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40c LIEU S5 COA NHA YUAT BAN GIAO DUC VIET
aIlP GIAO VIEN, HOC SINH NANG CAO CHAT LUGNG DAY VA Ho

Trong hanh trinh chuyén ddi s6 cla giao

dyc Viét Nam, viéc dua tri thirc tu trang séch
truyén thdng 1&n méi truong s& khong chi la
sy thay déi vé phuong thic truyén tai, ma
con la bude chuyén quan trong trong tu duy
t§ chic day va hoc. Diéu nay hudng dén
muc tiéu kién tao mot hé sinh thai hoc lidu
s6 hién dai, ndi tri thic dugc lan tdba hiéu
'qud, khong con bi gidi han trong nhiing
trang sach in, ma dugc mé rong trén khong
gian s6 v6i nhiéu hinh thic tuong tac phong
phu. Tu d6, viéc hoc tap trd nén linh hoat,
ca nhan héa va gan gii hon vgi thé hé hoc
sinh trong thdi dai s6.

Cung véi dong chay chuyén ddi dy, Nha
xuit ban Gido duc Viét Nam khong chi tao
ra nhiing san phdm gido dyc mdi, ma con
gép phan dinh hinh mdt hé sinh thai giao
duc s& bén viing, dugc két noi, chia sé rong
rai hon bao gid hét. Theo y ki€n chia sé cla
nhiéu gido vién tai cac co sd giao duc, sach
gido khoa dién tii bd K&t ndi tri thic voi
cudc sdng vita la cang cu hé trg déc luc cho
thdy co trong viéc t8 chic hoat dong day
hoc, vifa giip nang cao hdng thd va hiéu
qua hoc tap déi vdi hoc sinh.
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Ung dung cong nghé s6 trong gido dyc gop phan lim
phong phu ngudn hec ligu va tao dfng luc cho qud

trinh déi mdi phuang phdp day - hoc trong nha trudng

CHAO MUNG NGAY SACH VA VAN HOA DOC VIET NAM (21/4/2026)

Trén nén tang ndi dung chudn myc (i by
sach gido khoa K&t ndi tri thic véi cupc
s6ng da dugc lya chon la bd sach gido khoa
gido duc phd thong sif dung thdng nhat toan
quéc ti nam hoc 2026-2027, Nha xuit ban
Gido duc Viét Nam ph6i hdp cing ddi tac
chuyén ddi cac xuét ban phdm gidy sang
mai trudng s6, hinh thanh hé théng sich
gido khoa dién tlr tudng tac, vai kho hoc ligu
s6 phong phu phuc vu day va hoc.

Song song véi séch gido khoa dién td,
mot hé sinh thai hoc liéu s6 toan dién cing
dudc xay dung, bao goém ké hoach bai hoc,
gi4o 4n dién tl, bai gidng PowerPoint, video
bai giang tuong tac, ngan hang cau hdi, hé
théng bai luyén tap va cac bo dé kiém tra,
danh gia. T4t ca dugc thi€t ké theo hudng
déng bo, bam sat chuang trinh, gidp gido
vién ¢cé thém cong cu td chiic bai gidng hiéu
qua, déng thdi tao diéu kién dé hoc sinh hoc
tap linh hoat trén méi trudng s6.

Cau tric mdi bai hoc trén nén tadng so
van dap ung sy logic, mach lac, chudn muc
va chat ché, khoa hgc nhu sach giao khoa
truyén théng, nham dam bao viéc tich hgp
khéng cé quéa nhiéu hiéu (ng gay mat tap
trung, lam gidm vai trd6 dinh hudng tri thuc
cia sach gido khoa. Céc sdn phdm dugc
cung cdp trén Internet thdng qua hé théng
tén mién cla Nha xudt ban Gido dyc Viét
Nam khong chi la kénh phat hanh hoc liéu,
ma con la khéng gian hoc tap tryc tuyén noi
gido vién, hoc sinh, nha trudng va phu
huynh cé thé két ndi véi nhau trong mot hé
sinh thai thdng nhat.

Ban Truyén théng va Dai ngoai
(Nha xuat ban Gido duc Viét Nam)

.
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(NG DUNG QUAN BE GG DUBNG THANG
BONG QUY TRONG TAM GIAC

TRUNG HOC CO S =
Céc bai todn vé cc dudng thing déng quy trong
tam gidc hoc sinh da duge hoc tir nim 16p 7 & béc
THCS‘, sau d6 cdc em tiép tuc duoc nghién ciru va
tim hiéu sau hon & cac ndm hoc tiép theo.
Cédc bai toan vé cic dudng thing ddng quy trong
tam gidc dyra vao kién thirc da duoc hoc & 16p 7 la:
1) Ba dudng trung tuyén ciia mot tam giac cung di
qua mdt diém. Diém d6 cach mdi dinh cua tam

o . 8 3 2 1
giac mot khoang bang 3 dé dai duong trung

tuyén di qua dinh ay.

2) Trong mot tam giac, ba dudong phan giac cung
di qua mot diém, diém nay cach déu ba canh cia
tam giac do.

3) Ba duong trung truc cua mdt tam giac cung di
qua mot diém. Piém nay cach déu ba dinh ctia tam
giac va 1a tAm cua duong tron di qua ba dinh cua
tam giac do.

4) Ba dudng cao cia mét tam giac cung di qua di
qua mot diém, diém d6 goi 1a tryc tdm cua tam
gidc.

