh.
Viy ta ¢c6 HT'=A0=0D= OB =DT'=BT'nen
T'1a tim duémg tron ngogi tiép tam gidc DHB,
mi DHKB 13 tir gidc ndi tiép nén K e (T") hay
KT'=HT' . Tix d6 suy ra T=T'hay ti giic
OKFT. 13 hinh thang can. Tir d6 d¢ ding suy ra

cic diém O, K, F, T cung thujc mot duong
tron.
Céch 3. Goi N la giao diém thir hai cia AH va

(0); Q 1a diém déi xtmg v6i K qua 7. Ta co
GH =GN va IH =IC nén IG la dudng trung
binh cuia tam gidc HNC, suyra NC//BD.

Ma DF=BEnén EF//BD.Ti dé suy ra
EF J/NC. Do d6ta c6 EC = NF = HK.

H 0

o

Xét AKHQ c6 TH =TK =TQ nén HK 1 HQ,
ma HK L AE suy ra HQ// AE. Két hop véi
HT ] AC (gt) nén THQ = CAE.
Do @6 ta co:

HTR = 2.THQ = 2.EAC = sdEC = sdNF = NOF.
Viy AONF = THK (do TH =TK, ON =OF,

HK = NF va HTK = NOF).

Suy ra TH = ON =04 hay tt gilc OTHA 14 hinh
binh hanh nén Ol //AH va OT = AH =2.0I.
Suy ra O va T d6i ximg v6i nhau qua BD nén tir
gitc OKFT 14 hinh thang can. Tir 46 dé dang suy
ra cac diém O, K, F, T cung thudc mt dudng

tron.
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Bai todn 7. (D¢ tuyén sinh lo6p 10 mén Todn
(chuyén) niim 2024-2025 s¢ GD&PT Vinh
Phac) Cho tam gige ABC nhon, khong can ngi
ticp diecmg tron (0) va BAC = 60°. Cic duong
thang qua C va B sSong song véi AQ car dwong
tron (O) lan heot tai E va F (E khdc C, F khac B).
Goi H la truc tdm tam gigc ABC. Duwong thang
BH cat dwomg tron (O) 1ai diém thir hai la X (X
khac B); dwomg thang CH cdt dicomg tron (O) tai
dicm thit hai Y (Y khdc C).

a) Chumg minh tam giac AEF d(jng dang voi tam
gidc HBC.

b) Goi M la giao diém cria XF véi AC va N la giao
diém cua YE voi AB. Chimg minh rang MN .\tung
song vai BC.

¢) Chumg minh ba diwong thing MN, XY, FE
dong quy.

Loi giai.

—

a) Ta c6: AFE = ECA=0AC =

180° - AOC

=90°- ABC = BCH.
Tuong tu AEF =CBH, suy ra AAEF «> AHBC

(g.8)-
b) Ta c6 BF //CE nén BCEF 1a hinh thang can,

Vi AFE = BCH nén AE = BY.

6 T?gllguggcé S3 584 (2-2026)

Tuong tu: CX = AF nén cic tor giac AEBY,
AFCX 1a cac hinh thang cén. Do do, theo dinh [j

A Ay AY AN
Thnlcsta00: o “0F HE BN
AKX AY

suyra MN // BC.
¢) Ta ¢6 BHC =180°— BAC =180°-60° =120
BOC = 2.BAC = 2.60°=120° nén BHC = BOC.
Suy ra:

tix gidc BHOC ndi tiép va OCH =OBH (1),

Ta c6: %sdﬂ = ACH =90°— BAC =30°
- OBC = OCB:
—— — p— l pr— ———
FCY = l(sdAF -y Y) - 2sdXC - OBC
2 2
= XBC-OBC =OBH (2).

Ma sdAY = 2.4CH =2.30° = 60° va
sdAX =2.4BH =2.(180° - 60° - 90°) = 60°

nén ta co:
— ] — 1 —~ ] — 1 —
EBX = —sdAX ——sdAE ==sd AY — —sdBY
2 2 2 2
= ACH - BCH = OCB - BCH = OCH (3).
Tur (1), (2) va (3) suy ra:

FCY = EBX hay BX /| EF.
Goi D la giao diém cia XY va MN, ta cé:
YN XM YN ND
= = = (4).
ND DM ~ XM DM
Ma céc tlr gidc AEBY, AFCX 1a cdc hinh thang
YN AN _AM _ MX

cin nén ta cd; — = ol OV (8
NE NB MC MF

S——=— (5).

T (4) va (5) suy ra:
ND NE

77 da ADNE <> ADMF (c.g.c).

T dé suy raba diém E, D, F thing hang hay ba
dudng thing MN, XY, FE déng quy.

o
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HUONG DAN GIAI PE THI THU VAO LOP 10

THPT CHUYEN
Nam hoc 2026-2027

Bai 1. a) Cho da thirc P(x)=ax’ + bx+c. Biét

P(x) chia cho x+1 dur 3, P(x)chia cho x dir 1
va P(x) chia cho x =1 du 5. Tim cdc h¢ so a, b,
c.
by Cho cic s6 a, b, x, y thod man
ab=z0,a+b=0,

xtoy -

= (s xt+y =1

a b a+b

Chimg minh rang:

b)) av’ =bx’;
200 200
X y* 2
bﬁ) + = = ¢
u!m bl(m (a +b)|uu ’

¢) Tim tat ca cdc 5o x, y nguyén dwong thoa man
1

1
hwong trinh— + — = —.
AT

X v
Loi gidi.
a) Vi P(x)chia chox+1 du 3 nén P(x)-3chia
hét cho x+1. Suyra P(x)-3= f(x).(x + 1).
Thay x = —1vao ding thirc trén ta cé:
P(-1)-3=f(-1).(-1 + 1)=>P(-1)=3 (1).
Tuong ty: P(x) chia chox du 1 nén P(0)=1 (2).
P(x) chiacho x—1 du5nén P(1)=5 (3).
Tir (1), (2), (3) ta ¢6 hé phuong trinh:
a(-1)’ +b(-1)+c=3

a0 +bh0+c=1

al’+bl+c=5
a-b+c=3 a=3

&ic=1 <1db=1
a+b+c=5 c=1

Suyra P(x)=3x"+x+1.

Thir lai, ta thdy P(x) thod min d& bai.

Viy da thirc cin tim 1a P(x)=3x"+x+1.

b;) Ta co:
£+y_‘= 1 <:>.1r“.b+y"a= 1
a b a+b ab a+b

& (a+b)(x'b+y'a)=ab
& abx* +a*y* +b°x' +aby' —ab=0
<::>a!;v(x4 +y* —[)+(ayz)2 -f-(bxz)2 =0 (*).
Mit khéc, ta co: x> +y° =1 :>(.vc2 +yz)2 =1
= x* +y4 -1= —2x2y2’.
Do dé: (*) & ~2abx’y* +(a*)| +(b5*) =0

= (ay2 -bx’ )2 =0 ay’ = bx’ (dpem).

2

bz)Vi ab =0 nén ay2 =bx’ c;f_=
a

E

Theo tinh chit diy ti s6 bing nhau, ta cé:

2
£ 9

b a+b a+b

i 100 2 1100 |
i 6 s Dt bty EE S
B R

_ x* + 1

X0 2
= ™ * o0 3 (a+b)|m (dpem).
c)Tacb:-l-+l= ! <::>x+'v= )
x y 617 xy 617

S xy=-617(x+)»)=0
& xp-617x-617y+617° =617°
& (x=617)(y-617)=617%
Vi x, y nguyén duong nén x-617vay-6171a

uéc 16n hon -617 cha 617°.
Do 617 1a s nguyén 16 nén xdy ra 3 trudmg hop:
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[(x=617=617
y=617=617
x=617=1 o yiaon
, S| x=618; y=381306.
y=617=617°
x=381306; y =618
x=617=617
|v-617=1

Vy cic ciip (x;y) nguyén dwong cin tim la:
(1234;1234), (618; 381306), (381306 618).
Bai 2. a) Rt gon biéu thirc:
V2B+45)  {23-45)
T Y AP

b) Tim m dé phuwcong trinh:

(x =2)(x=3)(x +4)(x+5)=m,
co 4 nghiém phan biét.

it o 2(3+5) 2(3-15)
ol gial a = +
. 4+y6+2J5 4-\J6-25
ol . 3%4lS 3-45

4+\/ 5+1 4 \/ —1

f3+«/§+3—\/§J
\5+\/§ 5—\/5_
_(3+\/§)(5—\/§)+(3—\/§)(5+\/§)
_ (5+J§)(5—J§)
_215—3J§+5J§—5+15+3J§—5J§—5

25-5

20

=2.—=2.Vay A=2.
20

b) (x=2)(x=3)(x+4)(x+5)=m

o (6! +2x-8)(x* +2x-15)=m (1).
Pit X’ +2x+1=(x+1)> =y (y>0),
trinh (1) trd thanh:
(V=9 (r-16)=m<> y* =25y +144 =m =0 (2).
Nhén xét: Vé&i mdi gia trj y > 0 thi phwong trinh

TOAN HOC
8 ' Cluéilré 846 584 (2-2026)

phuong

(x+1)* = y c62 nghi¢m phan biét. Do d6 phuong

trinh (1) ¢6 4 nghiém phén bit khi va ?hi kh;
phuong trinh (2) c6 2 nghi¢m duong phén biét
hay:

A>0 A=4m+49>0
§>0<1{25>0 <=>"—4‘<”'<144-
P>0 144-m>0

Vay véi & < m <144 thi phuong trinh (1) c6 4
3 4
nghiém phan biét.
Bai 3. a) Giai phuong trinh:
2 —x-4= 2vx-1(1=x).
X+t -10y=0

b) Giai hé phwromg trinh: |
Nl . {x2+6y':10

Loi gidi,
a) Piéu kién: x>1 (*).Ta co:
x'—x—4=2Jx-1(1-x)
c>x2+2x\/x—1+x—l—2(x+\/x—1)— =
bat x++x-1=y (y>1) (**), phuong trinh trén
tré thanh:

y=-i
y=3"~
* V6i y =~1 khong thoa min diéu kién (**).

V' =2y-3=0(y+1)(y-3)=0 ©|i

* Véi y =3 ta c6 phuong trinh:

X+vVx—-1=3Jx-1=3-x

x<3 x<3
<~ . L3 5
X=1=9-6x+x x*=T7x+10=0

x<3
4 x=2 &ox=2,
x=5
Déi chiéu diéu kién (*), x = 2 thoa man.
Vay phuong trinh da cho ¢6 nghiém x = 2,

b) {x +7-10y=0 _ ¥ +07 ~(x* +6y)y=0 (1)
2 +6y* =10 X 46y =10 @
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AKB = ABE (1).

Ta co AKC = A/F\C(vi cung chiin cung AC cua
dudng tron ngoai tiép tam gidc AFC).

Taco: (D' +x9' =x2y -6y =0

1 b
ex =2y +xly =207 +301 -6y’ =0

@(,\'—Zy)(xz +.\3’+3y2)=0

x=2y
| ..
X +xp+3y° =0
* Truong hop 1: Thay x=2y vao phuong trinh
(2) ta co:

4y’ +6y' =10y’ =1 & s :
g4

Véi y=1thi x=2. Véi y=—1 thi x=-2.

* Truomg hop 2: x* +xy+3y* =0

@(HXJ ML,
2 4

2

=0 x=y=0.

Thay x=y=0 vao phuong trinh (2) va khong
thoda man phuong trinh.
Vay hé phuong trinh c6 2 nghiém:
() e{(Z1); (-2-D)}-
Bai 4. Cho duong tron (O; R) va ddy cung

BC = R\[3 ¢é dinh. Piém A di dong trén cung lon
BC sao cho tam gidc ABC nhon. Goi E la diém doi
xiemg véi B qua AC va F va diém doi ximg véi C
qua AB. Cac dwong tron ngoai tiép cdc tam gidc
ABE va ACF cdt nhau tai K (K khong tring A).
Goi H la giao diém ciia BE va CF.

a) Chimg minh KA la phan giac trong goc BKCva
1 gide BHCK ndi tiép.

b) Xdc dinh vi tri diém A dé dién tich tr gidc
BHCK 16én nhdt, tinh dién tich lon nhat ctia tik gide

do theo R.
¢) Chieng minh AK luén di qua mgt diém co dinh.

Lo gidi. a)

« Chimg minh K4 1& dudng phan gidc trong cla
goc BKC.

Ta céﬁ=@(vi cung chin cung 4B cua
dudng tron ngoai tiép tam gibc AEB).

Ma ABE = AEB (tinh chit déi ximg), suy ra

Ma ACF = AFC (tinh chit déi ximg), suy ra
AKC = ACF (2).

M3t khac ABE = ACF (cing phy véi BAC) (3).
Tir (1), (2), (3) suy ra AKB=AKC hay KA 1a
dudng phén gidc trong cua goc BKC.

« Chimg minh tir gidc BHCK ndi tiép.

Goi P, O lan lugt 14 céc giao diém cua BE véi AC
va CF voi AB.

Tacé BC =R 3 nén:

BOC =120°, EZZ’=£02—-€=6O°.

Trong AABP vudng co APB =90°, BAC = 60°,
suy ra ABP=30° hay ABE = ACF =30°.
T gidc APHQ cé:
AQH + APH =180° = PAQ + PHQ =180°
— PHQ =120° = BHC =120° (d4i dinh).
Ta co: /TK"Z‘ = /TB\E= 30%

AKB = ACF = ABE =30° (theo minh
trén). Md BKC = AKC + AKB = AFC + AEB = 60°
nén suy ra BHC + BKC =180°.

Viy tir giac BHCK noi tiép.

ching

TOAN HQC
' CTudilpe

9
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b) Goi (O') Ia dudmg tron di qua bén diém B, H,C,
K. Ta c6 diy cung BC = RV3, BKC = 60° = BAC
nén bin kinh dudmg trén (O') bing ban kinh R
cua duong tron (0).

Goi M 1 giao diém cia AH va BC thi MH vudng
goc voi BC. Ké K/\." vudng goc vai BC (N thuje
BC). goi I'la giao diém cua HK va BC. Ta co:

1

1
Sunce = Sawe + Sacx =;BC.HA{ +EBC.NK

:%(HM +NK).BC.

1
Suy ra: S, < 2BC(HI+KI)=%BC1’&H (do

HM < HI, NK <KI).
Ta c6 KH 1a day cung ciia dudng tron (O; R) suy
ra KH < 2R (khong dbi).
Neén Sy, 16n nhit khi:
KH =2R va HM + NK = HK =2R.

Gié trj I6m nhit S, =%R\/§.2R=RZ\/§.

Khi HK 14 duong kinh cia duong tron (0') thi M,
1, N tring nhau, suy ra / 1 trung diémcua BC nén
AABC can tai A. Khi d6 A la diém chinh giira
cung lém BC.
¢) Ta co: BoC = 120°, BKC = 60°
nén BOC +BKC =180°nén tir gidc BOCK nii
tiép duong tron.
Tacoé OB=0C =R nén BKC =CKO hay KO la
phan giac goc BKC. Theo a), AK 13 phan gidc
BKC nén K, O, 4 thing hing hay AK di qua O ¢
dinh.
Bai 5. a) Cho 3 56 thuee duong x, v, z thod man:
—]: + —!— + l =1
JEE I
Tim gid trj nho nhat ciia biéu thire:
Y, _IX
Xy +z°) yz"+x°)

TOAN HOC
10 umh;e S4 584 (2-2026)

Py
z2(x* + %)

T
4 o

P=

b) Bic Nam lén ké hoach lam hang rio cho gy,
ddt hinh chiv nhit, dé bao vé rau tr ONng cia mjpy,
Bac rao 3 mat xung qh‘tl”/' va | hang rao ¢ Llirg,
chia doi khu (ii;!, (f(i !."(3‘”‘2.’ rau, mot mat Mrrimi,’ Yo
huong vé phia bo sing (”/“f. hinh ve). BI‘GJ.' rang
chi phi dé rdo hang rdo chieu dai {:/m dat g )
nehin dong/mét. 3 hang rao theo chicéu rong ¢ chi
phi la 50 nghin dong/mét va tong chi phi cho [,
hang rao la 15 trigu dong. Hoi biac Nam co ¢

rao dwoe khu dat cé dién tich lon nhat la pg,

nhiéu meét vuong?

song

LZ7

c) Cho hinh binh hanh ABCD, ke 17 dwong rllcfz;g

sao cho moi dwomg thang chia ABCD thanh ha;

. Chirng mink

§gaa. oz ad. . |
hinh thang co ti so dién tich bang %

rang trong 17 dwong thang c6 5 duong thang

dong quy.

Lai gidi.

a) Ta cé:

i lll+ Ill+ 1l
"[“ﬁTJ Y(‘:*T) 2(—,+ I,J

Z ¥y Z X X )‘

1

Dét~=a,l=b,l=cthi
x y z

a,b,c>0vd a* +b* +¢ =1.
a b ¢
b + ¢ ¥ +a2+b2
. al’ " bz 4 cZ
a(1-a*) b(1-b%) e(1-¢*)
Ap dung bét ding thire Cauchy cho ba s6 duong ta
co: az(l-—az)z:%.Zaz(l—az)(l—az)

Khi d6: P = -
ct+al

k]
<__ 2° +1-a* +1-q* =_'4_
2 3
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Tu (1); (2); (3) ta cé:
3\/—( 3\/3
=

a +b2+c)

Déng thirc xdy ra khi va chi khi a=b=c=-

3
hay x:y:zzﬁ.

Viy gia tri nho nhiét cua biéu thirc P 13 3;/_
b) Goi x (m) la chidu rong cua khu dit véi
0<x<50, y (m) la chidu dai cua dit voi
0< y<60.
S6 tién ding dé lam chiéu réng hang rao la:
3.50x = 150x (nghin ddng).
Sé tién dung dé 1am chiéu dai hang rdo la:
60y (nghin d(‘”)ng).

Téng chi phi dé 1am hang rao la:

150x + 60y = 15000 (nghin dong).
15000-150x 500 —5x

60 2
Dién tich cia khu dt 1a:
8 (SOO-SxJ 2 —5x* +500x
kd 2 2

Do dé6: y=

2
_ -5(x~50)" +12500 12500
2
Suy ra gié tri 16n nhat ciia S,,bing 6250 khi

=6250.

x = 50 (thoa man).
Viy nha bac Nam c6 thé rao dugc khu dét ¢6 dign
tich 16n nhét 12 6250 m’.

¢) Goi tip hgp gbm 17 duing thing 14 tap hop
“thd”, Mubn chirng minh trong 17 dudmg thing dé
c¢6 5 dudng thing dong quy thl phai tao ra dugc
tip hgp “Idng”, 1a cac diém dic bi¢t trong hinh
binh hanh gdm (17-1):( 5-1)=4 diém. Cén cir

viio cac diéu kién con lai cua bai todn dé xac dinh

cac diém dic biét do.

Goi M, N, P, Q lan lugt 1a trung diém cia AB, BC,

CD, DA. Vi ABCD 14 hinh binh hanh, nén ta cé:
MP I/ AD I/ BC, NQ /| AB I/ CD.

Goi d 1a mot trong 17 dudng thing da cho. Néu d

ln lugt cit AB tai £, CD tai F, NQ tai L thi LQ,

LN tuong (mg la dudng trung binh ctia cac hinh

thang AEFD, EBCF. Khi d6, ta co:

S/II,'I-‘D e (ho qc —=4L

S EBCF

20 _ 2 (hos

1
il IN 3

SN L
LO 3

SHI(F s l)

3

AEFD

2)

Trén ON ly 2 diém L,; L, thoa min diéu kién:

Lo _LN _

k)

LN LQ ¥
Khi d6 L trung vai L, hodc L tring véi L,,nghia
1a néu d cit AB va CD thi d phai qua L, hoic L,.

Tuong tu, trén MP ly 2 diém K,; K, thoa man

diéu kién AM L 5

1 khi dé néu d cit AD va
LM 3

BC thi d phaiqua K, hoic X,.

Tém lai, mbi dudng thing trong sé 17 duomg
thing di cho phii di qua mét trong 4 diém

L.L, K, K,

Vi 17 > 4.4 nén theo nguyén ly Dirichlet, trong 17
dudng thing d6 s& co it nhit 5 duomg thing

(5=4+1) cing di qua mdt trong 4 diém

L, L, K, K, haycé 5 dudong thing déng quy.