Dang 1. Quan hé ciia cic dudng thing déng
quy trong mjt tam giac

Thi du 1.1. Cho A4ABC véi AB > AC.Goi AD,
AM theo thir tir 1a dudmg phan giac trong, dudng
trung tuyén cia A4BC. Chimg minh ring;

AB+AC_BC<ADSAM<AB+AC,

Lo gidi. » Trén tia d6i cua tia MA ldy diém E
sao cho ME = MA.

Ta c6: AMAMC = AEMB (c.g.c) = AC = BE.

Tir 46: 2AM = AE < AB+ BE = AB+ AC
AB+AC

i il (1).

= AM <

« Ap dung bét ding thirc trong tam giac c6:
AB < AD + BD, AC < AD + CD.

Cong theo ting vé hai bét ding thirc trén dugc:

AB+AC-BC

AB+ AC<2A4AD+BC = < AD (2).

Khing dinh trén vin dang v6i D la diém bét ki
nim trén doan thing BC.
V& AH | BC (H € BC).
+Véi AB=AC thi AM = AD.
+Vé&i AB> AC thi BH >CH = BM <BH

= M thudc doan thing BH.
Lai cé ADB > ADC = ADB ts =D thu¢c doan
thing BH.
V& didm P trén tia 4B sao cho AP=AC,c6 P
thudc doan thing 4B. Suy ra:
AADP = AADC (c.g.c)=> DP = DC, APD= ACD.
+ Néu ACB <90° thi APD=ACB <90°

— BPD 290° 2 ACB > PBD = BD > PD=CD
= BM < BD = MH > DH = AM > AD.

+ Néu ACB >90°, xét twong ty trudng hop trén,
tuy nhién lic ndy c6 BPD = ACH > ADC > ABC
(g6¢ ngodi tam gidc).
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Suy ra: BD> PD=CD = BM < BD
= MH >DH = AM > AD.
Viy moi trudng hop ta déuco AD< AM (3).

B N w L&
Tar (1), (2) va (3) ta suy ra diéu phai chirng minh,
Néu dudng cao, dudng trung tuyén, dudng phén
gidc trong xuat phat tai ba dinh khéc nhau cia mat
tam gidc, khi d6 ta c6 bai toén sau:
Thidy 1.2. Cho A4BC ¢6 3 goc nhon, dwong cao
AH, dwomg trung wvén Bl, dwong phan giac trong
CK cat nhau tai ba diém phan biét D, E,F.
Chimg minh ADEF khéng thé la tam gidac déu.
Léi gigi. Gia st ADEF déu, ta c6 CDH =60°
nén HCD =30°. Tud CK la phan giac ACB nén
ACD =30°.Ta c6 CFI=DFE = 60°.
Xét ACFI c6: CFI =60°, FCI =30°

= CIF =90° hay BI 1 AC,
Xét AABC 6 A
Bl via 1a
dudng cao vira la

I
duc'{ng trung k(b E

tuyén nén E

AABC can tai [ —

dinh B. B H c

Ma ACB=60°, do d6 AABC déu. Suy ra
AH,BI,CK déng quy tai mdt diém hay
D, E, Ftring nhau (trdi voi gia thiét), viy
ADEF khong déu.

Thi dy 1.3. Cho AABC c6 duing trung tuyén
BM , dwong phan giac trong CD cat nhau tai K.
Vé AH 1 BC (H € BC). Cho biét KB=KC(C.
Chirng minh rang KM = KH

Ldi gidgi. Xét AAHC vubng tai H ¢6 M 1A trung
diém caa BC. Suy ra MA=MH = MC.

2 T?Q!r“uggce S48 586 (4-2026)

Suy ra AMHC céan tai M nén

MHC = MCH =2.KCB (1).
Lai co m=@+m (g6c ngoai cia
AMHB) (2).
Tkt KB=KC nén AKBC céan tai K, do dé
KCB=CBM (3).
Tir (1), (2) va (3) suy ra CBM = HMB .

Suy ra AHBM cian tai H Do d6
BH = HM = MC.

Xét ABHK va ACMK co6:

BK =CK, HBM = MCK, BH = MC.
Suy ra ABHK =ACMK (c.gc). Suy ra
KM =KH.

Thidu 1.4. Cho AABC c6 duong trung tuyén BM
va phan gidac trong CD cdt nhau tai K sao cho
KB =KC. Biét BAC =105°. Tinh ABC va ACB.
Loi gigi. V& AH | BC,H € BC , ndi H véi M
khi d6 MH = MA = MC,

Suy ra MHC =MCH =2.BCK.

Theo gidi thiét KB =KC = KBC = KCB.
Viy ¢6 MHC =2.KBC (1).

Mit khic MHC = KBC + HMB ().

Tir (1) vd (2) nén KBC = HMB.

Suy ra AHBM cén tai H nén MH = HB.

— |

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

+ Néu HA>HB lac d6 ABH > BAH
BAH <45°va ABH >45°,
Do B/A\H + 62171 =105° nén 64?1 > 60°.
C6 AAHM cén tai dinh M suy ra:

AHM = HAM > 60° = AMH < 60°,
Do d6 HA <MH = HB (méau thufn).
+ Lap ludn tuong ty néu HA < HB, ta ciing c6
diéu mau thuin.
Vay HA = HB = AAHB vubng can tai H.
Suyra ABC =45°, ACB = 30°.
Nhdn xét.  Thi du trén 13 bai toan ddo cua bai
toan: Cho AABC ¢6 BAC =105°, ABC =45°.
Biét duong trung tuyén BM va phén gidc trong
CD cat nhau tai K . Chirng minh KB =KC.
Khi mgt tam gidc c6 mdt dudng cao, hai duong
phén gi4c trong xuit phat tai ba dinh khac nhau, ta
c6 bai toan sau:
Thi du 1.5. Cho AABC voi AB> AC. Goi AH
la duong cao ciia tam gide (H nam giita B va C).
Puong phan giac trong cua ABC va ACB cdt
AH theo thir twe tai E va F. Chung minh rang

BE > EF + FC.

Loi gidi. Goi 1 1a giao diém cia BE va CF thi

EfTJ:éZI:_IZ.B]E

F|

B H C
Xét AABC cb6 AB > AC nén ta co:

Z‘>f§ :>9O°—(A,‘<90°—§ :>(,/‘A\H<FA\H
:@+ETH<2§E\H:E42‘<2I§Z\H.
Sty %m<m:@<@.

Do d6, tia AI cét doan thing BE tai I. Ta c6
BE =BI +1E.Do d6 B va I nam cing phia ddi

v6i dudng thing AH, diém B va C nam khac

phia d8i véi AH, nén C va I nim khac phia doi
véi dudng thing AH.
I va C. Suy ra

Suy ra F nam giira

Gl =1F + FC.

Tur §<6:>IB/E'<I/C§:>BI>CI
—=BI+]E>CI+IE=IF + FC+IE

= BE>(IE+IF)+FC=BE>EF + FC.
Thi du 1.6. Cho AABC ¢6 3 goc nhon, cac duong

cao AH, trung tuvén Bl va dwong phdn giac trong

CK dong quy. Chirng minh rang ACB > 45°,

Léi gigi. Goi Hx 1a tia di cua tia %
HC. Trén tia Hx lay diém E sao f
cho HC = HE. //

Gia st ACB < 45°, thi
ACE = AEC < 45°

= CAE > 90°.
Ta s& ching minh
CAB > CAE .

Goi O 1a giao diém cia AH, BI, CK;goi F la
giao diém cia OF véi AC.

Xét AAEC ¢ CAE > ACE, nén EC > EA.

Ta c¢6 O la giao diém ba duong phan gidc trong

cia A4EC. Suyra CF > AF nén CF >A—2C.

Lai c6 I 1a trung diém AC. Suyra CF > CI, nén
I nim giira diém C va diém F.

Xét ACEF c6 1 nam gitra hai diém C va F, O
nam giira diem E va diém F suy ra B thudc tia
Ex.Do a6 CAB > CAE, ma CAE >90°.

Suy ra CAB>90° (trai v6i gia thiét AABC 1a
tam giac c6 ba goc nhon). Vay ACB > 45°.

Thi du 1.7. Cho AABC vuong tai A, duong cao
AH, trung tuyén BM va phdn giac trong CD ddﬁg

X ; AC
quy tai mot diem. Tinh ti sO —.
BC

TOAN HOC
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Loi gidi. Goi O 1a giao diém cua AH, BM, CD.
Qua diém M vé MN // BC, N € AH.

TY AOBH ¢b 4
MN i/ BH, suy ra ; /ﬂ'\
MN OM D/ '
S . SRl 3 N
BH OB’ ,//l\/o =

y -
- CH _oMm
2BH OB

BCM, nén —_—=
OB BC 2BC
. CH AC
Do a6 — == e
BH _ BC < AC.BH = BC.HC (1).

Laico AC* =BC.HC (2).
Do d6 AC? = AC.BH hay AC=BH.
Thay vao (1), suy ra:
BH® = BCHC < BH* = (BH + HC).HC

< HC? + BH.HC — BH? = ()

(HC)Z HC
&lz=1 13214
BH ) ' BH

Gy o BBl
BH 2

AC = BH) ma theo (1) suy ra:
HC _AC _ AC _\5-1
AC "B€ B 2
Thi du 1.8. Cho AABC khéng can tai A,

( A <90°). Puong trung truc cua cdac canh AB,
AC theo thir tir cat trung tuyé'n AM tai E, F. Go‘i K
la giao diém cia BE va CF. Chimg minh rang
AKB = AKC, MAB = KAC.

Loi giai. Khong mit tinh téng quat gia sir
AB > AC.

Do BAC <90° suyra AM >BM =CM.

e Goi X,Ytheo ther ty la chin dudng duong
vudng goc ha tir dinh A 6i BE, CF;goi Z, T
theo thir tu 12 chan duong vubng goc ha tir dinh
B,C t6i AM.

TOAN HOC
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Ta c6: AABEcan tai E, AACF can tai F,
AMBZ = AMCT (g.c.g), suy ra:
AX =BZ =CT = AY va AKX = AKY.
Do d6 AKB =180° - AKX =180°— AKY = AKC.
* Goi L la giao diém cua AK véi dudng trung
truc cia AC, suy ra Z;I\F=L/C¥'
Xét AAEK va ACLK cé:
LAF = LCF, 4KB = AKC nén AEK = CIK.
Vay 180°— AEK =180°— CLK => AEB - ALC.
Laicé AAEB cantai E, AALC can tai L.
Do d6 MAB = KAC (dpcm).
Thi du 1.9. Cho AABC khong cin. Keé cac dirong
trung tuyén AA', BB', CC': cdc dwong cao AH,
BF, CK. Biét rang CK =BB', BF = A4". Tinh &
: €€
30—
AH
Loi gigi. Khong mit tinh tong quat, gia su
BC> AC> AB =1 (don vi).
Goi M la trong tim AABC, vé A'E 1 AC,
B'Q L AB (E e AC, Q< 4B).
Taco: A'E =—1-BF =—1—AA'.
2 2
’ l ’ a \ a
Xét AAA'E vubng tai E, A'E =;AA nén 1la mét

tam gidc nira déu, suy ra A'AE =30°.
Tuong ty ta c6 B'BA=30°.C6 A'B' Il AB, suy ra:
A'B'M = B'BA=B'AM =30°,
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Xét AB'A'M va AAA'B' co:
AB'M = B'AM =30°,
AB'A'M « A4A'B' (g.g).