HA VAN NHAN

(GV THCS Hodng Xudn, Hodng Giang, Thanh Héa)

S& 584 (2-2026)
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DE THI CHQN HQC SINH GIOI LOP 9 THANH PHO HA Ny

Niam hoc 2025 - 2026
Thoi gian lam bai: 150 phut

Bii 1 (5,0 diém)

1) Giai phuong trinh x+ 45— x = 9.

2) Cho a, b, ¢ 1a cac sé thyc d6i mot khéc nhau

théa man: (a* +1)(b+c)=(b? +1)(c+a)=-10. .

Tinh gia tri cua biéu thie:
P=(a+b)b+c)c+a).

Bai 11 (5,0 diém)

1) Mot tiém banh ngot dy dinh san xuét hai loai
banh cho mét don hang. Lugng dudng cén cho
mdi chiéc banh loai I va loai II 14n Iuot 12 40 g va
60 g. Loi nhuédn thu duoc khi ban méi chiéc banh
loai I va loai IT lan lugt 12 12 nghin ddng va 15
nghin dong. Biét ring tiém chi con 14 kg duong
dé lam banh va tiém phai lam it nht 80 chiéc
banh loai I va 100 chiéc banh loai II. Héi tiém nén
lam bao nhiéu chiéc banh méi loai dé lgi nhuin
thu dugc 1a 16n nhat?

2) Cho cac sé nguyén duong a, b, ¢ thoa min

a®*—6b>=1 va a*+4ab+4b* =1lc+1. Ching
minh ¢ chia hét cho 40.

Bai III (2,0 diém)

Vé6i a, b, ¢ la cac sb thyc khéng am thoa man
a+b+c=1, tim gia tri 1én nhit va gid trj nho

nhét cua biéu thirc:
E a(l-b) i b(1-c) 5 c(l-a).

P

3-a 3-b 3-c
12 T(Pﬁwg-g S3& 584 (2-2026)

Bai 1V (6,0 diém)

Cho tam giac nhon ABC (4B < AC), céc duing

cao AD, BE, CF ddng quy tai diém H.

1) Goi I 14 trung diém ctia doan thing BC. Chimg

minh bén diém D, F, E, I cing thudc mét duomg

tron.

2) Dudng thing DF cit duong thing BH tai diém

K. Goi L 1a diém déi ximg véi diém K qua diém

H. Goi P la giao diém cua dudng thang IE va

duong thing CH. Ching minh dudng thing Lp
song song v&i dudng thing HI.

3) Pudng thing qua diém B va vuéng goc voi 4B
cit duong trung truc cua doan thing BE tai diém
G. Goi O 1a diém d6i xtmg véi diém D qua diém
H. Chimg minh EQL = EGC.

Bai V (2,0 diém)

1) Tim tdt ca sé nguyén té p, g dé pg+ p+4 va
pq+q+4 dong thoi 14 cac sb chinh phuong.

2) Hai ban An va Binh cung nhau tiét kiém tién dé
ung ho ngudi nghéo. Biét ring hai ban bt dau tiét
kiém vio cing mt ngdy. Sau 365 ngay, méi ban
déu tiét ki¢m dugc mét triéu déng. Chimg minh
trong 365 ngay noi trén, tdn tai 183 ngay ma tong
s0 tién tiét kiém cia m&i ban trong 183 ngay d6
khéng nhé hon 500000 ddng,

TRINH HOAI DUONG
(GV THCS Gidng Vé 2, TP. Ha Noi)
Gidi thi¢u

g
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THEO CHUONG TRINH VA ';Gl\ \l(.Il

(Ky 1)

Trong chuong VII cia Toan 10 b sich Keét noi
Tri thirc véi cudc song, phuong phap toa d trong
mit phing tip trung chi yéu vao cic dang toan
xac dinh toa do diém thoa min diéu ki¢n cho
trude, lap phuong trinh dudng lhéng va céic yéu to
lién quan dén dudmg tron. Da s6 hoc sinh khi gdp
dang toan nay thuong dai 56 hod dé dua vé v1¢c
giai phuong trinh hojic h¢ phuong trinh nén nhiéu
lac sé& gip kho khan thim chi bé tic. Viéc khai
thac cac tinh chit hinh hoc phing dé dinh huéng
tim 1&i giai bai toan hinh hoc trong mat phang t0a
d9. Viéc chi ra ban chat hinh hoc phing sé bé trg
cho gidi toan chir khong don thuin 1a giai mt bai
toan hinh hgc phing thuan tuy. qua dé giup hoc
sinh nhén thirc dugc ring: “Mai bai toan hinh hoc
trong mat phang toa d¢ cé thé luén chira dung
mét bai toan hinh hoc phang twong ing”.

1. Mgt sé bai todn khai thdc cdc tinh chit cia
hinh tam gidc, hinh tir gidc

Xét bai toan: Trong mat phang toa d¢ Oxy, cho
tam giac ABC c6 dinh B(—4;1), trong tam G(1;1)

va dieong thang chira phan giac trong ctia BAC

6 phwong trinh x—y—-1=0. Tim toa do dinh A.

Loi gidi dé xudt. Goi N 12 trung diém canh AC.
Khi d6 BG =2GN nén NG;]].

Goi A thujc duong
thing d c6 phuong trinh
x—y-1=0 nén B

A(t;1=1). Khi d6:

—(4-52-1);

ATV=(-7-—I;2—I).
2

Pudng thing d c6 mét vecto chi phuong !.:(l; 1) va

1a duong phén gidc cua BAC nén ta cé:
Jcos (4B, ) = eos (4.1}

1
12424 ’?'2'

2 -1} § .
(t+4) +(2-1) \/@—t] +(2-1)

Phuong trinh ndy 6 thé gidi dugc, song xét cho
toan bai thi dz‘ly khong phai 1a cach gidi toi uu.
Tuy nhién néu biét khai thac tinh chét cia dudng
phdn gidc goc trong cua tam giac: Néu liy diém
B' dbi ximg voi B qua duong thing d thi B’
thuge duong thing AC khi d6 c6 10 giai rét ngin
gon. Tirc a tir gid thiét, tim ra diém B, khi d6

dudmg thing AC chinh 1a duémg thing NB', 4 I
giao diém cua hai dudng thing NB' vad.

Viéc sir dung tinh chat hinh hoc phing da giam
dugc khi nhiéu cong viée tinh toan néu lam theo
cach 16i mon bing cach tham sb hod toa o diém
A(x; y).Sau ddy 1a mot s6 vi du minh hoa cho céc
tinh hinh hoc chét nay:

Thi du 1. Trong mat phing tog d¢ Oxy, cho hinh
chir nhdt ABCD co dwong phdn gidac trong ABC
di qua trung diém M ciia canh AD, dwong thing
BM ¢6 phwong trinh la x—y+2=0, diém D nam
rén duomg thang A c6 phwong trinh ld
x+y-9=0. Tim tog dé cdc dinh cua hinh chir
nhdt ABCD biét dinh B ¢ hoanh dg dm va duong
thing AB di qua diém E(-1;2).
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Loi gidi. Goi £' 1a diém ddi ximg voi diém £ qua

dudng thing BM thi 4 . AT 4
E'thugc  canh  BC. ], |
EE' it BM @i Hthi H |~ r
1d trung diém cua dogn | H |
EE". St

Phuong trinh dudng thing EE'1a x + y=1=0.

Vi H = EE' "BM nén H(—%;%) va H 1a trung
diém cia doan EE’. Suy ra E'(0;1).

Do B e BM nén dat B(b;b + 2)va b<0.Taco:

BE(-1-b;~b), BE(-b;—b-1) vi BE L BE'
nén

2b(b+1)=0vado b<0 suyra b=-1.

Vay B(-L;1)va phuong trinh canh 4B 13 x +1=0.

Goi  A(-L;a) thuje canh 4B (a#1)va

D(d;9 -d) thude duong thang A thi
d-19-d

M(T;——EJ vado M € BM nén ta co:

a-2d+6=0 (1).

Mit khic ta c6 AD(d +1,9—d —a), AB(0;1-a)
va AB 1 AD nén (1-a)(9-d-a)=0, do a1l
suyra9-d-a=0 (2).
Tu(l)va(2)taco: a=4,d =5, suy ra toa do cac
diém can tim la:

A(-1;4), B(-1;1), C(5;1), D(5;4).
Nhin xét. Néu} gidi theo hudng quen thugc 12 goi
vecto phap tuyén ciia dudng thang di qua hai diém
A, B 1a n(a;b) thi dudmg thing AB c6 phuong
trinh dang ax+by+a-2b=0,suy ra phuong
trinh dudng thing BC 14 bx - ay +c=0. Sau d6 sir
dung ding thic cosCBM = cos ABM dé lap
phuong trinh thi 16 giai sé phirc tap hon.
Thi du 2. Trong mat phang véi hé tog dp Oxy, cho
tam giac ABC co tryc tam H(3;0) va trung diém
cua BC la 1(6;1). Duong thing AH ¢6 phuong
trinh x+2y-3=0. Goi D, E lan lept la chan

TOAN HQOC .
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10 ke tie B va C cua fam gide ABC X,
ot \

durong g
cua tam giae ABC

dinh toa do cde dinh ‘
DE co phicong trinh x-2 - o

hicy
dweang  thang
dicm D co tung do duong.

Phéan tich: Tu gia thiét Vifét dugce PhU'Ung trink
canh BC, néu tim dugc diém £ h?éc D thi vig
dugc phuong trinh dudng tron (C) .lz;m /pgoai tiép
tir giac BCED va B, C s¢ 1a giao diém cua (C) v¢;
canh BC, A la giao diém cia CD Véi AH. Ty
niliél], viéc tim toa dd diém E h'Of.'lC D bang c4ch,
ndo, tir phuong trinh duong 1théng DE, tham g}
ho4 toa d¢ diém D(2;d) c6 thé xdc dinh dugc gjs
trj d hay khong, ching ta hdy xem loi giai sau,
Loi gidgi. Goi K 1a tung .
diém cua AH thi K 1a /
AEHD, diém I 1a tim

/\
tim duong tron (C)) | N7
’ . {L“_
duong tron (C,) ngoal I
tiép tir gidc BCDE. Puong tron (C)cét duomg

trdn (C,) tai hai diém E, D nén IK L ED. Tu 6
ta ¢6 phuong trinh duong thing /K 1a y—1=0.

ngoai tiép tor gidc

C

Viy suy ra diém K(1;1)1a trung diém cua doan
thing AH nén A(-1;2).

Goi D(2;d) thudc dudng thing ED, ta co:

d=3

d=-1

Suy ra D(2;3)do d>0. Phuong trinh duomg
thing AD 1a x-3y+7=0 va dudng thing BC la
2x-y-11=0.Lap hé tao boi phuong trinh hai

dudng thing va gidi hé phwong trinh ta duoc
C(8;5), tirdo suy ra B(4,-3).

KA=KD<:>5=1+(d—1)2<:{

Thi du 3. Trong mat phang véi hé tog dg Oxy, cho
hinh vuéng ABCD ¢6 tim 1. Trung diém canh AB
laM(0;3), trung diém dogn thing CI la J(1:0).
Tim toq do cac dinh cia hinh vuong, biét dinh D

thugc diomg llufng Aix—y+1=0,

Lai gidgi. Goi N 13 trung diém doan thiing CD va H
4 tdm hinh chi nhit AMND. Goi (C) 1a dudng
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tron ngoai tiép hinh chit nhat AMND. Tir gia thiét
suy ra NJ // DI, do &6 NJ L AC hay J thudc (C)
(vi AN 1a duong kinh cua 4

; LM B
(C)). Ma MD ciing 1a dudng N i
: A X % ¥

kinh cua (C) nén JM vuéng | \ / |V
goc voiJD (1). | I><i I ’\\

i bt e\
Do D e A nén goi D(t;t +1 LN

= s ) AN,

taco: JD=(t-1L;t+1), 1)'/ N C

JM =(-1;3).

Theo (1) tacéd: JDJM =0 —t+1+3t+3=0
=t=-2= D(-2;-1).
Goi a la d6 dai canh hinh vubng 4BCD. D& thdy:

2
DM =25 = a2+f’4—=>a=4.

Goi A(x;y).Vi AM =2, AD =4 nén ta co:
x4 (y-3)* =4 -
< 6 7

(x+27 +(r+D)2 =16 |¥=3iy=7

* Véi A(-2;3) suyra B(2;3); 1(0;1); C(2;-1) va

tir @6 ta c6 toa do diém J(1;0) thoa min bai toan.

* Véi A(E,Zj suy ra B(—E 2—3), 1(:§;_9_];
55 55 5°5
C( 22 lsl)tu d6 suy ra J(—3 2)khong thoa

mén yéu cau.

Vay toa d6 cac dinh hinh vudéng ABCD la:
A(=2;3), B(2;3), C(2;-1), D(-2;-1).

Nhén xét: MAu chét cia bai toan niy 1a chimg
minh dugc JM LJD tir 46 xéac dinh toa do diém
D, suy ra toa d¢ diém A.

2. Mt s bai toan lién quan dén dwong tron
Truéc hét nhic lai mot sb tinh chat thuong gip
trong duodng tron: Cho duong tron (C) tdm I ngogi
tiép tam gigc ABC véi H la truc tdm, G la trong
tém. Goi N, F, P la chdn duong cao nam trén cdc
canh BC, AB, AC; goz M, K lan lugt la trung diém
cua canh BC, AH. Biét duong thing AH cdt duong
tron (C) tai D, AE la dwong kinh (C).

Khi d6 ta c6 cac két qua sau:

i) Diém E doi xieng voi diém H qua diém M.

ii) Tir gidc BCDE la hinh thang can.

iii) Piém D déi xieng voi diém H qua canh BC.

iv) MK L FP.

v) Cdc duong tron ngoai tiép tam giac ABC, HBC,
HBA, HAC la bang nhau.

vi) HG =2GI.
Chirng minh.

I) Ta chimg minh dugc tir gidc BHCE la hinh binh
hanh vi BH // EC (cung vudng gbéc véi AC) va
CH // EB, do vay M la trung diém cua hai duong
chéo nén M 1a trung diém doan thang EH.

ii) T giac BCDE la hinh thang (do BC // DE vi
cung vudng goc canh 4D) ndi tiép dudng tron tam
(C) nén la hinh thang céan.

iii) Trong AHDE, ¢c6 MN LDH, DE | DH (tinh
chét cia goc ndi tiép chén nira dudng tron), suy ra
MN // ED, két hop v6i M 1a trung diém doan HE,
nén MN la duong trung binh cia tam giac. Vay
diém D déi xumg v6i diém H qua canh BC.

iv) Ké tiép tuyén At, khi d6 ta co tir gidc BCPF ndi
tiép dudmg tron (C) (do BFC = BPC =90°) suy ra

ACB = AFP (cing b v&i BFP).

y.| \

\

42

M ///} »
\.&/;7/
é:..__\_- e

D—— E
Mat khac ACB=BAt nén Zﬁ:l@(so le
trong) do d6 At // FP. Ma At 1 Al nén FP 1 Al
va MK // AI nén MK | FP.

v) Bing phép lay phép dbi ximg truc BC (D) thi

\
7
7

AABC —25< 3 AA'BC va (1)—&0—)(1') la
S6 584 (2-2026) T?@}“uggg 1 5

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

dudng tron di qua H, B, C (do H —2%— D, hay
(1) =(I"), ngoai ra, ta con c6 D 1A tryc tm cua
tam giac 4'BC).

vi) D€ thdly G 13 trong tim cuia tam gihc HAE nén
HG =2Gl.

Thi du 4. Cho tam giic ABC c6 phwong trinh
dwong thang BC: 4=0. Goi H(20),

1(3:0) lan lwot la trwe tém va tém dwong tron

X—y-

ngoai tiép tam giac. Hay lap phuong trinh canh
AB, biét diém B c6 hoanh d¢ khong 1én hon 3.
Phdn tich. Theo két qua vi) ta tim dugc toa do
trong tdm G, 14p dugc phuong trinh dudng thing
MI, tim dugc toa do diém M la giao cua MI va BC,
tir do suy ra toa d6 diém A. Lai c6 IB = I4 nén tim
duoc toa d6 diém B.

Loi gidi. Goi G(x;y) la trong tdm tam giac ABC
thi ta c6: HG = 2GT = G(-ﬁ-;o).
Goi M la trung diém canh BC, khi 46 MI 1 BC

nén dudng thing MI c6 phuong trinh 13
x+y—-3=0.Do M la giao diém cia MI va BC

nén diém M c6 toa dd A
71

-4

Lai c6 AG=2GM !

nén A(1;1). Vi ‘

B e BC nén  dat

B N M ¢

B(b;b—4) vai b<3. \_/
Két hop diéu kién IB>=14>=5 nén b=2 hay
B(2;-2). Vay duong thiang AB c6 phuong trinh
la: 3x+y—-4=0.
Thi du 5. Trong mdt phang Oxy, cho tam gidc
ABC ¢6 trung diém canh BC la M (3;-1). Diém
E(~1;-3)ndm trén duong thing A chira duong
cao di qua dinh B va duong thing AC di qua
F(1;3). Tim toa dj cdc dinh A, B, C biét dwong
tron ngoai tiép tam giac ABC c6 duong kinh AD
voi D(4;-2).

16
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Phén tich: Méu chét 10 giai 1a tim dugc trye tm
H cta tam gidc ABC. Khi d6, ta 1ap dugc Phuong
trinh dudng thing BH, AC. Vige xéc dinh tog g4
diém B, diém C theo phuong trinh 1 4n va c6 M1y
trung diém, tir 46 suy ra phuorng trinh dudng thing
BC, AH. Khi d6 4 1a giao diém cua AH va AC.

Loi giai. Gia su H 1a tryc tim tam giac ABC, theo
két qua i) thi M 1a trung diém doan DH ma ¢
D(4;-2), M (3;—1)nén H(2;0).

Pudng thing BH di qua H va E nén c6 phuong
trinh 1a x—y—-2=0.

Puong thing AC di qua F va vudng goc véi BH
nén c6 phuong trinh 1a x+ y—-4=0.

Goi B(b;b-2)

C(c;4 - ¢) thudc dudng thang AC va do M 1a trung
diém canh BC nén ta c6:

b+c=6 b=1
= &
b_C+2=—2 c=5

Suyra B(l;

thuoc duong thing BH,

=1), C(5;-).
Dudng thing AH qua H va vudng véi BC nén AH
c6 phuong trinh 1a x -2 =0 va 4 1a giao diém cla
AHvaACnéntacé A(2;2).
Viy toa d9 cac diém cin tim 1a:

A(2,2), B(;-1), C(5;-1).
Thi du 6. Trong mar phang véi hé truc tog d9
Oxy, cho tam gigc ABC ngi tiép dwong tron (T) o
Phuong trinh (x=1% +(y- 2)* =25. Céc diém
K(=L1), H(2;5) ldn lwpt la chan dwong cao ha t
A, B ciia tam giac ABC Tim tog dg cdc dinh cud

tam giic ABC biér rdng dinh C c6 hoanh )
duong,
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Loi giai. Buong tron (7) c6 tam 1(1;2). Goi Cx la
tiép tuyén ciia (7) tai C. Ta c6 HCx = ABC (1),

Do tir gidc AHKB la tir
giac ndi tiép nén ta co
ABC = KHC (cing bi
véi AHK) (2).

Tu (1) va (2) ta co BUC

HCx = KHC (so le trong) nén

HK // Cx. Ma IC L Cx nén IC L HK.

Do d6, dudng thang IC c6 mét vecto phép tuyén 1a

KH =(3;4) nén dudng thang IC c6 phuong trinh
la3x+4y-11=0.

Do C la giao diém cua IC va (7) nén toa do diém
C 1a nghiém cua hé phuong trinh:

3x+4y-11=0 x=5 |x=-3

d 5 = : 5
(x-1)?+(y-2)*=25 |(y=-1 |y=5
Do hoanh d6 cua C duong nén C(5;-1).

Puong thing AC di qua diém C va H nén cé
phuong trinh 1a 2x+ y—-9=0.