A!B! [
Y- - R A'B? = A4 A'M.

BAM chung nén

Dodd A'B? =34M* = A'B'=\3.4M.
A'B' A'M
sin A'MB' sin m

A'B'  sin A'MB'
= =

A'M sin30°
= A'MB' =120° hodc A'MB' =60°.
« Néu A’MB' =120° thi AA'MB’ can tai M.
Suy ra A4'=BB' nén AC=BC (miu thudn véi
AC < BC).
« Néu AMB =60° thi BAA=AAB=90°
B'BA =30°.
AB' = AB =1.
Do d6: AC =2.4AB=2;BAC =120°.
Suy ra AAKB' 14 tam giac déu. Do d6 c6:
AK = AB'= AC:2=1, C'K=1+0,5=1,5;

Xét AA'B'M co:

=3 = sinAMB' =

V3
2

Suy ra ABAB' céan tai 4, nén

CK =3 = CC™? =CK? +CK* =3+1,5 =34l
=>CC'=-‘/§—_1va AA’=%CK=—‘/2:3—.

Mit khac, AAA’'B vudng tai 4, AH | BA'.
Suyra: AH.A'B=AA'.AB

o g = AAAB _V21
\/(AA’)2+ABZ 7
Do @6 £§—=—7-
A 2

Dang 2. Quan h¢ gitta cic dwing thing ddng
quy trong nhiéu tam gidc

Thi dy 2.1. Cho AABC vudng tai A, duang cao
ALl Goi P, Q theo thir tie la giao diém cac duong
phan giac trong cua hai tam giac AHB, AHC.
DPuong thang PQ cat AB tai E va cit AC 1ai
F. Chitng minh rang AE = AF.

Loi gidgi. Cach 1. Goi tia BP cit CQ va AQ lan
luot tai K va M; tia CQ cit AP tai N.

B H D C
Ta c6: AK 1a tia phan giac cua BAC (1).

BAH = ACH (2).
Suy ra BAP = ACN. Do do:
CAN + ACN = CAN + BAP =90°nén AP L CN.
Ching minh tuong tw c6 AQ L BM.
Xét AAPQ c6 AP LON, AQ L PM nén K la
truc tdim AAPQ, suyra AK 1 PQ (3).

Tu (1) va (3) suy ra: AAEF can tai 4, nén
AE = AF.

Cich 2. Goi tia AQ cit BC tai D.
Theo (2) c6 BAH = ACH. Suy ra:

ADB = ACD + CAD = BAH + HAD = BAD.
Vay AABD can tai B ma BP la duong phan
giac ciia ABD nén BM L AD.

Tuong twr c6 CN L AP.
Tir d6 1dp luén theo cach 1) ta cé6 dpem.

Céch 3. Ta cb: 1”:‘-1\Q=—;-BAH+%CAH =45°,

Mit khéc: 40N = CAQ + ACO

L + L ach = 45,
> )

Xét AAON c6 PAQ = AQN = 45°,
suyra ANQ =90° do 46 CN L AP.

TOAN HOC
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Chimg minh twong tr c6 BM L AD. Tu d6 1ap
luén theo cach 1) ta ¢c6 dpem.
Cich 4. Trén tia AB ldy diém E', trén tia AC
ldy diém F' sao cho AE'= AH = AF".
Suyra A4E'F' vudng cin tai 4, nén

AE'F' = AE'F' = 45°,
Goi E'F' cit AP, AQ lin lugt tai P', Q'. Ta cé:
AAP'E'=AAP'H (c.g.c).
Suyra AHP'=45° ma AHP =45°.
Dodé P=P'. Tuongte Q=Q'.Suyra E=E' va
F=F' Vay AE = AF.
Nhdn xét. Bai todn c6 K wvira 1a giao didm ba
dudng phan gidc trong cia AABC vira la truc tAm
AAPQ.
> Sunc:
Thi du 2.2. Cho AABC vuong tai A, duong cao
AH. Goi 1, 1,, 1,

tiep

Ngoai ra chimg minh dugc S, . <

lan heot la tam dwong tron noi
ABC, AHB, AHC. Chimg
minh rang ban kinh diromg tron ngoai tiép All, 1,

cac tam gidc

bang ban kinh dwong tron ngi tiép AABC.
Loi gigi. Goi E,F lan luot 1a giao diém cua
Al, Al, vé6i BC.

Ta co: BAF=§—E4=71_C\B+%I/-L:1\C.
Suy ra AABF can tai B.
Tuong ty AACE céan tai C.
Vay BI L AF, CI 1 AE.
Ap,
,7,

/ ,I
/// - —3 B i S L .
T A R >
Do d6 BI, la dudng trung tryc cia AF, CI, la

dudng trung tryc ciia AE.
Suyra I,AC =1,EC. Laic6 [,AC = IBC.
Suy ra LEC=IBC, do d6 IBI El,,

Bl L AF = EI, L AF (1).