Do A4 1a giao diém cia dudng thing AC va duong
tron (7) nén toa do diém 4 1 nghiém cia hé:

2x+y—-9=0 x=1"fx=H6 .
5 i =5 ; (loai).
(x-1D)"+(y-2)"=25 y=7 |y=-1
Do do A(1;7).
DPudng thing BC di qua diém C va K nén cé
phuong trinh 1a x+3y—-2=0.

Do B 1a giao diém cua duong thang BC va dudng
tron (7) nén toa d6 diém B 13 nghiém cua hé:

x+3y-2=0 x=-4 |x=5 g
" = : (loai).
x-1?+(-27=25  |y=2"lr=-1
Do d6 B(—4;2).
Nhn xét. Méu chdt bai toan la chimg minh duoc
HK// Cx, suy ra IC LHK dé c6 dugc phuong
trinh dudng thing IC. Viéc chimg minh HK// Cx
hoan toan dya vao tinh chit hinh hoc d hoc & cap

THCS.

Thi du 7. Trong mat phcfng toa do Oxy cho duong

tron (C) co phwong trinh x> + y* =25 ngoai tiép
tam gidc nhon ABC ¢6 cac chan dwong cao ha tir
B, C ldn luot la M(-1;=3), N(2;=3). Tim tog do
cdc dinh ciia tam giac ABC biét A c6 tung dé am.

Loi gidi. Goi H(a;b)la truc tam cua tam giac
ABC, kéo dai CH cét (C) tai P, BH cit (C) tai O,

B Y Ht Ht /
khi d6 theo két qua iii) thi diém P ddi ximg véi
diém H qua dudng thing 4B, diém Q d6i ximg voi
diém H qua dudng thing 4AC. Do do, ta co
P(4-a;—6-b); Q(-2-a;—6-b), tir d6 co hé
phuong trinh:

(4-a)’ +(6+b)* =25

2 2 5

2+a)” +(6+b) =25
Kiém tra lai thdy v6i H(1;—10)thi HM.HN >0
hay BAC ti (khéng thoa man).
Vay H(1;-2), tir 36 phuong trinh duong thang
AC thaing AB
x—y-5=0, suyra A(0;-5).

la 2x+y+5=0;dudng la
Goi G 1a trong tim tam giac ABC, I 14 trung diém
doan thing BC, theo két qua vi) ta c6 HG =2GO
va OI /| AH nén theo dinh li Thalés ta cé:

AG =2GI va 4H =20I.
N r 1 3 =
Tirdé suyra / (5’3) , phuong trinh dudng thang
BCla x+3y-5=0.

Vay 4(0;-5), B(50), C(—4;3).
(Ky sau ddng tiép)
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Ta da biét, trudc diy dinh 1y Pythagore di duoc
ching minh béng hinh hoc. Trong bai viét nay, tac
gia cing dwa ra chimg minh mdt s6 hing ding
thire quen thudc bang hinh hoc. Chiing ta bét dau
v6i hang déng thirc thir nhét.

1. (@ + b)* =a*+ b* + 2ab.
Theo ngon ngir hinh hoc déng thirc ndy c6 thé phat
biéu 1a: Dién tich cua hinh vuéng cé canh bang
téng chiéu dai hai doan thang a va b thi bang tong
dién tich cua:

- Mot hinh vuéng canh a.

- Mot hinh vuéng canh b.

- Hai hinh chir nhdt c6 cdc canh la a va b.

Ta dé thay diéu d6 duoc thé hién trén hinh 1.

a b
a? ab |a
ab b | b
Hinh 1

2. (a - by = a* + b* — 2ab.

Tuong tyr trén, ding thirc ndy c6 thé phat bidu 1a:
Dién tich cua hinh vuong ¢6 canh béing hi¢u hai
doan thing a va b (a > b) thi bing tong di¢n tich
cuia mgt hinh vuéng canh a, m¢t hinh vuéng cgnh
b trir di dién tich cua hai hinh chit nhdt co cdc

canhlaavab.

1 8 T?g:!uggcé S5 584 (2-2026)

Trén hinh 2: hinh vuéng canh a 1a ABCD hinh
vudng canh b la C’ECF c6 chung nhau chinh la
hinh vuéng C’ECF canh b.

Hai hinh chir nhét canh a, b 1a B'BCF va D’ECD
ciing c6 chung nhau la hinh vuéng C’ECF canh b.

Grse g o oAl Kdp o eonaton >
A B" b B
(a-b) 5
a:
D' C E ,
b |b 5
D F C
Hinh 2

J.(@a+b)a—b)y=a*-b.

Theo ngén ngir hinh hoc ding thirc ndy c6 thé phat
biéu 1a: Di¢n tich hinh chit nhdt c6 chidu dai bing
té'ng hai doan thcfng ava b, chiéu rong bcfng hiéu
hai doan thang do (a > b) thi béng hiéu dién tich
hai hinh vuéng: mét hinh vuong canh a, mgt hinh
vuong canh b,

N A a B » B
a;

E E B"

! 2 C
5 o B )
bi D' ;

Hinh 3

Pugc quét bang CamScanner



https://v3.camscanner.com/user/download

Tir hinh 3, hinh chir nhat ABCD c6 chidu dai
AB=a+ b, chiéu ong BC=a - b (= DE).

Hai hinh chir nhit B’ BCB’’ va D’DEF bang nhau
vi cung co hai canh 1a @ — b va b nén dién tich
hinh chir nhat ABCD b?mg di¢n tich hinh chir L
AB'B”EFD’, va bang dién tich hinh vudng
AB’C”’D’ (canh a) trir di dién tich hinh vuéng
EB’C”’F (canh b). Day 14 diéu phai chirng minh.

4. (a + b)) = a* + b* + 3a*b + 3ab>.

Theo ngdn ngit hinh hoc déng thirc ndy c6 thé phat
biéu la: Thé tich hinh lp phwong ¢é canh bang
tong chiéu dai hai doan thing a va b thi bang tng
thé tich cua:
- Mét hinh lap phuwong canh a.
- Mot hinh lap phwong canh b.
- Ba hinh lang tru ding day la hinh vuéng canh

a, chiéu cao b.
- Ba hinh lang tru dvung day la hinh vuong canh

b, chiéu cao a.

Hinh 4

Trén hinh 4 d& thiy hai hinh lap phwong canh a va
canh b c6 vi tri chéo nhau qua tdm hinh lap
phuong ABCD.EFGH.

..........................

Hinh 5

Hinh 5 biéu dién ba hinh ling tru dimg ddy la hinh
vuéng canh a chidu cao b (thé tich 1a 3a2b).
Hinh 6 biéu dién ba hinh ling try dimg day la hinh
vuéng canh b chiéu cao a (thé tich 1a 3ab?).

b

b/

Hinh 6
Néu ghép hinh 5 va hinh 6 lai, s& cho ta mdt hinh,
ma chi con thiéu hai hinh 14p phuong canh a va
canh b nira la s€ c6 hinh 1dp phuong canh a + b
(hinh 4).
5. (a — b)* = a® + 3ab® - 3a*b — b°.
Theo ngdn ngir hinh hoc ddng thirc nay c6 thé phat
biéu la: Thé tich hinh lgp phuong c6 canh bing
hiéu chiéu dai hai dogn thing a va b (a > b) thi
bang téng thé tich cua:
- Mt hinh lap phuong canh a.
- Ba hinh lang try dirg ddy la hinh vuéng canh
b, chiéu cao a.
Trir di thé tich:
- Ba hinh lang tru ditng day la hinh vuéng canh
a, chiéu cao b.

TOAN HOC
' CTusilye
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- Mot hinh lap phwong canh b.

..........................

Hinh 7
Trudng hop nay hoi phirc tap.
Tu hinh 1ap phuong ABCD.EFGH canh a (hinh
7), ta tuong tuong cit di ba hinh lang dimg day Ia
hinh vuéng canh a chiéu cao b (thé tich 3a2b).
Cat lat thir nhét, ling tru phia truée (phan méu den
trén hinh 8).
Cét 14t thir hai, ling tru phia bén phai. Vi ling try
nay c6 chung véi véi ling tru thudc 14t cét
trrde 1a mét lang try dimg day 1a hinh vuéng canh
day b, chiéu cao a, nén sé& “thiéu” moét lang tru
dimg day 1a hinh vuéng canh b, chiéu cao a (thé
tich ab?).
Cat lat thir ba, lang try phia duéi. Lang tru nay c6
chung voi hai lang tru thudc hai 14t cit trude 13
hai lang try dimg d4y 13 hinh vuéng canh b, chiéu
cao a, ma hai ling try ndy c6 chung mét hinh lap
phuong canh b, nén sé thiéu “hai ling try dang
day 1a hinh vuéng canh b, chiéu cao a, trir di hinh
1ap phuong canh b (thé tich 5?).

brweean ’-/ ---------- -
AR .. =/
H ag
Hinh 8
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Nhu viy, hinh 1ap phuong ABCD.EFGH canp ,
sau khi cét di ba hinh ling try ding day la by,
vudng canh a, chiéu cao b ndi trén, thi phan ¢g,
lai chinh 14 hinh 13p phuong canh a — b véj ¢,z
tich 14 (a — b)*. Pay la diéu cin ching minh,
6. Trong dai s, ta c6 ménh dé: Binh phuong p,
téng, bang tong binh phuong ciia méi sé hang,
céng hai ldn tich ctia moi s6 hang véi titng si
hang dirng sau no.
Thi du: (a+b+c+d+e+...)* = a?+b*+c+dP+e2+

+2(ab+ac+ad+ae+...

toetbd vhe .. ¥ cd¥ice ... @ +..),
Theo ngdn ngit hinh hoc ding thirc nay co thé
phét biéu 1a: Dién tich hinh vuong co canh ba°ng
téng chiéu dai cac doan thaJng lan luot la a,b,c,
d, e, ... bang tong dién tich cdc hinh vuéng lan
lugt c6 canh la a, b, c, d, e, ... cong voi tirng cdp
hinh chit nhdt lan leot cé canhlaavab,avac,a
vad,avae, .. bvac,bvid bvae,..cvid,c

vae,..dvde, ... (hinh 9).

4 a b c d e B
a a? ab ac ad ae
b ba b2 be bd be
c ca ch c? cd ce
d| da db de & de
e ea eb o ol &
D s — C

Hinh 9
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CAC LOP THCS

Bai T1/584 (Lép 6). Cho 340 sb ty nhién 1; 3; 5;
7; ...; 677; 679. Hay tim s6 nguyén dwong n nho
nhét sao cho lay n s6 phén biét tir 340 sb nay ludén
tim duoc hai s6 a, b sao cho a + b + 2024 la sb
chinh phuong?
NGUYEN PUC TAN
( TP. Ho Chi Minh)
Bai T2/584. Tim cac cip so tu nhién (x; y) thoa
man 13 =3 +2194.
NGUYEN HAM THANH
(GV THCS Ly Nhat Quang, D6 Lirong, Nghé An)
Bai T3/584 (L6p 7). Cho diy sé: 1, 2, ..., 9n,
trong do6 n la s6 nguyén dwuong 16n hon 1. Hay
chia diy d6 thanh 9 nhém sao cho mbi nhém co
dung n s0 hang c6 téng b?mg nhau.
NGO VAN THAI
(Thdi Binh)
Bai T4/584. Cho tir gidc ndi tiép ABCD cb
B+C=90° va AD3=AB.BC.CD.Chimg minh
ring duong tron duong kinh AD tiép xac véi
dudng thing BC.
NGUYEN KHANH NGUYEN
(Hdi Phong)

Bai T5/584. Dat
2! 3! 4! 2025!
§ = i G e L e
1431 2141 355! 2024!.2026!
Chimg minh riing phuong trinh x? —x+5* =0 ¢6
L
hai nghiém x,, x, khac 5 va 0<x <x;, <l.

CAO NGQC TOAN
(GV THPT Tam Giang, Phong Pién, Thira Thién Hué)

CAC LOP THPT
Bai T6/584. Tim ba nghi¢m s6 thyc dang cua
phuong trinh V-3l x+ud =0, v&i u 1a sd thyc

khéc 0 cho trudce.
TRUONG THANH CUONG

(GV THCS Nguyén Minh Nhit, xa Vinh Lgi,Ca Mau)
Bai T7/584. Tim gid trj ctia tham sé m dé phuong
trinh 30D 4303 —mx(4-x) c6 nghi¢m duy
nhat.
HOANG LE NHAT TUNG
(GV THCS Trin Duy Hung, Yén Hoa, Ha Ni)
Bai T8/584. Cho tam giac ABC v6i AB = ¢,
BC = a, CA = b va P 1a mot diém bét ky bén trong
tam giac. Ki hiéu R,, Ry, R.vaS,, Sy, S. tuong ing
14 ban kinh dudng tron ngoai tiép va dién tich cua
c4c tam giac BPC, CPA, APB. Chimg minh rang

RS, +R,S, +R.S. 2 2425_

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Noi)

Bai T9/584. Cho x, y, z 14 céc sb thuc thoa man
xX2+y*+12? =%(xy+yz+zx+l).

Tim gi4 tri 16n nhét va gia tri nho nhét cua bicu

thitc P=(x3+y*+23)(x3y3 + 323 +23X%).

VU HONG PHONG
(GV THPT Tién Du s6 1, Béic Ninh)

TIEN TOT OLYMPIC TOAN
Bai T10/584. Cho diy s6 (a,),n=0,1,2,... thoa
min ag 22; apy =ap —ay +1,Yn20.
1 1 1
a) Bt §,=—+—+..+—,¥n>0. Chimg minh
a a,
ring day (S,) c6 gidi han hiru han khi # din dén vo
cung va tinh gidi han do.
b) Chirng minh ring
log,, (@, =1).log, (@, =1)...log, (@, ~D2n"¥n21.

HOANG PUC NGUYEN
(GV THPT chuvén DHSP Ha Noi)

TOAN HOC
: crumge 21
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Bai T11/584. Tim tit ca cac ham s fTRoR
S -y)=3f(x),Vx,yeR.

NGUYEN ANH VU
(GV THPT chuyén Chu Vin An, Binh Dinh)

théa man: £ (x -

Bai T12/584. Cho tam giac nhon ABC. Piém M
thay ddi trong tam giéc. H, K, L theo thi tu 1a hinh
chicu vudng gée cua M trén BC, CA, AB. Tim quy
tich nhirng diém M sao cho:
BH+ CK + AL=CH + AK + BL.
NGUYEN TIEN MINH (Can Léc, Ha Tinh)
NGUYEN MINH HA (Ha Ngi)
Bai L1/584. Mot xi-lanh céch nhiét dugc dat
thang ding, chira mét lugng khi li tuong. Xi-lanh
duoc day kin bang mot pit-tong mong, dan nhiét
t6t, c6 khoéi luong M va dién tich S. Ban dau, hé
dang ¢ trang thai can bang, pit-tong cach day xi-

PROBLEMS IN 1

FOR SECONDARY SCHOOL
Problem T1/584 (Grade 6). Given 340 natural
numbers 1, 3, 5, 7, ..., 677, and 679. Find the
smallest positive integer n such that when we
take n numbers from the given 340 numbers, we
always find two number a, b satisfying
a + b+ 2024 is a perfect number.

Problem T2/584 (Grade 7). Find all pairs of
natural numbers (x; y) that satisfy
x’ =3 +2194,
Problem T3/584 (Grade 7). Given the sequence
1,2, ...,9n, where n is a positive integer greater
than 1. Divide the sequence into 9 groups
satisfying: each group has exactly n terms and
the sums of the groups are equal.
Problem T4/584. Given a cyclic quadrilateral
ABCD with B+C =90" and 4D’ = AB.BC.CD.
Prove that the circle with diameter AD is tangent
to the line BC.
Problem T5/584. Let
21 3! 4! 2025!
1031 2041 311 2004120060

Prove that the equation x*> —x+ S* =0 has two

22
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lanh mot doan ho va nhiét do cia khi la 7o, Ap suj
khi quyén bén ngoai la po. Gia sur pit-tong b ke
khong thé di chuyén. Néu nhiét do khdi khi ting
1én mdt lugng Ar thi ap suat ctia khéi khi s@ tang
thém mét lugng Ap. Biéu thirc Ap phu thudc nhig
d6 ban dau 7, nhu thé nao?

VIET CUONG (Ha Ngi)
Bai 1.2/584. M6t khung day hinh chir nhét c6 di¢n
tré 0,02 Q, chidu dai 2 dm, chiéu rong 1,14 dm,
Khung day dat trong tir truong déu ¢ vects B
vudng goc véi mat phang khung, vi B-
0,1 7. Nguoi ta uén nhanh khung day néi trén
thanh mot vong ddy hinh tron ngay trong tir
truong déu noéi trén. Dién luong di chuyén trong
khung bﬁng bao nhiéu mC? (Két qua lam tron dén
phan nguyén).

THANH LAM (Ha Ngi)

"HIS ISSUE

X ’ 1
solutions x,, x, which are different from 5 and

O<x<x <.
FOR HIGH SCHOOL

Problem T6/584. Find three real solutions of the
equation x’ —3u’x+u’ =0, where u is a given
non-zero real number.

Problem T7/584. Find the value of the parameter
m so that the equation 3" 4+ 309" — ;4 _ x)
has a unique solution.

Problem T8/584. Given triangle ABC with
AB=c,BC=a,CA=band Pis any point inside
the triangle. Let R,, R,, R. and S,, S;, S. denote

circumradii and the areas of triangles BPC, CPA,
APB respectively. Prove that

BS.+ RS, + RS > %%

4
Problem T9/584. Let x, ¥, z be the real numbers

R 2 2
such that x* + y? 4 ;2 = Z(_\'y +yz+zv+1).

Find minimum and maximum values of the
expression P =(x* + ) 4 3 )Xy + 32 + 2°X°).

(Xem tiep trang 49)
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Bai T1/580. Cho a va b la hai sé nguyén dwong
thoa man @ +a*=b*+1. Tim a va b dé tong
A=a’ +2a+2b%la s6 nguyén 16.
Loi gidi. Tir gia thiét @’ + @’ =b"+ 1 ¢6
a =l =bt-
hayla (a— 1)@ +a+1)=(@"-a)b’+a) (*).
V6ia = 1 thi vé trai cia (*) bing 0 nén
P—a=b"-1=0,dodo b=1,suyra
A=a*+2a+2b* =1+2+2=51asd nguyén t.
Viy a = b= 1 thoa man dé bai.
Véia>2thia—1>0nénbd —a>0, tic la cac
thira sé & hai vé cua (*) déu la s6 nguyén duong,
a’+a+l _b*-a_m
B+a n
sb toi gian, vai céc s6 nguyén duong m, n thoa

pe Mo A
Va1 la phan

a-1 n n

Tir (*) dat

min (m, n) = 1. Lic do:
a+a+1=md va b*+a=nd,

cc‘)nbz—a=mevéa—l=nevéid,edéulés()

nguyén duong. Lic do:

A=d*+2a+2b
=g*+a+1+a-1 +bh:+a+b-a
=md+ne+nd+me=m(d+e)+n(d+e)
=(d +e)(m +n)

lahgpsévid +evam + n déu 16n hon 1, khéng

théa min d& bai. Vay chi c6 a = b =1 thoa man

42 bai, luc do A = 5 12 sd nguyén to.
4. 1) Tir cach giai trén c6 thé xét Bai toan

Nhin xé
: i g 25 _ 2
tdng quat hon voi gia thict a "M+ a”=b"+1, trong
bai toan

dé r, s, p la cac sd nguyén duong. pé giai
ndy ta cin ding bo 4 sau véi cach chimg minh
tuong tu nhur trén.

BS dd. Néu cdc sé nguyén duong x, , 2, ! théa mén
xy =zt thiténg x+ytz+1 1a hop 6.

2) Mot sb ban dit f:’;: p rdi bién dbi duge
x+ty+z+t=(p+2)@+ l)vékétluénx+y+z+:
la hop s6, nhung diéu d6 khong dang khi p la phan
56 tbi gian voi mau sb 16n hon 1.

3)Tird=d+2a+b)la sé nguyén tb 1&, mot sb
ban suy ra ring a la s 1¢ va b cing la s6 lé (do
2= p*+ 1) nén a + b* 12 sb chin, tir d6 2(a + b)

a+a '
chia hét cho 4.
Vid =dal+2(a+b")>21asdnguyén td 1é nén chi
c6 dang 4k + 1 hodc 4k + 3, ma binh phuong cua sb
1é chi co thé co dang 4k + 1, do d6 a6 dang 4k + 1.
Pén diy cac ban do coi a’ 12 s6 du khi chia A cho 4
nénratra a*=1.Chay ring a”= 1 chi la trudng hop
riéng cia dang 4k + 1, con chua xét cac sd léa> 1.
4) Chi c6 ban Dang Van Hoang, TAl, THCS Quan
Hanh, Nghi Loc, Nghé An giai dGng bai nay.
NGUYEN VIET HAI
Bai T2/580. Cho tam gidc ABC vuong tai A co
ABC=30". Goi D la trung diém canh AB, qua D

dung DH 1L BC (H € BC). Trén tia déi cua tia

HD Ici)' diém E sao cho HD = HE. Tinh ty 50 %?

Loi gidi.

A C

Hai tam gidc vuéng BDH va BHE c6: BH chung;
BHD = BHE =90° HD = HE nén
ABHD = ABHE (c.g.c).
Do d6 BD = BE, DBH = EBH =30°. Suy ra:
DBE = DBH + EBH = 60°.

TOAN HOC
' CTudifze 2.2
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Tir d6 tam gidc BDE déu nén DE = EB = BD va
BDE = 60°. Suy ra:

ADE =180° - BDE
=180°-60° =120°.
Viy tam gidc ADE cén tai D c6 ADE =120° nén

180°-120°

AED = DAE = —30°.

AEB = AED + DEB
=30°+ 60° = 90°.

Ap dung dinh 1y Pythagore cho tam giac vuéng
AERB tai E ta co:

Tur do:

AE* = AB® - BE? = 4B? — BD?
= 4B —[i;i) =2 482,

4
AB\3
2

Suyra: AE =

(1.

Tam giac ABC la nira tam giac déu canh BC nén
AB =—\{2§BC, suyra BC =ﬂ

2).
% (2)
Tir (1) va (2) dan dén ti sé:
AE _AB\3 24B 3
BC 7Tl A

Nhén xét. Day 1a mot bai toan khong khé nén hiu

hét cac ban déu c6 10 giai dung va ngin gon, mét sb
ban c6 141 gidi dang nhung trinh bay hoi dai. C6 ban
& cac 16p trén ciing tham gia, Toa soan danh gia cao
sir nhiét tinh ctia cdc em, nhung hy vong trong cic ki
t6i Toa soan s& nhan dugc bai giai ding khdi 16p ciia

cac em.
Thanh Ho#a: Mai Thién Bdo, 7B, THCS Chu Vin
An, Nga Son; Nghé An: Pinh Tri Ding, Thai Bii
Ha Anh, Hoang Sang, Hoang Van Pong, TE, THCS
Ly Nhat Quang, D6 Luong; Nguyén Viét Anh, TAl,
THCS Quén Hanh, Nghi Ldc; Quing Ngdi: Trdn
Vin Phung, 7C, THCS Nguyén Kim Vang, Dinh
Cuong; Bui Quynh Nha Tric, 6A, THCS Nghia My,

Vé Giang.

TRAN TH] KIM THANH

TOAN HOC |
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Bai T3/580. Cho p;»P2sP3:PasPs Peld cic i
nguyén to sao cho py., =2Px +1 vdik=1,2,3 4,

5. Chung minh f'(filg Z pip; chia hét cho 15,

I<i< j<6

Loigigi. Dat S= Y. pipj - Nhan thay tong S co

1<i<j<6
5.6 A i Al
—2—=15 s0 hang dang p;p;voil =i <j< 6.

« Chitng minh S chia hét cho 3.

- Néu p;=0(mod3), do pla sé nguyén té nén
p1=3.Khi d6 p,=2.3+1=7; p3=2.7+1=15 1a hop
s6 nén khong thoa man.

- Néu p;=1(mod3) thi p,=2.1+1=0 (mod3) ma
p2>3 nén p, la hop sé.

- Vay p;=2(mod3), suy ra p;=2.2+1=2(mod3).
Tuong tu tinh dugc p; =2 (mod3); ps=2(mod3);
ps=2(mod3); pe=2(mod3).

Do d6 p;p;=2.2=1(mod3) véi 1<i<<6.

Viy §=15.1=0(mod3) (1).

e Chirng minh S chia hét cho 5.

- Néu p1=0(mod5), do p;1a sé nguyén té nén
p=5. Khid6: p,=2.5+1=11; p;=2.11+1=23;
P4=2.23+1=47; ps=2.47+1=95 1a hop s6 (khong
thoa man).

- Néu py=1(mod5) thi p2=2.1+1= 3 (mod5);
P3=23+1=2 (mod5), py=2.2+1 = 0 (mod5) ma
Pa>5nén p4la hop sb (khong thoa min).

-Néu p;=2(mod5) thi p,=2.2+1=0 (mod5). Do
P212 58 nguyén 8 nén p,= 5. Khi d6 tinh dugc

P3=1Lpy=23;ps=47;ps=95 1a hop sé (khong
thoa min).
- Néu

=3 (modS) thi  p,=23+]=2 (mod5);

P3=2.2+1=0 (mod5) ma P3>5nén pyla hop 50
(khdng thoa mdn),

al
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_ Viy p1=4(mod5) suy ra p, E2.4+IE4(mod5).
Tuong tw tinh duge  p3=4(mod5) ; ps =4 (mod5)
. ps=4(mod5) ; pe=4(mod5).

Do d6 pipj=4.4=1(mod5) véi 1<i< ;<6 .

Viy §=151=0 (mods) (2).

e Tir (1), (2) va UCLN (3, 5) = 1 suy ra
§=0 (mod15). Vay S chia hét cho 15.
Nhgn xét. Day 1a mot bai toan hay vé ching minh sy
chia hét. Méu chét can phai biét tdng sb sé hang cua
§ va phén chia truong hop aé chirng minh S chia hét
cho 3 va 5. C6 it ban tham gia giri bai déu giai theo
cach trén. Tuyén duong céc ban sau c6 1oi giai tbt:
Phii Tho: Chu Ngoc Anh, 9A, THCS Ly Nam D¢,
Van Xuin; Quédng Tri: Nguyén Canh Qudn, 9/2,
THCS Péng Hai; Lam Déng: Ho Quéc Viét, 9A10,
THCS Quang Trung; Ha Ngi: Nguyén Thanh Nam,
9A1, THCS Linh Dam, Hoang Liét; Céng hoa Ao:
Lé Bach Hai Pang, 3B, Truong Quéc té Song ngir
2,3 GIBS, TP. Graz; Thanh Héa: Nguyern Ba Purc
Anh, 8A, TH&THCS Luong Chi, Tinh Gia; Ngh¢ An:
Lé Vii Quynh Nhu, 9A, THCS Phung Chi Kién, xa
Hung Chau; TP. H6 Chi Minh: Mai Phi Khang,
9A12, THPT chuyén Tran Dai Nghia.

PHAM THI BACH NGQC

Bai T4/580. Cho tam gidc ABC ndi tiép duong
tron (O) va AC = 2AB. Cac dwong thang tiép xiic
vdi (0) tai Ava C cét nhau ¢ P. Chimg minh rang

BP di qua diém chinh giita cua cung BA BAC.

Loi gidi.

; \!47

Goi D la giao diém thir hai cia PB véi dudng tron
(0O). Theo tinh chit goc tao boi tia tiép tuyén va

day cung ta co: DCP=CBD.
CD_PC
Suy ra: APCD ¢ APBC, nén cO — 7ol 5
AD PA
Tuong tu: APAD ¢ APBA nén co —E/T:-EE
Lai c6 PA = PC (tinh chit hai tiép tuyén cét nhau).
Tir do: QD——fB
BC BA
Mit khac, 4p dung dinh li Ptolemy ta co:
AB.CD + AD.BC=AC.BD (2).
Két hop (1), (2), va AC = 24B, ta c6:
2AB.CD = 2AB.BD.
Suy ra CD = BD. Do d6 D la diém chinh gitra

hay AB.CD =AD.BC (1).

cung BAC.
Nhdn xét. Cac ban sau day cho 16 giai tét: Ha Noi:
Nguyén Thanh Nam, 9A1, THCS Linh Dam,
Hoang Liét; Thanh Héa: Hoang Ngoc Tung, Mai
Thién An, 9B, THCS Chu Vin An, Nga Son, Nguyén
Ba Dirc Anh, 8A, TH&THCS Luong Chi, Tinh Gia;
Cong hoa Ao: Lé Bach Hai Pang, Truomg Qudc té
Song ngir cép 2,3 GIBS, TP. Graz; Quéng Tri: Nguyén
Chinh Qudn, 9/2, THCS Pong Hai; Nghé An: Lé Vi
Quynh Nhi, 9A, THCS Phung Chi Kién, xa Hung
Chau; Ninh Binh: Pdo Viét Trung, 9B, THCS Thanh
Son; Pha The: Nguyén Thanh Mai, 9A, THCS Ly
Nam Dé, Van Xuan; Quang Ninh: Trinh Tuan Kiét,
9D1, THCS Mong Céi 2; TP. Ho6 Chi Minh: Mai Phi
Khang, 9A12, THPT chuyén Tran Pai Nghia; Lim
Pdng: Ho Pai Viét, 9A10, THCS Quang Trung.

Cé mét ban & 16p 10 ciing giai ding bai nay, nhung
do bai T4 danh cho cac ban THCS nén ban d6 da
khong dugc khen ¢ day.

NGUYEN THANH HONG
Bai T5/580. Cho a, b, ¢, d la cac s6 thiee khéong
ém théa man 2a + 3b + 4¢ + 5d <60. Tim gia tri
l6n nhat cua biéu thiec

P=a’+b*+c +d* —(29a+19b+14c+10d).

TOAN HOC
* cTugite 25
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Loi gidi. Do a, b, c, d 1a cac sé thuc khéng am thoa
man 2a + 3b + 4¢ + 5d < 60 (1) nén:

2a <60, 35 < 60, 4c < 60, 5d < 60

=0<a<30,0<5<20,0<c¢<150<d <12

= a(a-30)+b(b-20)+c(c—15)+d(d -12) < 0 (2)

va b+2c+d 20 (3).
Ta cé: P=a2+b2+c2+d2—(29a+19b+l4c+10d)
=[a(a—30)+b(b—20)+c(c—15)+d(d—12)]

1
—5(b+2c+d)+%(2a+3b+4c+5d) (4).
T (1), (2), (3), (4) suy ra: PSO—%.0+%.60=30.

Déu “=" xdy rakhia=30,b=c=d=0.
Vay maxP = 30.
Nhdn xét. Cac ban: Nguyén Phiic An, 10A, THPT
chuyén Ly Ty Trong, Cin Tho; Mai Phi Khang,
9A12, THPT chuyén Tran Pai Nghia, TP. Hd Chi
Minh; Nguyé~n Thanh Nam, 9A1, THCS Linh
DPam, Hoang Liét, Ha Ngi da co 1oi giai dung bai
nay.
NHU HOANG
Bai T6/580. Gidai phiong trinh sau trén tdp sé thuc:
x =15x* +10x* —30x* +5x-3=0 (1).
Loi giai. Cach 1. (Cua Nguyén Phuong Linh,
Nguyén Thanh Mai, Lwu Minh Vi va nhiéu ban
khac) Ta co:
(1) =2x5-10x*+20x3-20x%2 +10x-2
=x545x4+10x3 +10x2 +5x+1

&2(x-1)° =(x+1)°

<:>§/_2-(x—l)=(x+l)

o P2x—x=32+1

@x(é/i—l)=§/5+1
¥2+1

=,
321

TOAN H
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Cich 2 (cia Trén Hoang Béch va tac gia) Ta co:
(D> x5 —5x*+10x3 —10x2 +5x-1
—10x4 +20x2 +2>(x—1)" =10x*+20x2+2 (2).
5 A
Vi 10x4+20x2 +2=(x+1)’ =(x~1)" nén
5
@) (x-1)° =(x+1)’ ~(x-1)

c>2(x—l)5 =(.\c+1)5
241
=

Nhdn xét. Bai nay d& nén nhiéu ban, thim chi céc
ban & THCS ciing tham gia giai va giai dung.

Cong hoa Ao: Lé Bach Hai Dang, 3B, Trudng Qudc
té Song ngir GIBS, Thanh phd Graz; An Giang: Luu
Minh Vi, 8/7, THCS Lé Quy Dén, Podn Khanh
Bang, 10T1, Luwu Minh Tri, 10 Toan, Tran Hoang
Bach, Nguyén Dicc Manh, 11T2, THPT chuyén
Huynh Min Dat, thanh phé Rach Gia; Ha Nji:
Nguyén Phwong Linh, 9C, THCS My Hung, Tam
Hung, Nguyén Thanh Nam, 9A1, THCS Linh
Pam, Hoang Liét; Ha Tinh: Nguyén Anh Diing,
Ngo Biii Anh Khoa, Lé Minh Manh, Nguyén Viét Thé
Tai, 11Toan 1, THPT chuyén Ha Tinh. Hung Yén:
Tran Gia Phii, 10 Toén 1, Duong Truomg Giang,
Pham Van Phong, 11 Toan 1, THPT chuyén Hung
Yén; Nghé An: Nguyén Pirc Diing, 11A1, THPT
Yén Thanh 2, xd Quan Thanh, Nguyén Vin Pirc
Thang, 11A3, THPT Hoang Mai, phudng Hoang
Mai; Phit Tho: Nguyén Thanh Mai, Vi Tudn Minh
9A, THCS Ly Nam B¢, xd Van Xuin; Quing Tri:
Hoang Ha Uyén Nhi, Nguyén Van Phuc, 10 Toan 2,
Nguyén Vin Hop, 12 Toan 2, THPT V& Nguyén
Gidp; Tay Ninh: Nguyén Thanh Mai, Trdn Lé Trong
Phiic, 11T1, THPT chuyén Trin Vin Giau: TP. Hd
Chi Minh: Nguyén Chi Dai, 11A1, Nguyén Pham
Minh Phu, 11E2, TH, THCS&THPT Lé Thénh
Toéng, Mai Phu Khang, 9A12, THPT chuyén Tran
Dai Nghia; Cin Tho: Nguyén Phic An, 10A, THPT
chuyén Ly Tu Trong; Vinh Long: Lé Hoang Khang,
Thai Minh Phic, 11T1, THPT chuyén Nguyén Binh
Khiém,

TA DUY PHUQNG
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Bai T7/580. Cho cac so thwe a, b théa mén

W C B T
a+b=ab+5+=\a>=2a15h 2y s,

Tim gid tri nho nhat cua bicu thire I’:|a~ b]

Loi gidi (theo da sb cac ban). Didu kién da cho c6
thé viét lai thanh:

(a-1)(b-1)+4+3(a=1)"+4.(b-1)? +4=0.

Pit a—1=x,b—1=y thi diéu kién d cho tr thanh
—2xy—8=m.\/ﬁ.

Véi chi y xy<—4, binh phuong hai vé ta dugc:
(2xy+8)2 =(x2 +4)(y2 +4)

3(xy)? +32xp+48=4(x2 +y?)

hay

hay 3(er)2 +24xy+48=4(x— y)z.

Mit khéc, tir déng thirc trén ching ta co:

—2xy—8= (xz +4)(y2 +4) =\Mx+y)2 +(ch—4)2
>4-—xy.

Suy ra xy<—12. Do do:

4(x—y)’ =3(xy)’ +24xp+48
—3(xp+12)(p-4)+192 2192

hay Ix— y|24\/§ . Dang thurc xay ra khi va chi khi

x+y=0
xy=—12

hay (x,y)=(23, ~24/3) hofic (243, 243).

Viy minP=4/3 khi (a,b)=(1+zJ§, 1-2J§) hodic

(1-243, 1+2J§).

Nhin xét. Ngoai céch tiép cén béing cong cy thuén
tiy dai s nhu trén con c6 mot hudng tiép cdn khac
bing toa Ao hoa va hinh hoc. Bai toén ndy khong khé
nén c6 kha nhidu ban giri 101 gidi v tht ca déu dung,
Céc ban sau day c6 10i gidi tbt: Ngh¢ An: Nguyén
Vin Pirc Théng, 11A3, THPT Hodng Mai; Cong
hoa Ao: Lé Bach Hai Ddng, truomg Qudc ¢ Song
ngit cip 2, 3 GIBS, TP Graz; Lim DPdng: Ho Dai

Viét, 9A10, THCS Quang Trung; TP. Hb Chi Minh:
Nguyén Chi Dai, 11A1, Lé fch Diing, 10E1, Nguyén
Tran My Anh, 11E4, TH, THCS&THPT L& Thanh
Tong, Mai Phii Khang, 9A12, THPT chuyén Tran
Dai Nghia; Ha Tinh: Dang Sy Phudc Dirc, 10 Toan
I, Phan Viét Lé Huy, 11 Toén 2, Lé Minh Manh,
Nguyén Ting Duy, Ngo Biti Anh Khoa, Nguyén Viét
Thé Tai, 11 Toén 1, THPT chuyén Ha Tinh; Ha Ngi:
Nguyén Minh Duong, Nguyén Thanh Nam, 9A1,
THCS Linh Pam, Hoang Mai; Thanh Héa: Nguyén
Bd Pirc Anh, 8A, TH&THCS Luong Chi, Tinh Gia;
Tay Ninh: Lé Nguyén Anh Thu, 11T1, THPT chuyén
Trin Vin Giau; Quang Tri: Hoang Ha Uyén Nhi,
Nguyén Van Phiic, 10 Toan 1, Nguyén Van Hop, 12
Toan 2, THPT chuyén Vo Nguyén Giap; Hung
Yén: Pham Van Phong, 11 Toén 1, Tran Gia Phi,
10 Toan 1, THPT chuyén Hung Yén; An Giang:
Trdn Hoang Bach, 11T2, THPT chuyén Huynh Man
Pat.

NGUYEN VIET HUNG

Bai T8/580. Cho tam gidc déu ABC. Trén cac
canh BC, CA, AB lan heot /(i\" cac diem M, N. P
sao cho MB = MC, NC = 3NA, P4 = 2PB. Duong
thang qua C va song song voi MN cat PN tai D.
Duong tha"ng MP cdt DA tai E va DC tai F.
Chirng minh DEE la tam giac déu.

Léi gidi. (Cta ngudi cham bai)

CN 3

Ta co -——=-—=£M— nén

CM 2 BP
AMCN ~APBM (c.g.c) (1).
Tat d6 PMB=MNC , suy ra:

TOAN H
: c'l'udi% 27
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PMN =180° — PMB—NMC
=180°—MNC - NMC =60

Suy ra EFD=PMN=60° . Mjt khéc ciing tir (1) ta
MP _MB CM

—_——— —

MN CN CN°

Suy ra ANMP~ANCM (c.g.c).

Tu do W‘=m=m=]@, suy ra:
ND=NC (2).

Dung diém D' trén DF sao cho D'AC=NMC,

ta thu dugc ACAD'~ANMC. Suy ra:

D'dA _MC 2

thu duoc

Goi R Ia trung diém cia CD'. RN cét AD' tai
Q. Ap dung dinh 1y Menelaus cho tam giac
AD'C véiba diém O,N,R thing hang ta co:

QD' RC NA

04 1

Suy ra @=§ Ta thu dugc D'Q=%D‘A=D'C.

Mia AD'C=MCN=60° nén tam giac D'QC déu.
Tad6 QR1D'C. Suyra ND'=NC (3).

Tir (2) va (3) suy ra D'=D . Do d6 EDF =600,
Vay tam giac DEF déu.

Nhén xét. Bai toan c6 phat biéu dep va hoc sinh
THCS ciing c6 thé tiép cén. Vi viy ngudi chim da
cd ging tim mot 1o giai khong tinh toan va chi sir
dung kién thirc cia 16p 8.