6

ma
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Lap luan tuong tw cé FI; L AE (2).
Cé I la giao diém hai dudng trung truc cua doan
thing AE va AF. Suy ra I 1a tm dudng trop,
ngoai tiép AAEF.
Ve IM LEF,M e EF ta ¢c6 ME=MF, IM =,
(bén kinh dudmg tron ndi tiép A4BC) (3).
T chc tam gidc ABF va ACE cén, nén

EF = AB+ AC - BC =2r (4).
Tir (3) va (4) suy ra AIEF vubng cén tai / (5).
T (1), (2) va (5), suy ra EF la dudng kinh cia
duong tron ngoai tiép All L.
Suy ra ban kinh cia dudng tron ngoai tiép Al 1,
bang r.
Viy bén kinh dudng tron ngoai tiép AL, bing
ban kinh dudng tron ndi tiép AABC.
Thi du 2.3. Cho AABC vuong tai A, duong phan
giac trong AD. Goi M, N theo thir tw la hinh
chiéu ciia D trén hai canh AB, AC. Goi BN cat

CM tgi K: AK cit DM tai I. Tinh s6 do BID.
Loi gigi. Truong hop 1. Xét AB < AC,khi do
diém I nim giira diém M va D. Goi E la giao
diém cia BN vi MD; F 1a giao diém cia CM
va DN. Ta ¢c6 AMDN 1a hinh vuéng. Ap dung
dinh 1i Thalés, ta c6:

MF BD BM BM ME

FC DC MA DN ED
Suyra EF // CD hay EF /I BC (1).

.

Ap dyng dinh li Thalés, ta cé:
AN DN NC NF NF
AB AB AC AM AN’
Suy ra AANF « ABAN (c.g.c).
Do d6 NAF = NBA, suyra AF 1 BN.
Ching minh twong ty c6 AE L CM.
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Xét AAEF c6 AF L BN, AE1 CM. Suyra K
a tryc tAm AAEF nén AI 1 EF (2).

Tu (1) va(2)cé6 Al 1L BD ma DM 1 AB.

Suyra I latryc tam AABD.

Do d6 BID =180°— BAD = 180° — 45° = 135°,
Truong hop 2. Xét AB> AC , khi d6 D nim giira
M va I.Ching minh tuong tu truong hop 1) ta
dugc BIIB =45°,

o
R P
'

9
Truong hop 3. Xét AB = AC,khi d6 D=1 nén
BID khéng xac dinh.
Vay: + Néu AB < AC thi BID =135°,

+Néu 4B > AC thi BID =45°.
Thi du 2.4. Cho A4BC. trung tuyén AM. Goi O,,
O, theo thir te la giao diém cua cac dwong phan
giac trong hai AABM va AACM.
Chirng minh rang: AB = AC < MO, = MO,.
Loi giai. a) Gia st A4ABC can tai 4, suy ra
AAMB = AAMC (c.c.c).
vée OH L BM,0,K 1 CM (H,K € BC).

Suyra O,H = 0,K, AMH = AMK =90°.
Do @6: AOMH = AO,MK (g.c.g).
Suy ra MO, = MO, (dpcm).

b) Nguoc lai, gia st MO, = MO,, ta chung minh
AB = AC.

An
0, ~
e .0,
r s ! / “,.’ "
o B - B » o 3 = B
B H MK C

Gia sir AB < AC, goi 1 la khoang cach tr O,
dén cac canh cia AAMB; r, 1 khoang cach tir
O, dén céc canh cia AAMC;goi p;,p, lan luot
1a chu vi cia AAMB va AAMC. Do AB< AC
nén p <p,. Laico: Sy, =Sue = Pl = P2tz
Suy ra: 5 >», (1). Td¥ MO, = MO, nén AMO,0,
vubng cén tai M. Suy ra: m = W

Do d6 AOMH = AMO,K (canh huyén — géc
nhon). Suyra AM =0,K =r, (2).

Xét AMAB va AMAC co:

MB=MC, AB< AC

MA  chung,

(gia sa) suy ra
AMB < AMC, ma AMB+ AMC =180° nén ta cé

AMB <90°. Do d6: O,MH < 45°, MO,H > 45°.

Xét AOMH c6: O,MH <MO,H
nén 1, =OH <HM (3).
4.
Ta ¢6 (1) va (4) mau thudn véi nhau. Viy khong
xayra AB< AC.

Tr(2)va(3)suyra , <n,

Lap luén twong tu 4B > AC ciing khéng xay ra.
Viy AB=AC nén AABC cantai A.

Thi du 2.5. Cho AABC va dudng phdn giac trong
AK. Biét giao diém ba duwong phan giac trong cua
A4BK 111‘4}zg vGi giao diém ba dwong trung truc
clia AABC. Tinh 56 do cdc géc cia AABC.

TOAN HOC

S6586(4-2026)  * Clugifpe /

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

Loi gidi. Goi O 1la B
giao diém ba dudng
phdn gidc trong cua
AABK,

Dat 5A\B=a nén

OAB = 04K =a;
OBA = OBC.

Do O dbng thoi la
ciing 13 giao diém ba

%
/;)//

dudong trung truc
AABC nén A C
OAB=0BA=a.

Suy ra: 6?3:5134:6%?7:0’53:6?47{:0:.
Do AK 1a phén giéc BAC nén BAK = CAK =2a.
Mat khéc, do 04 =0C, nén AOAC can tai O
nén (iR’=5C\A=3a.