Phin 16n cac cach giai giri dén toa soan ciing nhu
dép 4n cua tic gia déu sir dung phwong phap tinh
toan, dac biét 1a dinh 1y c6sin hodc dit truc toa do.
Xin néu tén cac ban c6 10i giai tét: Ha Tinh: Nguyén
Viét Thé Tai, Nguyén Ting Duy, 11T1, Phan Viét Lé
Huy, 11T2, THPT chuyén Ha Tinh; Hung Yén:
Trdan Gia Phu, 10T1, THPT chuyén Hung Yén;
Thanh Héa: Hoang Ngoc Tung, 9B, THCS Chu Vin
An, Nga Son; TP. H6 Chi Minh: Huynh Qudc
Trong Tin, 11El, Nguyé~11 Chi Dai, 11A1, TH,

28 T?g?-'uy.% S48 584 (2-2026)

THCS&THPT Lé Thanh Toéng, Mai Phu -Khang,
9A12, THPT chuyén Trin Pai Nghia; Pa Ning: [
Nguyén Khdnh Triéu, 12/5, THPT Théi Phién; An
Giang: Nguyén DPirc Manh, Nguye:n Hoai Nhanh,
11T2, THPT chuyén Huynh Man Dat.

NGUYEN VAN LINH

Bai T9/580. Cho ham 56 f(x)=x"=3|x|+4, goi 4
la tap hop hivu han cac 50 thire ¢o tl'n’lz clzfilt.' Néu »
thuée A thi fix) ciing thuge A. Hoi s6 phan tir ciic
A la bao nhiéu?
Loi gidgi. Xét cac phuong trinh:
fx)=x () va f(x)=2 (2).
* Do a2-3x|+4=x 3).
Néux>0thi (3)<>x2-3x+4=x
Sx2—4x+4=0(x-2)2=0x=2.
Néux<0thi 3)e x2+3x+4=x
S x2+2x+4=0 (x+1)2 +3=0,
phuong trinh v6 nghiém.
* (2)=>x2-3x|+4=2 (4).
Néux>0thi (4)e>x2-3x+4=2

o x2 —3x+2=0®[x
x

Néu x < 0 thi @)= x2+3x+4=2
Sx2+3x4+2=0 x=—1_
x=-2
Xét ham sé:
x—=2)2 i x>
(0= f(x)—x={ " Voix20
(x+1)?2+3v6i x<0
=g(x)>0,Vx=2.
Gid sir tap 4 c6 chira mot phén tir xy ma
x5 2 {-1; 1;-2;2}. Khi dé:
i
5
Mat khéc f(x)#2 (Vi néu f(xp)=2 thi xp e {1

mau thuan véi gia sir trén) nén suy ra:

f(xo)=x3 —3|x0|+4=(|x0|—§jh +%2

;i2}
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flxo)e{xl; +2}.
Theo tinh chat cia tp 4 thi xge A thi
_f(,\'O)E A = g(f('\.())) > 0 Lo f(-\‘() ) > .\'(),
tirc 1a xova f(xo) 12 hai phén tir phan bigt ctia tap
hop A. Tuong tu ta cing suy ra f(f(xp))eA va
F(f(x0))> f(x0)> Xo- Tiép tuc qué trinh nay suy
ra tap A c6 v han phan tir, didu ndy méu thuin
v6i gia thiét A 1a tdp hiru han. Chimg to
Ac{-L1-2; 2}. Mit khac
fED=fM)=f(=2)=f(2)=2,

nén bing cach thir tryc tiép ta thay:

- 6 phan tir cia 4 bang 0 néu A=.

- s6 phén tir cia 4 bang 1 néu A={2}.

- 56 phén tir clia 4 bing 2 néu

hodc A={-1;2} hoic A= {1;2} hodic A={-2; 2}.
- s6 phén tir ciia 4 bang 3 néu hoic A={-1;1;2}
hoic A={-1;-2;2} hofic A={-2;1;2}.

- s6 phan tir cia 4 bing 4 néu hodc A={-1;1,-22}.
Nhin xét. Da sb cac ban c6 10i giai twong tu nhu trén.
Mt s6 ban sau khi chimg minh cac phén tir ciia 4 chi
c6 thé 1a céc phan tir thudc tap hop {-L1-2; 2} da
két luan tap hop 4 c6 4 phan tir. Diéu nay chi diing
khi cau hoi cua dé bai la: ... s phan tir nhiéu nhdt
ciia A 6 thé c6 la bao nhiéu? Con véi cau hdi nhu
d8 bai di cho thi dap 4n nhur 16i giai trén méi diy du
va chit ché. Mot sb6 ban lam ra két qua sai. Xin néu
tén cac ban sau co 10i giai ding, lap luén chit ché: Lé
Minh Manh, Nguyén viét Thé Tai, Nguyén Ting
Duy, Bii Ting Lam, Nguyén Anh Ding, 11 Toén 1,
THPT chuyén Ha Tinh, Ha Tinh.

TRAN HUU NAM

Bai T10/580. Cho dady 56 (x,)n» 1 xde dinh bot:

2n+3 12

X, =6 VA X, =Xy = VOi mpi
T 1" (nA)(2n+1)

wzi.2a .y, =ﬁ’—,n=],2, ... Tim gioi han:
n

lim y,.
n—=y+%0

Loi gidi. (Dya theo ban Nguyén Hoai Nhan
[1T2, THPT chuyén Huynh M4an Pat, An Giang
Ta viét lai cong thirc xac dinh day dudi dang sau

Xnil a Xp 12 :
43 2n+l (n+1)(2n+1)(2n+3)

X ¢ 5
"_ véimei nzl, taco:

Dit u, =
e 2n+l1
) 12
Ut = =) (2n+1)(2n+3)
P
= 2 i
o+l (n+l 2+ 2n+3J

| 1 |
Do dé: Un =Up-1 +12(—'—————— );
n 2n-1

1 1 1 )
=1 8=3 2»=1)

e
woepf R 2y
e (3 5 7)

Ux; =u) +1 2[-1——1—1J
235

Cong theo vé cac ding thirc trén ta thu dugc:
u, = +128, =2+128, , trong dé

1 1 1 11 1
Sy=| =t—+...4— [2| —+=+..+ +
23 n 35 2n-1
s, »
14 1 1 1 1
+H —+—+..+ - — +o.+— |
(3 5 211—1) (n-&-l n+2 +ZnJ

by o ladoflid o
16 R I E i ey e

Up-| =Up-2 +1 2(

U | r—
)
=
+
—_—

Suy ra:

11 1 1.3 1
hay: —+—+..+—=1+2| —+—
y 273 2 (3 5+...+2"_l)

,( 11 1
2| —+ ++t— |
n+l n+2 2n

Suy ra:
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1 | | 1
=% -2 + T s
3 2n+l n+l n+2 2n)

Mat khac lim =0va
n—+0 2n+1
’ ] n
lim (—~+L+...+L = lim ZL
n—+o\ n+l  n+2 2n) >+l n+k
n 1
= lim 1 _1_=J'de
n—>+oon,‘_11+£€_ ol+x
n
=In(1+x)[}=In2.
Do d6:

; 4
lim S,,=§-21n2 va lim u,=18-24In2.

n—+o0 n—»+w
Suy ra:

g Tt
lim y,= lim 2=

n—+w n—+4 n n—+om

lim (2+%)u,,=36—481n2.
Nhin xét. Pa s6 cac ban déu tim dugc cong thic
tong quat cua ddy (x,) nhung gip khé khin trong
budc tinh gidi han va da phai sir dung cac kién thirc
vugt qua chuong trinh phd thong. Chi cé duy nhét
ban Nhanh c6 15i giai so cip dua vao tich phan. Vé
viéc st dung tich phan dé tinh gii han, ban doc c6
thé tham khao trong séch gido khoa Toan 16p 12 theo
chuong trinh cli. Ngoai ban Nhanh c6 16i giai tt, cac
ban sau day co 10i giai dang:

An Giang: Tran Hodang Béch, Thdi Pirc Huy,
Nguyén Hoai Nhanh, 11T2, THPT chuyén Huynh
Min Dat; Nghé An: Nguyén Vin Bire Thing, 11A3,
THPT Hoang Mai, phuong Hoang Mai; Ha Tinh:
Nguyén Viét Thé Tai, Bui Tung Ldm, 11 Toan 1,
Phan Viét Lé Huy, 11 Toan 2, THPT chuyén Ha
Tinh; Pong Thap: Nguyén Pdng Khoa, 11 Toén 1,
THPT chuyén Tién Giang.

HOANG NGQC MINH

Bai T11/580. Vi n la 56 nguyén dwong, tinh tong
sau (theo n):

(i+j+k+D!

o i

i,j.kJel
i+ j420hk41)=n

Loi gidgi. (Dua theo y theo da s6 cac ban)
Ta str dung céc ddng nhit thirc td hgp quen biét:

30 T(?g'}“ug% S 584 (2-2026)

= A -
Cll:—l n % Z =2".

Dit i+ j=u,k+I=v, u,veN , ta co bién doi:

(i+ j+k+1)!
T, = o
ijkle N l'j'k'/'
i+ j+2(k+l)=n
i (i+ )+ (k+D)! (i+))! (k+l)!)
Jkren U G+ k+DY O dty kU
i+j+2(k+l)=n
= ¥ (cucict)= X (ctn227)
i,jkle N u,ve
u+2v=n u+2v=n
Tacoé 1=2,1,=6 va
Ty = Z (Czlf+v2uzv)
u,veN
u+2v=n+2
T ZN ((Czlll+v-—1+czlll:v—l )2u+v)
u,ve
u+2v=n+2
- % (Ci2)+ T (Cidi2e)
u,ve N u,yve N
u+2v=n+2 u+2v=n+2
i Z (Cv— u2u+(v—-])2) Z (Clz‘::l lz(u—l)-(-vz)
u,veN u,velN
u+2(v-1)=n (u=1)+2v=n+1
e Z 2(Cl:t_"_wu2u+w)+ Z Z(Clu;‘ l2(u—1)+v)
u,veN u,veN
u+2w=n (u=1)+2v=n+1
=2T,+2T,4.
Suyra: T, =27, +2T,, = 2, T, =6.

Ta thu dwgc ddy sai phan bac hai véi da thire dac
trung A2-24-2 c6 nghiém A4, =II\/§ va cong
thirc tinh nghiém cua phucmg trinh sai phan:

3+J_

T,=

Nh(m xét. Day la dang todn co ban vé tinh toan day
sd trong t& hop. Pa sé céc ban giai theo cich di trinh
bdy & trén. Mt s6 ban con sir dung phuong phép
dém theo hai cach hodic sir dung ham sinh dé tinh
todn ciing cho 161 giai ding va dep. Céc ban giri bai
déu cho két qua ding: Pa Ning: Lé Nguyén Khanh
Triéu, 12/1, THPT Thai Phién; Ha Tinh: Nguyén
Viét Thé Tai, Bii Nguyén Anh Khoa, Bui Ting Léim,
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Nguye:n Tang Duy, 11T1, THPT chuyén Ha Tinh:

Lam Pong: Ho Dai Viet, A10, THCS Quang Trung.
NGUYEN VAN MAU

Bai T12/580. Cho tir giagc ABCD. Cdc diém M, N

MA NB

MC ND
O la giao diém ciia AN va BM; CO, DO theo thir
ne cat AB tai P, Q (4, B, P, Q doi mgt phan bigt).
Puong tron ngoqi tl'é’]) cac tam giac OAP va OBQ

theo thir tr thuoe AC, BD sao cho

cit nhau tai G khdac O. Chieg minh rang OG chia
doi doan CD.
Loi giai. Trong 151 giai nay ki hiéu S[4BC] chi
dién tich dai s6 cua tam gidc ABC.
Ta cin c6 hai bd dé.
B dd 1. Cho tam gidc ABC va diém O khéng
thuéc AB, AC. M la giao diém ciia AO va BC. Khi
5. S[04B] _MB

" s[oac] MC
Phép chimg minh bd dé trén rét don gidn, c6 thé
tim thiy n6 trong Bdi tdp ndng cao va mét s6
chuyén dé Todn 10, Hinh hoc, trang 151, NXBGD
Viét Nam, 2022).
BS a3 2. Cho tam gidc OAB. Cdc diém A’, B’ khdc
O va theo thir tu thugc cdc duwong thang OA, OB.
S[04B] ©04.0B

———

S[o4'B] 04'.0B'

Khi do:

Chiing minh. Theo b dé 1, ta c0
S[o4B] _ S[04B] s[o4'B] _ S[BOA] : S[4'0B]
S[o4B] S[oA'B] S[04'B] S[BOATS[4'0B']

_—— .

Tré lai gidi bai toan T12. '
Goi H la trung diém cta CD; R 1a giao diém cla
OH va AB (h.1).
Theo b d& 1, chu ¥ rang Md . 2 , ta co:

j MC ND

s[oaB] MA4_NB_S[0B4] __S[OAB]
sjocs] Mc ND s[op4]  s[opA]

Hinh 1

N6i céich khic S[OCB]=-S[ODA] (1).
Tt d6, lai theo bd dé 1, suy ra:
PB_S[oPB] _ S[ODA] S[oPB]
04 S5[004] S[004] S[OCB]
L GRS g
00 OC
Ché ¢ ring H 14 trung diém ctia CD, theo b6 dé 2,

ta co:

RQHC HC RO
S[ORP] S[OHD]
S[OHC] S[ORQ]

OP.OR OH.OD

OH.OC OROQ

L OPOS g
0C.0Q

Ké&t hop (2) va (3), ap dung tinh chét cuia diy ti s6
bang nhau, ta c6:

RP_PB_RP+PB_RB

RO 04 RO+OA

RA
Do d6:

PR/(OAP) =E—A.ﬁ=k—é._@= PR/(OBQ) :
Viy OG chia dé6i CD.
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Nhin xér. 1) Bai todn nay kho, chi ¢6 ba ban tham
gia gidi va ca ba ban, & nhirng mire¢ d§ khac nhau,
déu sir dung khai ni¢m di¢n tich.
2) Bai todn nay 1a mot vi du dién hinh, thé hién strc
manh cia cdng cu di¢n tich dai sd.
3) Xin néu ca ba ban: Thanh Héa: Vit Duy Manh,
10T1, THPT chuyén Lam Son: HA Tinh: Dang Sy
Phwéc Pire, 10T1, THPT chuyén Ha Tinh; An
Giang: Nguyén Som Khanh, 11T2, THPT chuyén
Huynh Man Dat.
NGUYEN MINH HA

Bai L1/580. Mor khi cau cé thé tich V = 336 m’
va khoi leong vo m = 84 kg duwoc bom khong khi
nong 6i dp sudt khong khi bén ngoai. Khoéng khi
nong phai cé nhiét dé bang bao nhiéu dé khi cdu
bat dau bay lén? Biét khong khi bén ngoai cé nhiét
do 27 °C va dp suat 1 atm; khdi lwong mol cua
khong khi o diéu kién chudn la 29.10™ kg/mol.
Loi gigi. Goi py va p, 1a khéi lugng riéng cua
khong khi ¢ nhiét d6 7, = 300 K va nhiét d6 75 1a
nhiét d¢ khi khi cau bit du bay lén.

FAcsi -mét = Puo xhi chu + Peita khong khi nong;

gV =mg+pgV,;
m
P2=pP1 v
3 diéu kién churfm, khéi lugng riéng cia khoéng
khi la:
29

¥ 22,4gL
Vi thé tich cia mot lugng khi ti 1¢ thuan véi nhiét
dé tuyét déi khi ap suat khong ddi nén khoi lugng
riéng cia mot lugng khi ti 1¢ nghich véi nhiét do
tuyét déi khi 4p suét khong dbi.

=1,295 g/dm’ = 1,295 kg/m® (1).

T
Ta co: py =—}"—po (2).
]

Tir (1) va (2) suy ra: p =~ 1,178 kg/m’,
Do d6 p, = 0,928 kg/m’.

To a
Vi pp=—pp, nén
T;

32 T?g?'luggg S& 584 (2-2026)

. Topo 273.1,295
Ty w2000,  512:1,299

o)) 0,928

~381K; £,~108°C.

Nhén xét. Chiic ming céc ban di co 1oi giai ding
cho dé ra ki ndy: Ha Tinh: Pang Van Lé Manh, 11
Toan, Dinh Van Truong, Truong Khanh Toan,
Nguyén Lé Khanh Ha, 11 Ly, THPT chuyén Ha
Tinh; Hung Yén: Trdn Mai Anh, 11 Ly, THPT
chuyén Hung Yén; Lam Ddng: Ho Pai Viét, 9A10,
THCS Quang Trung; Pong Thap: Thanh Ngi Bdo
Long, 11 Ly, THPT chuyén Nguyén Quang Diéu.
NGUYEN XUAN QUANG
Bai L.2/580. Mgt mau chat phong xa, c6 chu ki
ban ra Ty = 2 ngay, gom 6,4.10'" hat nhan nguyén
te. Mot mdu chdt phong xa khac, c6 chu ki ban ra
T> = 3 ngay, gom 8.10"° hat nhédn nguyén tur. Sau
bao nhiéu ngay sé hat nhan nguyén tir chua phong
xa ctia hai mau dé bang nhau?
Loi gidi. Tai thoi diém hién tai, hai m3u cé sé hat
nhén con lai nhu nhau: N, = N,

t t
:>N01.2 i =N022 n

Fsz

Vay sau 18 ngay hai mau c6 sé hat nhu nhau.

Nhén xét. Chic ming cic ban da ¢6 1oi giai dung
cho d& ra ki ndy: TP. H) Chi Minh: Lé Phiée
Nguyén, 11E2, Tréan Minh Huy, Nguvén Dirc Nhat
Huy, 11ES, TH, THCS&THPT Lé Thanh Téng; Ha
Tinh: Ding Van Lé Manh, 11 Toan, Dinh Vin Ting.
Truong Khanh Toan, 11 Ly, THPT chuyén Ha Tinh;
Ddng Thdp: Thanh Ngé Bdo Long, 11 Ly, THPT
chuyén Nguyén Quang Diéu; An Giang: Lwu Minh
Tri, 10 Todn 2, Ddo Pirc Phic Nguyén, 11 Todm 1,
THPT chuyén Huynh Méan Dat; Lam Dong: Ha Pai
Vi¢t, 9A10, THCS Quang Trung.

DINH THI THAI QUYNH
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</ PHUONG TRINH BACBA

NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Bac Ninh)
_..-'/

Phuong trinh bdc ba da dugc nghién ctru tir rét
som, xudt hign trong cic cong trinh cia cdc nha
todn hoc An D ¢é dai tir khoang nim 400 TCN
dén 200 CN. Pén thé ky XI, nha toan hoc Ba Tu
Omar Khayydm da giai phuong trinh bac ba bing
phuwong phap hinh hoc, dva vao giao diém cua céc
dudmg conic, va cho rang c6 thé tim nghiém sé
bang lugng giac.

Sang thé ky XVI, Scipione del Ferro tim ra cach
giai mot dang phuong trinh bac ba, thyc chit moi
phuong trinh bic ba déu co thé dua vé dang nay.
Tuy nhién, 15 giai din dén cin bac hai cia s6 4m
_ khai niém chwa dugc chip nhén lac by gio —
nén ong gir kin két qui. Sau do, Niccolo
Tartaglia ciing tim dugc phuong phap giai va da
thing Antonio Fiore trong mot cudc thach déu
todn hoc néi tiéng. Tartaglia sau nay tiét 10 bi
quyét cho Gerolamo Cardano, nguoi da cong bd
phuong phap nay trong tac phim Ars Magna
(1545). Viéc nay gy ra nhiéu tranh ci, nhung
ddng thoi danh déu budc tién quan trong trong
lich sir giai phuong trinh bac ba.

Cardano nhan thiy ring viéc gidi phuong trinh
biic ba doi khi din dén cén bic hai cia s6 am va
da d3t nén moéng ban d4u cho viéc nghién ctru cac
sb nay, titc sb phirc. Rafuel Bombelli sau d6 da
phat trién va 1am rd hon khéi ni¢m nay. Trong mt
s6 truémg hop, ngudi ta dang phuong phdp luong
gidc dé giai phuong trinh bic ba, nhung céch nay
chi cho nghiém gén ding va khong thudn dai sd.
Sau khi giai dugc phuong trinh bic ba, céc nhd
toan hoc tiép tuc nghién ctru cic phuong trinh bic
cao hon. Nim 1545, Lodovico Ferrari di tim ra
i giai cho phuong trinh bic bén. Tuy nhién, véi
chc phuong trinh bac 16n hon bdn, Niels Henrik
Abel ching minh ring khong thé tim duge cong
thirc nghiém téng quat chi bing céc phép todn dai
s6 théng thuong.

Cubi cung, Evariste Galois da phat trién 1i thuyét
nhom dé giai thich séu shc van dé nay. Ong ch(rrrlg
minh ring phurong trinh tdng quét bac Ién hon bon
khong giai dugc bang can thirc, di mot s6 phuong
trinh dic biét van co thé giai dugc. Cong trinh cua
Galois 43 mo ra dai sb6 hién dai va dat nén tang
cho toan hoc ngay nay.
Nguoi ta dd chimg minh dugc rang moi phuong
trinh da thirc mot bién (khac da thirc hang) bac 7
(neN") voi hé sb phic c6 n nghi¢m phiec, néu
mdi nghiém dugc tinh véi s6 bdi cua no. Vai
phuong trinh bc ba hé so thuc (1), né luon c6 it
nhit mot nghiém thuc va c6 khong qua ba nghiém
thuc.
1. PHUONG TRINH BAC BA TREN TAP SO THUC
Phuong trinh bac ba co dang
ax3 +bx2 +cx+d=0 (1), v6i a,b.c,dcR,a#0.
Gia tri x=xo dugc goi la nghiém cua phuong
trinh (1) néu axd+bx3+exo+d=0 la ménh de
ding. Khi d6, da thirc vé trdi cua (1) phan tich
dugc thanh tich cua nhin tir bic nhat (x-xp) va
mét nhan tir bac hai:
ax3 +bx? +cx+d =(x—xp)(ax? +a;x+a>), a.a;€R.
Ta luu § rdng, néu cic h§ s a,b,c,d cua (1) déu
1a b nguyén, va (1) c6 nghi¢m hiru ti xp #0 duge
biéu didn dudi dang phin sé téi gian xp=—
%
(ueZ',veN*) thi « 1d wéc cia d va v la wdc
ciia @ (nhu thé, néu |a|=1 thi mei nghi¢m hiru ti
(néu c6) cua (1) déu 1A nghi¢m nguyén).
2. DINH LI VIETE VO1 PHUONG TRINH BAC BA
Frangois Viéte (1540 - 1603), 1a mdt nha toan hoc,
ludt su, chinh tri gia ngudi Phdp. V¢E todn hoc, éng
hoat ddng trong linh vyrc dai s va ndi tiéng voi
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viée dé ra céch gidi théng nhit cac phuong trinh
bic 2, 3 va 4. Ong ciing 1d ngudi sang tao nén
cach dung cai chir cai dé thé hién cho cac 4n sb
cua mot phuong trinh, kham pha ra moi quan hé
gilra cic nOhu,m cua mot da thirc (phuong trinh)
Vv6i cic h¢ sé cua da thirc (cua phuong trinh) d6
(ngay nay dugc goi 1a dinh li Viete hay hé thirc
Viete).

Trong toan hoc, dinh 1i Viéte (hay cong thirc
Viete, h¢ thire Viete, c6 khi viét theo phién am
tiéng Viét 1a Vi- -¢t), do nha toan hoc Phép
Frangois Viéte tim ra, néu 1én méi quan hé giira
cac nghiém cua mot phuong trinh da thirc (trong
truong hop sé thuc hodc phirc) va cac hé sé cia
n6. O day, ta chi dé cap téi dinh 1i Viéte vai
phuong trinh bac ba hé s thuc.

2.1. Dinh li (dinh li Viéte thuin)

Gia sir phwong trinh bdc ba (1) ¢6 ba nghiém
x1,X2,Xx3 (khéng nhat thiét phan biét). Khi do

r

b
X1 +X2+X3=——
a

4 X1 X2 +X2X3 + X3 X =—

X1 X2 X3 =——
a

2.2. Dinh li (dinh Ii Viéte ddo)

Gia sir c6 cac s0 u,v,w, py,pa,p3eR théa man

u+v+w=p,

UV+Vw+wu=p,.

UYw=ps3
Khi dé u,v,w la ba nghiém thuc ciia phuong trinh
béc ba: x3-px2+pyx—p3=0 (2).
Thi dy 1. Cho ba s6 thuc a,b,c thay déi va thoa
man a+b+c=4, ab+bc+ca=5. Tim gid trj lon
nhat va gia tri nhé nhdt ciia bidu thire P=abe.
Loi gidi. Ta xét phuong trinh

(x—a)(x—b)(x—c)=0< x3 —-4x2 +5x-P=0 (3).

Ham s§ f(x)=x3-4x2+5x—P co:

5
S'(x)=3x2-8x+5, f'(x)=0< x=1 hoic x=§.

TOAN HOC
34 g Clubilpé__ S6 584 (2-2026)

Vi phuong trinh (3) c6 ba nghiém a,b,c nén
0
, 5 50 ) _5_<P<2
ol ~P)| —-P |S0c=>—=5F<,
./(l)f(3)§0¢>(2 P)(27 27

Viy max P=2, dat dugc khi trong cic s0 a,b,c c6
hai s6 ctng bing 1 va mot s con lai bang 2;

minP=§)7¢ , dat duoc khi trong cac s6 a,b,c c6 hai

: s &
80 cung bang % va mot so con lai bang 7’

3. MQT SO PHUONG PHAP GIAI PHUONG TRINH
BAC BA

3.1. Phuong phap nhim nghiém
Néu ta nhéam dwgc mot nghiém x=xo cua phiwong
trinh (1) thi c6 thé dwa phwong trinh dé vé
phuwong trinh tich: (x—xy)(ax? +ax+a,)=0.
Thi du 2. Tim tat ca cdc gid tri ciia tham sé m dé
phwong trinh bac ba
3 —(m+1)x2 —(m-1)x+2m-1=0
co ba nghiém thyec phén biét x, ,X2.X3 thoa man
xt+x2 +x2 S%.
Loi gidi. Ta bién dbi:
x3—(m+1)x2 —(m-1)x+2m—-1=0
< (0 =x2+x-1)-m(x2 +x-2)=0
< (x=1)(x? —mx—2m+1)=0
< x=1 hodc x2—mx—2m+1=0.
Phuong trinh da cho ludén c6 nghiém x3=1, nén
né c6 ba nghiém thyc phan biét khi va chi khi
phuong trinh x2—mx—2m+1=0 c6 hai nghiém
thyre phén biét x;,x, khéc 1, tic 1a

2
m>—4+2\/§;m¢1

P i
{A—m +8m—-4>0 3 (@)

2 &
1 —=m.1-2m+12£0 S
Ta ¢é: xj+x2=m va xyxa=1-2m (hé thic Viéte).
Lic nay:

X X2 4+xd =14+(x +x2)2 =2x% =m? +4m—].

5
Do do6: xg +x3 +x7 s%aml +4m—1sz
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9 9
2 =06 g pips ]
om?+4m 1 R 2311155 (5).
Tir (4) va (5) suy ra tat ca cdc gia trj cin tim cia
1
m 1a 2\[5-—4<ms-£.

Thi du 3. Ching minh rdnn

V4 \/§+l
s ©

GOS ==

5 -

f_

27
OS§——=
5

Loi gidi. Xét phuong trinh: 4x3 —3X=2x2 " |

x=]
145

4
Viy phuong trinh 4x3—3x=2x?-1 c6 tdp nghi¢ém
[ —1-5 —1+5
la: <1; : y
4 4

Mit khéac, vi cac nghiém cua phuong trinh trén

déu co gia tri tuyét dbi khong quéa 1 nén dé giai
phuong trinh nay ta dat x=cos’. Luc d6, phuong

trinh 4x3 —3x=2x2-1tr¢ thanh
4cos3 t—3cost =2cos? t—1<>cos3t=cos2t

t=k2m

ogt= kz——(keZ)
1=k

S (x-)(4x2+2x-1)=0<

3t=2t+k2m
<
3t=—2t+k2m

Suy ra x=cos£§—”— v6i keZ . Do ham luong giac

tudn hoan, nén ta chi can thay céc gia tri

k=0,1,2,3,4 va duogc x=cosO=1,x=cos—25£,

x=cos4?ﬂ,x=cos%{[—,x=cos§57£. Tuy nhién:

87 ( 87z)
coS—=Cos| 27— [FC0S—»
5 5) 5

4
£ 0. 2”_§£ cosiF—:—cos(ﬂ'—l):—-cosE.
5 5 D 5 5

Do d6 phuong trinh 4x3-3x=2x*-1 c6 tap

2z
nghiém la { ——cos—75£ cos——s—} Suy ra hai tdp hop

bang nhau:

1—1— 3 —1+J— { —COS—;} coszz}
4 4 5 5

Piéu nay xay ra khi
ﬂ‘_—l—'\/g cosf—zH\/—s-
—COSS— 4 $ 4
2 _|+\/’ 27[_—1+«/§
cos—= L b
5 4
Va 052 = 2 cos—z—f—[=—\/—i:l
Ry ST 5 4

3.2. Phuwong phap dua vé cing Iy thira

cach bién d6i (1) vé
va tr d6 thu dugc

Ta tim dang

A(ax+az)} =B(bix+br)’,
YA(ax+a)=3B(bix+br).
Thi du 4. Giai phuong trinh
125x3 +75x2 +15x~1=0.

Loi gidgi. Ta cb: 125x° +75x2+15x-1=0

2-1

e

Thi du 5. Giai phuong trinh (Xem thém Thi du 6
va Thi du 9):

o(5x+1)3=2@5x+1=2/5 ox=

2x3 +3x2 =3x+1=0.
Léi gidi. Bién dbi twong tu nhu Thi du 4 6 trén, ta

cd: 2x3+3x2-3x+1=0

2(1+J_+J—)

o3x3=(x-1) ox=
o

3.3. Phuong phap tong hop
Ta nhén théy, bang cach chia hai vé cua (1) cho

5 A b :
a#0 va dat x=y—3—, phuong trinh (1) c6 thé
a

dua dugc vé dang y3 +my=n (6), ¢ d6

=3ac—b2 n_9abc—2b3—27a7-d
3a2 ’ 27a3 :
Khi m=0 (3ac=>b?) thi (6) tr& thanh:
=n¢>y=:\3/;]_
~b+3b3-27a%d

va (1) c6 nghiém duy nhat x=
3a

Tiép theo, néu m=0, nhe ddi bién ;'=J|—"—'|.2t ta
* 3

chuyén (6) v& dang 483 +3t=p (7)
(véi m>0,p= 33 3\/3n
2"1\/;1—1 2|m|y/|m
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3\/3n 3\/§n
2(—m)\/_n 2|m| \/7

Bay gio, ta s¢ trinh bay phuong phap giai phuong
trinh bac ba dang (7) va (8).

43 -31=p (8) (véi m<0, p=

* Phuong trinh (7) (khi d6 m>0) ¢6 ding mot
nghiém thye, vi ham sé S(t)=413+3¢ x4c dinh,

ddng bién va lién tuc trén R, c6 tap gia trj ciing la

R . Dat z=l(u—l), w0, thi
2 u

1 1
5(“3 __3)=p<:>u6 =2pud —1=0¢13 = p+\[p2 +1.
u

Do d6 t=%(%/p+\/p2 +1 +%/p—,/p2 +1 ) "

Vay (1) c6 nghiém duy nhit:

r=\/’?71(%/p+\/p2+1 +%/p—\/p2+l)—3i
a

(lru y trudng hop nay m>0).

» V6i phuong trinh béc ba dang (8) (khi dé m<0)
ta xét cac truong hop sau day:
+ Trudng hop |p|<1, ta thiy:

|413 -31|<1<>—1<443 -3¢<1

g {(t—l)(2t+1)2 <0

S|t
(1+1)(21-1)220

nén moi nghiém cua (8) déu thoa man l£|<1. Dat
t=cosu , phuong trinh (8) tr¢ thanh:

4cos>u—3cosu=p<cosdu=p
2
Su =i§arccosp+k-—3£,k eZ.

Vi (8) c6 khong qua ba nghiém thuc nén suy ra (8)
c6 dang ba nghiém thyc la:

t=c ] CCOS t=cos 1arccosp+2ﬂ'j
=Cos| —ar il - —|
g K 3 3

Tir d6 suy ra (1) c6 ba nghiém:

b
x= 2,“3'005(%arccosp+k2?]—£ ke{-1;0;1}.

36 T?g'r“uaHlOt;g S6 584 (2-2026)

+ Truong hgp |pl|>1, ta thdy |43 =3t[>1=t>1,

nén moi nghiém cua (8) déu théa man [¢[>1. Dt

t=%(u+l), u#0, phuong trinh (8) tré thanh:

u

_;{"3+L3J=p<=>u"—2pu3+l=0¢:>u3 =ptyp*-1.
u

Do d6 1=2(Yp+Jp2-1+fp—p?-1 ). Viy (1)

c6 nghiém duy nhét:

x=\/@(yp+m+dp_m =

TOM TAT KET QUA GIAI PHUONG TRINH (1)
Xét phuong trinh bac ba tong quat:
ax3+bx? +cx+d=0 (1) (a=0).

3 ) . ) 3ac—b?
bat cac gia tri phu tro: = Ao
3a
—9h3 97,2
_abe-2b’27a’d _ 3an 3v3n (neu ——
27a3 2|m|\J|m

Cac truwong hop nghiém:
1) Néu m=0: Phuong trinh (1) ¢6 nghiém duy

~b+3/b3-27a2d
3a )
2) Néu m>0: Phuong trinh (1) c6 nghiém duy

nhat: x=\/%(%/p+\/p2 +1 +%/p—\/p2+l)—3i.
a
3) Néu m<0 va |p|<1: Phuong trinh (1) 6 ba

i |m| (1 27\ b "
nghiém: x=2, [—cos| —arccos p+k== |- 4
ghie \f 3 3 P 5 g Vi

ke{-1;0;1} .
4) Néu m<0 va |pP>1:

nhit x=

Phuong trinh (1) c6
nghiém duy nhat:

x=, f%(%/ph/pz -1 +%/p—\/p2 -1 )-—%.
Thi du 6. Gigi phwong trinh (xem thém Thi du 5
va Thi du 9) 2x3+3x2-3x+1=0.

Loi gidi. Pit x= y—%, phuong trinh d3 cho tré

thanh;
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3 2
1Y 1)
2(,"——) +3['\’——) -—-3( v-l - 9
2 3 g +l—0®y3-zy=_§_

2

pat _v=~/§l ta thu dugc 4¢3 3= 2 Vi 2 ,
B

nén |47 =3t[>1t>1. Dat t_l(u+l
2 u

1 1
-,;-(113 +-I-F+3(u+-l—))_§(u+lJ=-_2
- u 2 u \/5

4
. AN
s +\/§" +1=0= u?=—V3 hoic P

),u;tO, thi

1 1
Suy ra: t=——£\6/3+_ o Lpus . a

1
x=-5(1+é/§+é/§). Vay phuong trinh di cho c6

nghiém duy nhét x=—%(l+%/§ +).

Thi du 7. Giai phuong trinh (xem thém Thi du 10)
8x3 —6x-1=0.

Lai gidi. Ta bién déi 8x3 —6x—1=0<:>4x3—3x=l.
2

Vi

1
Eld ta co |4x3-3x1<1<:>|x|<1.Do d6 moi

nghiém thyc cia phuong trinh da cho déu thoa
mén [x<1. Dt x=cost v&i 0<t<7 tathu duoc:

1 /4
4cos3t—3cost=5<:>c0531=cos§

@t:iguc%’i,kez.

5 7 x
Vi O<t<z nén ta chon t=%,t=—£,t=—97-[-, dan

BY/4 4r T 2
X=C0§— =—C0S— ,X=C0S——=—C0S—.
9 9 9

. 7
toi x=cos—,
g 9

Viy phuong trinh da cho c6 ba nghiém:

4
x=—C0S—.
9

w 2r
X=C05—, X=—C0S—,

9 9

Thi du 8. Gidi phuong trinh
4x3+12x2+15x+6=0.

Loi gidi. Dat x= y-1, phuong trinh da cho dugc
dwa vé:
4(y-1)3 +12(y-1)? +15(y-1)+6=0=4y3+3y-1=0.

Ham sb6 f(y)=4y>+3y-1 x4c dinh, lién tyc va
dbng bién trén R nén phuong trinh 4y34+3y-1=0
cd nghi¢m duy nhat. Tiép theo, ta dat

1
y=12(u—-—l;),u¢0, thi y3=— 8[143 —%—B(u——;n Ta

thu dugec phuong trinh:

;(143 ]) —1=0e>ub-2u3-1= 0~::>u3--lix/~
u

Din t6i y:%(\3/1+\/5 +Y1-2 )
Vay x=%(\3/1+\/5+%/1-«/§)—1 l4 nghiém duy

nhét ctia phuong trinh da cho.

3.4. Phuong phap Cardano

Ta bién déi (1) vé dang (6). Pat y=u+v (9) va
luu ¥ hiing déang thirc (u+v)’ “3uv(u+v)=ud +v3,

nén ta chon u,v sao cho:

w+i=n  |wP+vi=n
m & 3

uy=—— whd=——
3 27

tic 12 u3 va v? la hai nghiém cha phuong trinh
3 "
t2 —nt——%=0. Phuong trinh béc hai (an t) nay

3

c6 biét thic A=n? +:4l
27

nix/z <
2

nen

e Néu A>0 thi t=

n [n* m® ,In m3
y:u+v=,’—+ —+——+,’—— —_——.
2 4 27 2 4 21
Phuong trinh (1) c6 nghi¢m:
x—i/ i /_ m iF ,"_' m b
4 27 4 27 3a
e Néu A<0 thi m<0 va t———z—eC (v6i i la
: +i
don vi do). Modun ctia s phirc t=i’:—'i@ la

2 A —m-m
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3\/311
=2m\ —m '

Goi @ 1a goc théa man

3V3ja|

cosp=

sing= va viét 1 & dang
=2m~N—-m g
=m~'-m myx/—m
t= ——(cos@tising)=— cos(te)+isin(tp)).
NG P 3\/3( (£p)+isin(+p))
£ ’ —m
SO phuc 1=

—T(cosq)ﬂsmga) €6 cac cdn bac

= )
ba la: | f—;ﬁ(cos ¢+§"”+isin ¢+§2”J,ke{0;1;2}.

S6 phic r=—"Y""

\/_ (cos( —@)+isin(—@)) cbd cac

can bac ba 1a:

¥ —p+h2 24
,/ﬂ(cosu+isinm he(1:2:3)
3 3 3

Ta chon u 1a mt can bac ba cua
—m~N—m

T(cosgpﬂsmm va v 1a mét cin bic ba

cua -
3\/—

can bac ba cua

(cosqo—zsmgo) (hodc chon u 13 mét

Bl A (cosp—ising) vaiv I
33

mot can bac ba cua

M(cosqoﬂ' sing)), sao
3.3 ’

cho uv=——’;1—. Do do:

- 2
" ’ m(cos¢+k 7T
3 3
iy ’ = cos ~¢+h2”+isin—————¢+h2”J
3 3 3

véi k,h dugc chon thich hgp. Tir d6 timra y va

2
isin gk ”)

tinh dugc x.
Thi du 9. Giai phuong trinh (xem thém Thi du 5
va Thi du 6) 2x3+3x2-3x+1=0.

Loi gidi. Dat x=y——;- dé dua phuong trinh di cho

vé 3 _%y=—% bat tiép y=u+v tadugc:
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9 3
3 L s
(u+v)? —%(u+ v)=—5¢:>u3 +v3 +(3uv 4)(11 +v)__5.

3 ’-
Chon 3uv—%=0 thi u3+v3 - Ta co:

3
314\'—-9—=0 ud4vd=—=
4 2
3 3 .
S b3 _EL
u’+y 2 u-v 64
hay u3,v3 1a c4c nghiém ctua phuong trinh béc haj
: 5. 2 3 9}
an t): t2+—t+——=0<:>te{—— ——r.
B 2 64 8 8
3 3
Suy ra {u,v}:{—i;i,—g}. Ta tinh dugc

. Vay x=—%(1+3/§+§/§) la nghiém

duy nhét cia phuong trinh da cho.
Thi dy 10. Giai phwong trinh (xem thém Thi du 7)
8x3 —6x—1=0.