Vay ABC =2a, BAC = BCA = 4a.

Xét AABC c6: ABC + BAC + BCA =180°

=2a+4a+4a=180° = a =18°.
Vay: ABC =2.18°=36° BAC=BCA=4.18°=72°,
Thi du 2.6. Cho AABC c6 M la mét diém nam
trong tam giac. Goi P, Q, R, H, G lan luot la
trong tam cua cdc tam giac MBC, MAC, MAB,
POR, ABC. Chirng minh ba diem M, H, G thang
hang.
Léi gidgi. Goi D, E, F 1in lugt 13 trung diém cta
BC, CA, AB thi AG di qua trung diém cta EF,
BG di qua trung diém I cia DF nén G 1a trong
tam cua ADEF. Goi J la giao diém cia MI va
MR MP 2
p — =——=—nén PR/ DF.

PR. Taco MF _MD 3
Xét AMDF c6 PR // DF, ap dung dinh ly Thalés

. JR M 2P
cod = D

2 MI M
M2 yaies ML 2 10

Ml 3 ME 3 Ml ME'
Do d6 JQ / IE. Goi K 14 giao diém cia JQ va
MG.

3

Ma ID=IFsuyra JP=JR,

TOAN HOC
* cTudilpe
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>~

—e,

c
Lai c6 QJ la duong trung tuyén cia APQOR, nén
K 1a trong tam cua APQR.

Dodé K = H. Vaybadiém M,H,G thing hang.

MOQT SO BAI TOAN TUONG TU

Bai 1. Ba xudng mdy nam & ba dinh cia A4BC,
c6 d¢ dai canh 1a BC=a=12km,
AC=b=1,0 km, AB=c=0,8 km. Céng nhén &
ba xuéng may & chung trong mot nha tip thé dat
tai giao diém O ba duong phén giac trong cua
AABC. Hiang ngay mét 6 t6 dua céng nhan tir nha
tap thé dén ba xudong may rdi tro vé& O. Hoéi 6 6 di
thep cach nao thi tong do dai quéng dudmg 12 ngin
nhat?
Bai 2. Cho A4BC nhon, duong cao AH. Goi E
va F 1a cac diém d6i xing cia H qua céac canh
4B, AC. Goi M, N lan luot 1a giao diém cua
EF v6i AB, AC.
a) Ching minh réng: 4H, BN, CM 1a céc dudng
phén giac trong cia AHMN.
b) Chimg minh ring: 4H, BN, CM 1a cic duomg
cao cua tam giac A4ABC.
Bai 3. Cho A4BC va cic duong phan giic trong
AD, BE, CF cia AABC véi De BC, EeCA,
F € AB. Chitng minh ring:

DE 1 DF > BAC =120°,

Bii 4. Cho AABC ¢6 BAC =45°, dudng cao BD
vi CE cit nhau tai H. Goi / 1a trung diém cua DE.

Chimg minh ring dudng thing HI di qua trong
tim AABC.

cac

(Nem n‘ép trang 24)
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HUONG DAN GIAI PE THI CHON HOC SINH GIOI

LOP 9 TINH THANH HOA
Nam hoc 2025-2026

Cau 1. Rut gon biéu thirc:

M =[~\‘+2\/§+4+ .\~+2\/?+1)

\\/: -8

x—1
.[3\/7—5+ 23/x +10
1Al <2 x+6yx +5

wi X2 0:x#13:4.
\/;+1
)

Cau 2. Cho da thirc P(x)=x"+6x>+ax+b

Dip s6. M =

véi a, b la cac s6 hitu ti théa man P(1- \/5) =0.
Tinh gia tri cia biéu thirc:
0=17.P(3)+12.P(2) +2025(a + b +35)*°% +54.
Ddp s6. 0 =2026.:
Cau 3. Giai hé phuong trinh:
{)»\/}3+y2=x—1 (1)

Ix—-2-2Jx-2)2y-D) =x-2y (2)

HDG. PK:x>2;y > -;: Liy (2)-(1) theo vé va
bién d6i ta dugc:

(2vx-2-y- 2y—1)(—/2y-1 +y)=0.

Giai

cac truong hop 2y—-1=y va

2Jx—2=y+,[2y—1 két hop véi DK ta dugc

nghiém cua HPT 1a: (x; ) =(2;1); (%) =(3;1).

Cau 4. Goi X la tap hop cdc $6 ti nhién ¢6 5 chir

50 phan biét duoc lap tir cac chir $6 1:2:3: 4: 5.

Chon ngau nhién mét phan tr cia X. Tinh xdc

suat dé phan tir d6 la mét s6 nhé hon 45000.

Lo gidi. S6 phan tir cia tap hop X 1a:
1-2-3-4.5=120.

Goi A 12 bién cb “Chon duge mdt phan tir cha X

12 mot s6 nhé hon 45000”.

Phan tir can chon ¢6 dangaa,a;a,a; (VOi a;
ay; ay; a,; asef{l;2;3;4;5) va a;; ap; a5
a,; as d6i mot khac nhau).

Vi phi‘m tir dugc chon 1a mot s6 nho hon 45000,

nén aq, <4, do do6 ta cé cac truong hop sau:

* Truong hop 1: a, =4,c6 1 céch chon q,. Khi
d6 ta c6 a, <5, suy ra c6 3 cach chon a,. S6
cach chon a,;a,;as va sap xép vao 3 vi tri con
lai 1a: 1.2.3 = 6 (cach).