Loi gidi. Bién d6i 8x3—6x—1=0< x3 —i.r:l

oo

bit x=u+v véi u,v théa man:

1 1
wvd=— |33
=

2

udvd=—
64
toc 1a #3,»3 1a hai nghiém cia phuong trinh bac
hai: ¢2 —lt+i=0
8 64

ot= L+1£c>t—l cos£+isin i‘E 3
8 3 3

uy=—

16 16
Ta s€ chon:

1 (AT | 2z 2w
uey—| cos—+isin— | — S
{2( 5 i 1n9),2( —COS— 5 +isin 5 J
1( 4r . 4:1)
—| —cos——isin—
2 9 9
1 A & | 4r A
VEI—| cos——isin— | —| —cos—rta icin T
{2( 3 :snng),z( cos 5 +isin 5 )
1( 2r . 272')}
~| —cos——isin—
2 9 9

DPuogc quét bang CamScanner


https://v3.camscanner.com/user/download

1
sa0 cho 3 i C6 3 ¢lip (u,v) nhw vy, Thé u,v

vao x=u+v ta dugc:
T 2r 4
ARBOS =, X =~ 008 e, X = = OOR s
9 9 s X COS .

Pay la ba nghi¢ém cua phwong trinh di cho.
4. AP DUNG
Thi du L1. Tinh gid trf bicu thire

A

c J T 4r

S =C08§——COS——~COSs—,
9 9

g 2 V4 4 o)
Pe me—m':—+cos—cos——Lm——ficosi}5
9 9 9 9 9’
Vs 27 A
0=€05—008——¢0s—,
9 9

= + + 1
COSI()(?] Cosm(sfrj cos!o 77
9 9 9

Loi gidi. Phuong trinh bac ba 8x*-6x-1=0 c6
céc nghiém (xem Thi du 7 va Thi du 10) la
17

T 4 Sm 2
X} =C0S—, X3 =—COS——=C0S——,X3 =—C0S——=C0S——.
9 9 9 9

Theo DPinh li Viéte, ta co:

ar

v 4 2
X]+X2+X3 =cos——cos——cos—=0
9 9 9

T 2z T 4Ar 2r  4r 3
XXy +X1X3+X2X3 =—cos—-cos—-—cos——cos—+cos—cos————-
9 9 9 9 9 9 4

27 4nr 1
X]X2X3 -COS—COS—COS——
9 9 9 8
2 4
Vay: S= cos—”——cos—ﬂ-——cos—”-—o
9 9 9
T 27 T 4r 2r  4r
P= cos—cos——+cos—cos—-—cos— cosS—
9 9 9 9 9 9

b

-5
4

4 1
= cos—=—.

T 2r
Q-cos—g—cos 5 98

1 1 :
bit a=—1—,b=—-,c=—- thi
X X2 X3

a+b+c=._.£=-—6,ab+bc+ca="g—=0,

abc=-é—=8,ﬂ =gk +bk +ck (keN").

DZ thay:

F=a+b+c=—-6,F =(a+b+c)? =2(ab+bc+ca)=36,

Iy =3abc+(a+bc)(a? +b? +¢? —ab-be—ca)=-192.
Miit khc, theo dinh Ii Viéte ddo, chc sb a,b,c 1a

ba nghi¢m ciia phuong trinh: x3 +6x2 -8=0.

Do do:
ak"3 46at1? ~8ak =0
Bh3 4 6k2 8K =0=5 Fyy3 =8Fk ~6Fs2 (k€N).

k3 46k 2 —8ck =0

Nhu vay:
Fy=8F—6F3=1104, F5= =8 ~6F4 =~6 336,

Fy=8F3—6F5=36 480, I =8F4— ~6F5=-210 048,
Fy =8F5—6F; =1 209 600,
Fy=8F;—6Fg=—6 965 760,
va biéu thirc can tinh
T=Fo=8F;—6F=40 114 176.
Chu y. Néu a#0 14 nghiém cia phuong trinh (1)

thi d=0 va L Ia nghiém cila phuong trinh:
o

A3 +ex? +bx+a=0 (10).

Tiép theo, ta trinh bay cAch giai phuong trinh bac
bbn tdng quét theo phuong phép Ferrari. Luu y
ring moi phuong trinh bac bén déu co thé dua
duogc vé dang hé s6 bac cao nhat la 1 nhu phu'ong
trinh (11) sau day. Pé giai phuong trinh bac bon
(11), trudc tién ta phai gidi phuong trinh bac ba
(13).

Xét phuong trinh x4 +ax3+bx? +ex+d=0 (11) voi
a,b,c,d 1a cac hé sé thuc. Viét lai phuong trinh
(11) dudi dang:

2 2 )
2848 | il 2l 0 5%
(x +2x+2) —( i b+a}r +( 3 c}r+[ 2 d] (12).

Bay gid ta chon mét gia tri @ sao cho vé phai cua
(12) ciing 12 mdt binh phuong. Ta s€ chon @ thoa

2
. (aa Y a’ a?
man; | ——c | 4| —- S P el
( 5 c) (4 b+a]( 2 d] 0.

Tirc 1a @ la nghiém cua phuong trinh bc ba:
a’-ba?+(ac—4d)a+(dbd-a*d-c*)=0 (13).
Giai phuong trinh (13) (dn @ ) tim @ i thé vao
(12). Khi d6 phuong trinh bac bén (11) s& dva
dugc vé 2 phuong trinh bic hai ma ta di biét cich

gidi.
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Thi du 12. Gidai plweong trinh
x4 4342y +4x-8=0.

Ldi gigi. Phuong trinh ndy c6
a=—4,b=2,c=4,d=-8,
Ta xét phuong trinh bic ba (4n ).

@’ -2a? +16a+48=0>a=-2.
Ap dung (12) ta c6: x*—4x3 +2x2 +4x—8=0
S (x2-2x=1)2=9=x2-2x=1=43 .

Tur d6 tim dugc nghiém cua phuong trinh di cho

la x=15 .
Chii y. Ta c6 thé bién dbi:
x¥—4x342x2 +4X—8=0<:>(.\‘2 —-2x)2 —2(x2 —2x)-—8=0
c>(.\‘2 —2.1:—4)()\'2 —2x+2)=0
& x?=2x-4=0 (do x? -2x+2>0) > x=1£/5.
Thi du 13. Giai phuong trinh
x*—4x3—4x2 +16x-8=0.

Loi gidi. Phuong trinh ndy c6 a=-4, b=—4,
c=16, d=-8. Ta xét phuong trinh béc ba (4n « )
sau day: @3+4a?-32a=0=a=-8,a=0,a=4.
Chon a@ =0, ap dung (12) ta co:

(x2-2x)2 =8x2—16x+8<>x2 —2x=12/2 (x-1)

x2=2(1+v2)x+22 =0_ x=1+/2+3
= .
x2-2(1-v2)x-2v2=0 |x=1-V2+3
Vay phuong trinh bac bdn da cho c6 bén nghiém:

x=1+2+4/3.

5.MQT SO BAI TAP
1. Tim m dé phuong trinh sau day c6 ba nghiém
thuc phéan biét:
(m-2)x2+(2m+3)x—2m
x+m
2. Giai phuong trinh
1) x3+x%2-2x+5=0,
2) x3+3x2 +3x-1=0,
3)x3—x2+2x+3=0,
4) x3 -3x+1=0.
3. Giai phuong trinh
1) x4=3x+x2+4x-6=0,
2) (x+3)(x+4)(x+5)(x+6)=8,

=x2—x+1.
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3) (x+3)1+(x+5) =4

4) x5—4x4-3x>=3x?—4x+1=0,

5) x043x° +6x2+15x3 +6x2 +3x+1=0),
4. Giai bi¢n luan phuong trinh theo tham sé 4.

1) x?+2ax?+a*x+a-1=0,

16x3+15x—5a
2) 4x3+4x+ y =a,

3) x*=a(x+1)? +4x+l,
4) x*—(2a+6)x2 +4x+a’+2a=0.
5. Cho céc sb thuc a,b,c,u,uz,u3. Xét day sb
thuc (u,) xéc dinh boi cong thirc truy hoi:
Ups3 =(a+b+c)upyr —(ab+bc+ca)uns +(abc)u,, VneN*.
Tim s6 hang tong quat cua (u,).
6. Tinh gia trj biéu thirc

s M 3r cos4”

—+C0S——CO0S——

cos]5 5 15
V4 3z T 37  4rx
=C0S—C0S——C0S—COS———COS—COS—,
P=cos—cos cos15 15 5 15

4
O= cosicos:i—”cos——f£
15 5 15

1
F= 1 L 1

cos* (£) cos? (é’ﬁ) rw 54(4][}
15 5 15
7. Cho céac sb thuc a, b, c thay d6i va thoa man
a+2b-3c=6;2ab—6bc—3ca=9. Tim gia tri lén
nht va gid trj nho nhét ciia bidu thire P=abc.
8.Tim m dé phuong trinh

L
- -mx2+(2m-1)x—m+2=0

c6 ba nghiém phan biét theo thir ty ting din ldp
thanh mét cép sb cng.

9. Tim m dé& 45 thj ham sé
y= \‘3~(2m+l)\ +(m=1)x+m+1

céit tryc honh tai ba didm phén biét c6 hoanh do
16n hon -1,

10. Tim m dé phu‘ong trinh x3—mx—m=0 co6 ba
nghi¢m thyre phan bi¢t xj,x2,x3 thoa man

X +x3+x5 =54096

|
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BAT PHUUNG TH!NH BAC Hzl G!UP NHAN DANG Biy BU |
MIEN L01 IEH THUONG MAI HAINUOC ,

NGUYF’N mm‘mc w«:
(203 Nguyén Huy Tieimg, Thanh Xudn, Ha Noi)

Khj nghién ctru vé lgi ich thwong mai, mé hinh 2
quéc gia va 2 mat hang dugc sir dung phd bién boi
cac nha kinh té hoc ndi tiéng thé gici nhu A. Smith
(1776) hodc D. Ricardo (1817), sau d6 dugc mo
rong boi Hecskcher - Ohlin (1970) (Salvatore,
2018). Mdi quéc gia déu thu lgi ich thu’orng mai
thé hién o chénh léch giira chi phi san xuét cla
nude xuit khdu va gia mua cia nuéc nhap khéu.
Néu gia ban cao hon chi phi s 6 loi nhuan Néu
gia ban bang chi phi s& hoa vén va néu thip hon
s& bi 16.

Toan bo loi ich thuong mai dugc phén phdi giira
nha xuat khau, nha nhap khiu, cong ty van tai,
hing bao hiém, va dich vu héi quan. Néu két hop
chénh 1éch giad nay cua nhiéu mit hang véi san
luong xuét khiu cta timg mit hang do s& xac dinh
duoc loi ich thuong mai ctia ca quoc gia trong 1
thoi ky thuomg la 1 nam. Loi ich nay dugc md
phong ducdi dang dién tich tam giac (Nguyén

Thuong Lang, 2018). Ppay 1a céach hiéu théng

thuong. Nghién clru nay sir dung bat phuong trinh

bac 2 theo do, thiét lap dugc duong parabol loi ich
thuong mai, lam sau séc thém nhén thirc vé lgi ich

nay giira 2 nudc.
Minh hoa co s& tao lgi ich thwong mai

Vi dy pho bién dugc dua vao trong cac gi4o trinh

kinh té qudc té hay thuong mai qubc té cta tht ca

gidi la gia sur thé giéi c6 2 quéc
va Y. Piy la mé hinh

cac nudc trén thé
gia A va B va 2 mit hang X

dugc don gian hoa, Nang suAt san xudt trong 1 gid

cong (gia st chi phi san xudt chi c6 chi phi lao

dong) cia A trong | gitr cong hofic 1a 1X hodc 13
2Y va ciia B hodc 3X hoiic 4Y trong I gitr cong, 0]

day X va Y la cac mat hang c6 don v; tinh tuong
g nhu don vi khoi lugng tin, ta, yén hay don vi
do dai mét, .

Quéc gia A khong c6 lgi thé tuyét d6i (A. Smith)
trong xuAt khdu ca X va Y vica 2 déu co6 chi phi
san xuit tuyét ddi cao hon B do ning suat san xuét
thap hon trong khi quéc gia B c6 chi phi san xuat
tuyét dbi cao hon ca hai mat hang. Nuéc B sé xuat
khiu ca X va Y vao nuoc A.

Tuy nhién, theo loi thé tuong déi hay loi thé so
sanh, xét chi phi san xudt trong d6i hay chi phi co
héi san xuat X cia nudc A 1a 1X = 2Y , ¢ nuéc B

chi phinay 1a 1X = i;i Ca 2 gia tri nay phan anh

cac ty 1€ trao dbi trong nudc hay gia can bang ndi
dia t1mg mit hang, theo do, ty 1€ trao doi quoc té
phai nim trong khoang nay dé ca hai qudc gia

cung co loi. Néu so sanh 2Y véi —3;—( c6 thé thay

2
< 2Y cho nén qudc gia B ¢6 lgi thé so sanh vé

X (D. Ricardo) va xuit khiau hang X sang nudc A
con nude A xuit khiu Y sang B.

Mit hang X 1a mit hang ¢ loi thé so sanh do chi
phi sdn xuéit twong d6i hay chi phi co héi thdp hon
chi phi miit hang ndy ¢ nuée A. D6 1a co s dé ¢6
lgi ich thuong mai do chénh l¢ch chi phi twong
dbi hay gia twong déi.

Quéc gia A thu duge lgi ich néu xuit khiu Y theo

v R X 5
gid Fe¥e= (1) . Quéc gia B thu lgi ich néu

., 3X
xudt khdu X theo gid —-} <Y 2D
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Mo réng cich phan tich dya vao bt phuwong
trinh béc 2

Két qua tinh todn trén chi ra khoang gia trao dbi
dugc xac dinh (1) va (2). Hai khoang ndy c¢6 tinh
twong dwong nén chi cin phin tich mot truong
hop 1a ¢é thé hiéu dugc truong hop con lai. D(’\)ng
thoi, 6 thé khai quat hoda céc con sé cu thé thanh
cac ky hi¢u.

O day s& xét cy thé truong hop (2). Ty 18 Y/X
(gid twong ddi cua Y so voi X) can phai théa min
dicu kién 3/4 < Y/X < 2. P& d& hidu va nhan biét,
¢6 thé ky hiéu Y/X = x va vi dugc sir dung dé chi
ty 1¢ trao ddi cho nén x > 0. Didu kién trén c6 thé

viét thanh: % <x<2.

Duéi goc do toan hoc, didu kién nay twong duong
v&i nghiém cua bat phuong trinh bac 2 1a:

(x—%)(2—x)>0.

Viét ddy du bat phuong trinh bac 2 nay thu dugc:

LT FE

4° 2

Piém hru ¥ 1a co thé ap dung trong tw cho mit
hang con lai.
Néu vé& do thi bién thién cia bit phuong trinh bac
2 (VietJack.com) s€ thu dugc hinh parabol (hinh
dudi)

PARABOL LI iCH THUONG MAI (Lagn)

2 - Loi ich

Pudng biéu dién lgi ich thuong mai c6 dang
parabol. Parabol cit tryc hoanh 2 diém va diy 1a 2
nghiém cua phuong trinh bjc 2 di xdc dinh. Dy
la 2 mic gia cin bing cta 2 qubc gia hay 2 ty 1¢

trao dbi noi dia tuong img 1A % vi 2. Ddng thei,
diém cuc dai cua parabol phan 4nh l¢i ich thuong
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' a K. 2 " A
mai 16i da cua ca hai bén. I:lcu ca ha'l b‘cn ¢6 sy
ché dé tim ra dicm cyc dai nay, ca ha;

hop tac chit ‘A
op hat. Néu thiéu sy hop

bén sé& thu duge lgi ich Iom n b
tac, loi ich cta ca hai bén s¢ kho ddl toi da. Phap
lgi fch ndy c6 gid tri duong va ndm 6 phia trén
truc hoanh trong gi¢i han dudng parat?ol. Phin
dién tich boi mau trén hinh phan anh mién lgi ich
: dugc tinh béng

thuong  mai  va

j‘ (_\,xz +_!7;f_%]dx c6 két qua la %%i— hay xap
3/4

xi 0,3255.

Do d6, cac qudc gia khi tham gia mé& rong pham
vi va phét trién sau quan hé thuong mai, i:én phan
tich dy du, danh gi4 triét dé tac dong dé hiéu ro
linh vuc va pham vi can hop tac nhim ¢6 lgi ich
thu dugc cua ca 2 bén t6i wu. Néu thiéu viéc danh
gi4 nay, cac bén co thé thiéu dinh huéng higu qua,
thAm chi, bi trugt ra ngoai mién lgi ich thuong
mai xac dinh, gy thiét hai khong can thiét.

Két luan ,
Tur két qua nghién ciru trén, c6 thé thy, duong loi
ich thuong mai 2 qudc gia va theo d6, mién phan
anh loi ich nay ciing dugc xac dinh la duong
parabol va phan dién tich nam trén truc hoanh va
dudng parabol twong tng. Didu nay cho thdy vai
tro to 16n cla toan hoc di tao ra bt ngo lén va
khéc biét so v&i nhan thire hién tai. Loi ich thuong
mai giita 2 qudc gia dwoc nhan thirc sau sic, 10
rang va diy di hon. Py 1a nén ting dé do luong
day du téc dong ciia thwong mai dén loi ich cua
cae bén lién quan mét cach khoa hoo va chinh xac.
Tai liéu tham khio

L. Nguyén Thuomg Lang (2018), Phdn b4 loi ich

kmiz té Xphan bé cia cdc bén trong dam phdn kinh té
quoc te, <

https://tckh ersin.edu.vn/Data/Upload/MagazineArti
¢

le/10/2.1 ng.pdf>
2. Salvatore (2018

GrawHi]l.
3. ViclJack.com, Xe
80 béc hai, <https
bicn-lhien-va-ve~

) *International Economics, M¢

't swe bién thién va ve dé thi ham
://vnetjack.com/toan-lop-l0/xet-Su'
do~thi-ham-so~bac-hai.jsp =
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TIENG ANH QUA CAC BAI TOAN
BAI SO 125

PROBLEM. Find the number of arrangement 9!
Lot © / il Thus the number of the arrangements is ——'
of 9 digits from 1 to 9 such that the digits 1, 2, 4
and 3 always appear in increasing order from ) —
‘ . TU VUNG/KI HIEU
left to right and not necessarily consecutively.
Solution. Let consider two arrangements: arrangement - cdch sdp xép
215698743 and 315698742. .
increasing s tang
To satisfy the requirement we need to permute )
the digits 1, 2 and 3 to get the arrangement consecutive - e g
NGUYEN PHU HOANG LAN

125698743.
Universi Education, VNU, Hanoi
Therefore the considered two arrangements are il R & s

counted as one.

BAI DICH SO 123
BAI TOAN. Tim so nghiém tw nhién cua x+y+z=6, day lai la bai toan chia keo cua

’ r=12 wos HES. gl e
phuong trinh x+y+ b Euler. S nghiém cua phuong trinh nay 12 C3.

5i oidi. S6 nghié ién, ma khong co bét B ey s g ;
Léi gidi. S6 nghiém ty nhién, m khong Do d6, sé6 nghiém tu nhién cua phuong trinh

. A A > ¥ tr‘nh X+ +Z=12 o SN A S > 5
ky rang bugc nao, ctia phuong frink x+y x+y+z=12 véi diéu kién x<5 bing C3-C2.

N (2 5 4t 1a bai toan chia keo cua E e e " & @i
la Cf,. Day thuc o Nhdn xét. Bai toan nay do thay Nghiem Xuan

Euler, d3 dugc nhic dén trong mét s6 trude Luc, Truong THPT Théang Long, 44 Ta Quang
(ban cé thé giai thich vi sao céc sb 14 va 2 xudt  Biru, Bach Mai, Ha Noi d& xuat.
Nhdn xét. Hoan nghénh cdc ban: Dwong Trwong
Giang, 11 Toén 1, THPT chuyén Hung Yén,
Hung Yén, Bui Tung Ldam, 11 Toan 1, THPT
' ; chuyén HA Tinh, Lé Bach Hai Dang, Lép 3B,
né cho x. Bing cach nay, bai toan dugc quy V& pan0 Quée té Song ngir cdp 2, 3 GIBS, TP.
viéc dém sb nghiém ty nhién cta phuong trinh  Graz, Cong hoa Ao di cé bai djch tét.

NHU HOANG (#a Ngi)
...***t******g***ﬁﬁ********ﬁ*****t******\hb\'************ﬁ*********************t*i******

THONG BAO

Ban doc ¢b thé dit mua cac 4n phdm cua Top chi Toén hoc va Viin hoe trong nha truong ti cde buu cuc

hién khong?).
Bay gi0 ta quan tdm dén cac nghi¢ém théa min

didu kién x26. Ta co thé liy 6 trong 12 va gén

ctia VNPT trén ca nude voi mi dit nhu sau: Todn hoe va Tudi tré (C168); Todn Tudi tho 1 (C169);
Todn Tudi tho 2 (C169.1); Van hoc va Tudi tré (C668); Van Tudi tho (C668.1).

*u:**su*-t-vt-r»vhutwtt**-'**N"""‘”“‘”“**‘““*tt*wnm-N***#t*‘IHAN-*tt*-dtqt***ttut*tutttt
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III-IIEII cAcH cPhai ,.»-"'ﬂ

» ~CHO MOT BAI ToAN <

SRR ~sms

BAI TOAN 104. Trong 1é ky niém 60 nim thanh
lap trieong THPT Pé6 Lwong 2, nha truong 16 chirc
cho cac khoi I6p cam trai. Cdc trai ¢6 dang hinh
ABCD trong do day ABCD Ig hinh thang
can, dwong chéo BD=8m, BC =2AD, ASBC cdin

chop S

tai S va nam trong mat phang vuong goc voi day,
canh SB tao voi mdt day géc 45°. Tinh do dai
canh day AD dé phan khong gian bén trong trai
Ion nhdt, lic do tinh thé tich phan khong gian

trong trai (tham khao hinh vé).

S

~
S
i

Loi giai. Ké SM | BC, DH 1 BC (M, H € BC)
= MB = MC, SM 1 mp(ABCD) = SM la dudng
cao cua hinh chép S.ABCD.

bat AD=x-—-.‘>BC=2x,HC—-2 ,BH = 35

V256 -9x%

9x?
DH =.BD’ —BH =y6d -2 ===

T?g-{!ugge S5 584

(2-2026)
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& BC+AD.DH

ABCD 2

3x V256 —9x?

=—‘2_—- 2
_3% [256-9x.
4

Ta cé: SM = BM.tan45° = x.

i 3:\/256 9x?
3

= Vs 45c0 =
=1X2.V 256—9x2.
4

Cich 1. Sir dung bdt dding thirc.
Bb dé. Cho a,b,c la 3 s6 duwong. Liic dé

a’ +b* +c? -
abc < ———3— .

Ddu“=""xdayrakhi a=b=c.

2
That viy, ta c6: @* +b* +c*> 233 (abc)

3
a2+b2+c2)

= (abc)’ s( 5

A+b 4+t Y
:>abc$ —3—- .

Déu “="> xay ra khi a = b =c. Lic do:

VS.ABCD =%x2-\/256—9x2
3 \/ 256 —9x?

&
9

3
\/ 9i+—+256 9x J

} 56° 2048\/—

Déu 88 s 22 xay ra khl

=

s
o |5l

£
4

SL
18

3 5
LR v | B
V2 9
it .. 20483
Viy 7, Vs.aneo dat gid tri 16n nhat bang 2—8—1"m

166

khi canh day 4p = X =— ~4,35m

X |
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Cich 2. Siwr dung phiong phap ham so. ] 1646 16 \
X —

Xét ham so: j‘(.\'):l”\-{m W e ,,_v,wi._.i
4 J'(x) > 0 .
[x>0 : 1 20483 \

¢:>0<.\-Slg ™

256 -9x* >0 g *° f(x) / 81 \
!

Picu kién: 1

Ta co: e |
rf 1 5 l 5 _18\- & . «X "R A _2048 3
F(&@)=23x256 -9 + - 0% — e Tir bang bién thién ta thay: maxV = o S
4 47 2256 9%
- xV256 —9x* _ 9x* khi AD=x= 16;/€ =4,35 m.
2 [ 2 .
S Ji il NGUYEN DON
_2x(256-9x) - 9x (GV THPT D6 Luwomg 2, xa Bach Ngoc, Nghé An)
4./(256 -9x° )3 Nhdn xét. Hoan nghénh céc ban: T ran Nguyén Anh
27 +512 Huy, 11A1, TH, THCS&THPT Lé Thanh Tong, TP.
_ SEPF FoReR Hb Chi Minh déng gop 1 cich giai twong ty nhw
4./(256 -9x) cach gidi 1 va ban Vii Ditc Duy, phuémg Binh Loi
) Trung, TP. Hd Chi Minh dong gop 1 cach giai
(x)=0= 27x +512x=0 tuong tr nhu cach giai 2 trong 16i giai trén cua ban
o x(=27x° +512) =0 Nguyén Pén, ngudi gioi thiéu bai toz’m.‘
Y NHU HOANG (Ha Noi)
| L 512 Mi cac ban giri 161 giai BAI TOAN 106 dudi day
¥ S 27 vé Toa soan Tap chi TH&TT truéc ngay
31/3/2026.
x=0 ¥r: : : :
S 1646 = x= 16v6 (do PK (¥)). B}}I TOAN 1?6. ’C/uhlg minh rang trong tam
x= iT gidac ABC ta luon co:
. e .2 i : x x ; i B o]
Ta c6 bang bién thién cua ham sé f(x) trén sin—.sin—.sin— < —.
(0; 1_6_] ; PHU DU (Ninh Bink)
3

***********************************************:'c******'k*******************************t\‘

PROBLEM ... (Tiép theo trang 22)  Problem T11/584. Find all functions f:R >R
TOWARDS MATHEMATICAL OLYMPIAD that satisfy

Problem T10/584. Given a  sequence f(x=f)-y)=3f(x),Vx,yeR.

(a,),n=0,12,.. that satisfies
Problem T12/584. Given an acute triangle 48C

. — 2 —— . . .
a, 2 2;a,, =a, -4, +1,Yn20. and a point M varies within the triangle. Suppose
N - R —-l-,Vn >0. Prove that that H, K, L are the perpendicular projections of
a, a a, M onto BC , CA , AB respectively. Find the locus
the sequence (S,) has a finite limit and calculate  of points M such that
that limit. BH+ CK+AL=CH+ AK + BL .
b) P that
]) rove_]) F NGUYEN PHU HOANG LAN
»__(_)%"",(ff_ o ga, e ‘ga‘... e  (University of Education, VNU, Hanoi)
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Cong vé voi vé cua (4), (5), (6) i Tt gon ta duge

(*) dung. | i

Piéing thirc cia bai toan xay ra khi va chi khi
b(b+c)=c(c+a)=a(a+b)<:>a=b=c.

Bai to4n dugc chimg minh.

Binh lu@n. Bai toan dé ra la bai toan dep né;

tiéng, da c6 mot s6 cach giai khac. Cdc cich gis;
\ ' 5 déu phai st dung dén cac bat dang thic kinp

BAI TOAN 112 (Indian Mathematical d?; deu phaTl 8 Cau\:hi el ¥l

Olympiad 2002). Cho cdc so thwe duong a, b, c. dién BD L i,

aa ‘ A 101 giai cling khong ngén.
Ching minh rang Blnakoveley ANl 3 4 ‘g g = fs
Vin str dung cach gidi nhu trén vao giai bai togn
BILalt8 £3b g b c dusi day s& 1a mot céch gidi dep, doc
ST+—=—%—, 3 1 uo1 da . P,
b+c c+a a+b b ¢ a i y 0

s déo, an tugng cho bai toan nay.
S PRIt wn ching minh aong Cho cac 6 thiee dwong a,b,c,k. Chirng minh ra°ng

Aoy VoI ka+c kb+a  kc+b <£+2+£
ac—bc  ba—ca , cb—ab 50 () kb+c kc+a ka+b b ¢ a’
b(b+c) c(c+a) a(a+b) NGO VAN THAI
Vi bét déng thic dé ra va (%) khong ddi khi cac (Hung Yén)
bién hoan vi vong quanh, khéng mét tinh tong  Nhdn xét. C6 ban da nhdm khi cho ring vai tro ciia
quét ta gia sir a=max {a,b, c}. a, b, c trong bai toan 1a bin¥1 dfmg nén da gia thiét
) a2b2c. Tuy nhién cac bién trong bai toan c6 vai
e Néu b>c thi tro khong binh ding, cu thé baj toan khong d6i khi ta
(ac—bc), (ba—ca)?. 02(cb——ab) hodn vi vong quanh cic bién nén chi co thé dat
; a=maxia,b,c! hoa =mi . O loi
a(a+b)=max{b(b+c),c(c+a),a(a+b)} ta.b,c} oa’c d=ffi@be}. Bo 8 Bi
giai cua ban xét thiéu trudng hop a > ¢ > b. Hoan
Din dén: ac—bc 5 ac—-bc ), nghénh cac Abz,m: Dang St Phuéc Pirc, 10 Toén 1,
b(b+c) a(a+b) THPT chuyén Ha Tinh, HA Tinh va Vi Pirc Duy,
phuong Binh Loi T . Hd Chi Mi i co loi
fer. or e ch—ab  chab ’g f.’.l l"ung\, TP. H6 Chi Minh di c6 1oi
> ; = (3). giai dung cho bai toan nay.
c(c+a) a(a+b) a(a+b) a(a+b) .
’ . i i NHU HOANG (Ha Nji)
Cong ve véi ve cua (1), (2), (3) roi rat gon ta dugc R e

: au day 1a bai tap d Ban g 10i
) dan i 18 026.
e Néu b<c thi .
(ac—bc)202(ba—ca),(cb—ab)
b(b+c)=min{b(b+c), ¢(c+a), a(a +b)}-

T ac-—bc=ac—bc
PGS lons) BHNE)

(4),

ba-—ca>ba—ca (5) cb—ab _ cb—-ab
c(c+a) b(b+c) 7 a(a+b) b(b+c)
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GIAI DAP: THAT HOAN HAO VA NGAN GON!
(DL’ ding trén TH&TT 56 580, thang 10 nam 2025)

Phin tich sai lim. Vigc ap dung tinh chét cua
pam s6 bac nhat cho ham sé S (@) trén doan [1;3]

1a chra chinh Xéc. Ching han néu ta cling ap dung
Iy lugn trén dé tim gid tri nho nhét cia biéu thirc

0=a* 2+b2+c2+2abc  thi O2min{g(l);g(3)}=5
voi g(a)=2(bc—b—c)a+9-2bc trén [1;3]. Tuy

ekt 3
nhién khi a=b=5,c=0 thi Q:%<5 nén 5 khong

phai 1 gié tri nh6 nhat caa Q. Ly do sai 1Am trong
cic 10i gidi trén 14 4p dung sai tinh chét ciia ham
so bac nhat. Cu thé, do a+b+c=3 va a>b>c nén
khi a thay ddi trén doan [1;3] thi b,c cling thay
d6i theo va khi d6 cic hé sb cua ham sé f(a)
thay ddi theo su thay d6i cua bién a, do vay tinh
chat min {f'(1); f (3)} < f (@) <max {f (1); f 3)}
khong con ding nira.
Loi giai diung. Voi a+b+c=3, taco:

a’+b?+c? =9-2(ab+bc+ca);

a3 +b3 +c3 =3abc+3[9-3(ab+bc+ca)].
Do viy: P=6abc—13(ab+bc+ca)+45.
Khong mit tinh téng quat, gia sit a>b>c20, khi

; B9
d6 0<c<l. Chu y ring OSabS(aZb) = 46) ;

4
f(ab)=(6c~1 3)ab—13c(3-c)+45.

Cht y ring 6¢-13<0,Vce[0;1] nén ham s6
3—c)?

: 3—c)?
Xét ham so6 sau trén doan l:o;( ) } :

: (
f(ab) nghich bién trén doan [O; } suy ra

f(ﬁ'f-)iJs [(ab)< f(0). Tacb:
£(0)=13c2~39¢c+45545,ce[0;1]

/((3-—6)2 J=_§(ZC+5)(¢-_1)2 +12212,Vcel0;1].
4 4

Do viy: 12< f(hc)=P<45. Khi a=b=c=1 thi
P=12, khi a=3,h=c=0 thi P=45.

Do viy: minP =12, max P=45.

Nhin xét. Khong co ban nao phét hién dugc sai Jam

trong bai nay.
KIHIVI

SAO KHONG CO DIEM?

Trong dé kiém tra c6 bai toan: Cho hai dirong
thang song song d,va d>. Tréen d; co 6 diém phdn
biét mau do, trén d» co 4 diem phan biét mau
xanh. Xét tat ca cdc tam gidc diege tao thanh khi
ndi cac diém dé voi nhau. Ldy ngau nhién mot
tam giac, tinh xac sudt /d:r dwoc tam gidc co hai
dinh mau do.
Ban Hung gidi nhir sau:
THI1: Liy 1 diém thuoc dudng thing d,, liy 2
diém thudc dudng thing da. C6 6 cach lay dugc 1
diém mau do; c6 4 cach liy dugc diém mau xanh
thtr nhét; c6 3 cach ldy duoc diém mau xanh thir
2. Trudong hop nay co: 6 x 4 x 3 =72 (tam giac).
TH2: Liy 1 diém thuéc duong thing d,, liy 2
diém thudc dudng thing d,. C6 4 cach lay duge 1
diém mau xanh; ¢ 6 cach liy dugc diém mau do
thir nhét; co 5 cach liy dugc diém mau do thir 2.
Truomg hop nay c¢6: 4 x 6 x 5 =120 (tam giac).
Do d6 s6 phan tir khong gian mau la:

n(Q)=72+120=192.
Goi bién cb 4: “Liy dugc tam gidc c¢é hai dinh
mau d6”. Do d6 sb két qua thuan lgi cho bién ¢b 4
la n(A4)=120.
n(4) 120 5

n(QQ) E; g

Khi tra bai kiém tra Hung thiy thdy gido khong
cho diém bai giai ndy va con phé “Tim sai lam
Hung héi ban Binh ngdi canh

Xac suat can tim 1a P(A4)=

trong cach giai”.

Binh ciing c6 dép sb 12 % Theo ban, 16i gili tréa
clia ban Hung sao khéng c6 diém?

NGUYEN THANH GIANG

(Trwong THPT Chuyén Hung Yén)

TOAN HQC 47
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"™ Tap chi TOAN HOC vi TUOI TRE
/ /,& Mathematics and Youth Magazine

BAN CO VAN KHOA HQC

~———

CHJU TRACH NHIEM XUAT BAN

GS TSKH. TRAN VAN NHUNG Téng Gidm ddc NXBGD Viét Nam
75 NGUYEN VAN VONG NGUYEN TIEN THANH
PGS. TS. TRAN VAN HAO Téng Bicn tap NXBGD Viét Nam

PHAM VINH THAI
Vien trudng Vién nghién cdu Sdch va HLGD

Lt HONG SON

HOI DONG BIEN TAP .
Phu trach Tap chi: TS. LE HONG MAI Thie ki Toa soan: CN. VO THI HONG THU
75. TRAN DINH CHAU, TAS. NGUYEN ANH DONG, 75. TRAN NAM DOUNG, T5. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS. TS, LE QUOGC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU. Ong NGUYEN KHAC MINH, 75. TRAN HOU NAM, 75, PHAM THI BACH NGOC. PGS.TS. T

DUY PHUONG. ThS. NGUYEN THE THACH. GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VO KIM THUY,
PGS. TS. VU DUONG THUY. GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co s

For Lower Secondary School
Nguvén Anh Tudn - Van dung mot tinh chét vé
trurc tam cua tam giac vao giai toan.

@ Huong din gisi @@ thi thir vao 1ép 10 THPT
chuyén, nam hoc 2026 — 2027.

@ Dé thi chon hoc sinh gioi 16p 9 thanh phé Ha Noi,
nam hoc 2025 - 2026.

@ Dién dan day hgc tosn

Dwong Pinh Diing — Khai thac gia thiét hinh hoc
dé giai mdt sb bai toin trong mit phing toa do.
(Ky 1).

0 Ban dgc tim toi

Vii Hoang Thdi ~ Chimg minh mjt s6 hiing ding
thirc béing hinh hoc.

0 Pé ra ky ndy

Problems in Thiy Issue

T1/584, ..., T12/584, 1.1/584, 1.2/584.

@ Giii bai ki truée
Solutions to Previous Problems

T1/580, ..., T12/580, L1/580, L2/580
e Phwong phap gidi toan

Nguyén Van Xa — Phwong trinh béc ba.
Q To#n hoc va doi séng

Nguyén Thuong Lang — Bat phuong trinh bac
hai giip nhin dang diy di mién lgi ich
thuong mai hai nuéc.

@ Dutich té gisi qua cac bai todn hay - G
bii todn 112, D¢ bai todn 114.

@ suivdmo g

Tiéng Anh qua cic bai todn — Bai sb 125 -
Bai dich s6 123.

Nhiéu cich gidi cho mjt bai todn — Giai bi
todn 104 — Bé bai toén 106.

el
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P~ NHA XUAT BAN GIAO DUC VIET NAM

Gio6i thiéu bo sach

BAI TAP NANG CAD
VA MOT S0 CHUYEN DE

ToAN | |

SAl TAP NANG CAD
VA MOT 50 TMUTEN D¢

toAnll

------

BAI TAP NANG CAO
VA MOT SO CHUYEN DE

WA TP BARKG CAOD
wA 0T 80 CovEN of

VA MOT B0 COWIYEN I

TOAN 1 0

BAI TAP NANG CAD
VA MOT 30 CHOYEN OF

'I'OAN12

H
BAI TAP NANG CAQ
VA MOT 50 cHuvEn i 1 2

HINM HOT

(DANH CHO HQC SINH THPT - THEO CHUONG TRINH GDPT 2018)
TAC GIA: TRAN VAN TAN, NGUYEN MINH HA, TRAN QUANG HUNG, TRAN HUU NAM.,...

B6 sach “Bai tdp nang cao va mét s6 chuyén dé
Toan” gébm cac cudn:

- Bai tap nang cao va mét s6 chuyén dé - ai s6,
Giai tich, Xac suat, Thong keé.

- Bai t3p nang cao va mot s6 chuyén dé - Hinh hoc
Méi cuén sach gém hai phan:

Phén mét gém céc chuong, bai bdm sat Chuong
trinh gido duc phé théng 2018, mdi bai gém:

- Tém tét kién thuc: tém tat nhing kién thuc
trong tam cua bai, dugc van dung dé gidi cac
bai tap, cdc dang toan trong bai. Tuy theo nél
dung ting bai ma & phan nay c6 thé cé thém
phén Kién thic bé sung nang cao lién quan dén
ch(i dé cua bai hoc.

+Vi du minh hoa: phuong phap gial, cac vi du
gitp hoc sinh hiéu sau, rng hon nhimng kién

. -46 sl i
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thic da hoc, déng thai c6 dugc nhiing ki nang
can thiét cho viéc giai toan.

« Bai tap dé nghi: b6 sung cac bai tap dé nghi
cho méi dang toan. Cac bai tdp dugc phan loai
tlr co ban dén nang cao.

Phan hai gédm cic Chuyén dé (danh cho hoc
sinh kha, gioi): cdc dang toan thudng xuat hién
trong cac ki thi vao Dai hoc&Cao ding, trong
cac ki thi hoc sinh gidi va Olympic. Cac chuyén
dé sé giup hoc sinh phat trién kién thuc da
hoc, cung cap cho hoc sinh ¢o s6 cta nhung
phuang phdp giai toan thuong su dung.

Sach dugc bién soan theo Chuong tiinh Giao

duc phé théng 2018 dé hoc sinh co the cing ¢o
kién thifc ciia minh ngay sau mai gio hoc tien
|&6p, déng thai bd sung va khdc sau them mot so
van dé Il thuyét nham béi dudng hoc sinh glo..
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