Suy ra truong hop ndy cé: 3.6 =18 (cach chon
phén tir).

« Truong hop 2: a, < 4, khi d6 q, € {1;2;3} nén cé
3 cach chon gq,. Sé cach chon 4 chir s
a,;0y;0,;05 Va sép xép vao céc vi tri con lai 1a:
1.2.3.4 = 24 (cach).

Suy ra trudong hgp ndy c6 3.24 =72 (cach chon
phan tir).
Suyra: n(A4)=18+72=90.
Do d6 xac suét dé phén tir dugc chon 1a mot sb
nho hon 45000 1a: P(A) = =9 _ ;7’.

120 4
CAu 5. Chitng minh rang néu cdc so tw nhién
man

a,b,c thoa

ab®> +b =(a+ l)cz +cthi
ab +ac +1 la s6 chinh phirong.
Loi gidi. Ta co: ab® +b=(a+1)c* +¢
<:>a(b2—c2)+b—c=c2@(b—c)(ab+ac+l)=cz.
Pit d =(b-c;ab+ac+1) (véi d eN")

b-c):

sflrelid g )

(ab+ac+1):d

Vi (b-c)(ab+ac+1)=c* = c*id* = cid.

Do (b ~c)id > bid = (ab+ac)5d.
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Taich: {(“““):d S is gt

(ab+ac+1)id
Vay b—cva ab+ac+1 12 hai s6 nguyén t6 cing
nhau, ma (b-c)(ab+ac+1)=c* 1a sé chinh

phuong nén timg s6 (b—c); (ab+ ac+ 1) 1a cac
s chinh phuong.

Clu 6. Ba xe 6 16 cimg xudt phat tie dia diém A
dén dia diém B. Mdi gio, xe thir nhat di dwoc
nhiéu hon xe l/m hai 15 km, nhiéu hon xe thir ba
5 km. Biét mng xe thir hai dén B cham hon xe
thir nhat 28 phut, cham hon xe thir ba 20 phit.
Tim toc do timg xe (xem nhir toc do tung xe la
khong doi trong suat hanh tr inh).

Dip sé. Téc d6 cua xe thir nhat 13 75 km/h, tdc

d6 cua xe thir hai 1a 60 km/h, téc do cua xe thir
ba la 70 km/h.

Cau 7. Hai bé ca hinh tron lin lieot ¢o tam A,

ban kinh 1r=10m va wm B, kinh

p=20m, AB=60m, ¢ gan mot con kénh co

ban

bo la mot duong th(?ng d song song véi AB.
I\hoang cach nir A, B dén bo kénh la 40 m. Nglrm
ta can chon mét vi tri M trén b(r kénh dé lap may
bom nuéc dén hai bé. Cac ong dan nuée MN,
MP la cdc doan thang néi tie M dén mép bé
(tham khao hinh vé). Hoi t(jrrg g“gﬁ ‘ddi 2 (511g dan
nuéc nho nhat la bao nhiéu (biét rang chenh léch
vé dé cao cta cac bé so véi bo kénh la khoéng
ddang ké)?

H M {f d
N i

‘/
o 60 B )
\ /

Léi gigi. Dung dudng tron tam C d6i ximg véi
dudmg tron tm A4 qua dudng thang d. Goi N’ 1a
diém déi xtmg v6i N qua dudng thing d. Khi dé
N'e(C), MN = MN'. Goi E, F 1an lugt 13 giao
diém cua BC vé6i dudmg tron (B), (C).

T?lé{_ﬂu:gce S6 586 (4-2026)
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MN'+N'C2MC —~ |MN'+75 > M
— MP+r,+ MN'+1; 2 BM + MC 2 BC

=>MP+r+MN+n2rn+n+EF

= MP+MN 2 EF. Nén MN + MPnhé nhit |,
bing EF. Dau “=" xdy ra khi M 14 giao diéy
cia BC véi dudng thing d, céc diém P=f.

MP + BP > BM MP+ 1, > B
2 { =

N'=F;N la diém d6i ximg cia F qua dudmg
thing d. Khi d6 M 14 trung diém ctia HK nén:
MH = MK =30 (m) = CM = MB =/CH? + HM’
=CM =MB=vCH* + HM?

=302 +40° =50 (m)

&

X

\ \{;“\AI
i \
\ \ \
| AN
H b R k.. ad
M ;
Y !
40m /N N\ ;
1 / \  \E-~ T
| J \\ P ! N
i / /P |
L AT
4 ) eom | R

Téng d¢ dai hai 6ng din nuéc nho nhit 1a:
EF=(CM—11)+(BM —r2)

=(50-10) + (50— 20) = 70 (m).

Vay tong d6 dai 2 6 ong nudc nhéd nhét bang 70 m.

Cau 8. Hinh vuong ABCD ¢6 O la giao diém cua

hai dwong chéo, K 13 trung diém ciia OB. Buong
tron tam D ban kinh DA va dicong tron dmmg
kinh AB cdt nhau tai diém E khac A. Tia EO ¢y
AD tai M, cat tia CD 1qi F.

a) Chimg minh: Hai tam gidge DEO v DBE d’ono
dang va diém F thugc dwong tron tim D ban
kinh DA.

b) Ching minh: OA.AB = AK AF
OFE

va tinh u s

Loi gidi. a) Ap dung hé thie lugng trong tam
gidc vudng DAB ¢6 A0 1a duong cao, ta cé:
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DO.DB = DA* = DE? (vi DA = DE) 20 DE

: DE DB
F

" S
|

Y N
| € |

- K
| )
AT a

Xét tam gidc DEO va DBE cb géc BDE chung va
DO _DE
DE DB
Vi diém E thudc dudng tron dudng kinh AB nén
AEB =90°. Goi H 14 giao diém cta BO va AE, ta
c6: ABHE « AAHO (g.g) = &= _ EE—
HO HA
Lai c6: OHE = AHB (dbi dinh)
— AAHB « AOHE (c.g.c) = OEA = HBA.
Ma HBA =45°(do ABCD 1 hinh vuéng) nén
OEA = 45°. Suy ra:
OEB = OEA + AEB = 45° +90° = 135
ODF = FDA + ADO = 90° + 45° =135°
— OEB = ODF. Xét tam gidc OEB va ODF, c6:
EOB = DOF (dbi dinh) va OEB = ODF (chimg
minh trén)
— AOEB » AODF (g.g) = OBE = OFD (2).
Tir (1) suy ra: DEF = OBE (3).
Tir (2) va (3)= OFD = DEF nén ADEF can tai
D = DF = DE = DA.
Vay F thudc dudng tron tim D ban kinh DA.
b) Do F thudc dudng tron tdm D ban kinh D4 va
F thudc CD nén CF la duong kinh cua dudng
tron tam D ban kinh DA. Vi diém 4 thugc duong
tron dudmg kinh CF nén FAC =90°.

= ADEO « ADBE (c.g.c) ().

Xét AAOB va AFAC cb FAC =AOB =90
OAB = FCA = 45° = AAOB © AFAC (g.g)
_OB_AC _ 2BK _20C__ BK _OC

A8 FC AR  FC T 4B FC
Lai c6: KBA=OCF =45°nén A4ABK » AFCO
(c.g.c) ma FOC = AOB (d6i dinh), nén suy ra
AKB = AOE.
Két hop véi ABK = AEO = 45° suy ra:

04 KA

AABK » AAEO (g.g) => —=— (4
(g-2) BF AB()

s OA.AB = KAAE.
« Tinh ti s6 %. Xét AMOAva AMAE c6: M

chung, OEA = MAO = 45°
MO _MA _OA

= AMOA» AMAE (g.g) > —=—7==
MA ME AE

MO MA (04 MO _(04Y
= : - = = (5).
MA ME \ AE ME \ AE
Dit OA=0B=x (x>0),tacé AB=2x.
Ap dung dinh 1y Pythagore vao tam gidc vudng

2
AOK, ta cb: AK? = 04* + OK? = 04> +(92§.]

¢ g
=x2+(§] =Zx2 (6).

Tir (4), (5) va (6), ta co:

2 é)’.‘2
MO_(AK)_AK2_4 _5_OE 3
ME \(AB) AB* 2x* 8 ME 8
vay 2E _3.

ME 8
Cau 9. Cho hinh chit nhat ABCD, c¢o

AB=60cm, BC=70cm. Trén canh AB l(i'_r
diém E. tén canh BC ldy diéem F sao cho
AE =20 cm, BF =30 cm. Cac diem H, G lan
lieot di dong trén cac canh AD, CD. Tim gia wri
nho nhat cua tong EH + HG + GF.

Loi gigi. Gia st AH =x (cm); GC =y (cm)
(0<x<70; 0<y<60).

Tacod: EB=60-20=40; HD =70-x;

TOAN HOC
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CF =70-30 = 40; DG =60-y;

HE =JAH? + AE? ={* + 20°;
GF =\CF? + CG? = \[}* +40%;

GH =HD? + DG? = J(70 —x)" +(60-y)".

A 20emE  60cm B

i ! |

|/ 30 cm
H

| F

1

70cm /
L N

Ta cé: FG+GH+HE=\/y2 +40°

+J(70 -x) + (60— y)* +x? +20% ().

Ta ching minh dugc:

Va? + 2 +m? + 2 2\/(a+m)2 +(b+n)2 (*).
Déu “=" xay ra khi: an = bm.
Ap dung bit ding thirc (*), ta co:

Jyz + 407 +J202 § 52 2\/(),4.20)2 +(40+x)2 (2).

Déu “=" xay ra khi: xy = 800. Ta lai c6:

J(y +20)° +(40+ x)* + \/(60 ~y) +(70-x)?

>+/80% +110% =10185 (3).
Déu “=" xay ra khi:
(y +20)(70 - x) =(x +40)(60 - y).
Tir (1), (2), (3) suy ra: FG + GH + HE >/185.
Déu “=" x4y ra khi:

xy =800
(y +20)(70 - x) = (x +40)(60 - y)
sl _anu
(thod min).
320
Rk | :
Vay téng EH +HG+GFnhé nhit bing
10V185 cm.
C 2
12 ng?uglge S3 586 (4-2026)

Cau 10. Mot hedi 6 vuong kich thieoe12x12, £om

144 6 vuong nho b(fng nhau. To mau mo; ¢ boi
mot trong ba mau: do, vang, xanh ng' v sao cp,
m&' 6 dicge t6 boi diing mot mau (/'“‘”/1’ Ve Mminj,
hoa). Chirng minh rang (on tai it nhat bon 6 diege

(6 cling mau nam o bon goc cua hinh chir nhdr,

ERREESERE

ERGEECNNEERS
T B . Gl R i
‘\ =i ok ] r_‘l i
BEN | |
»
bl
|

4

|

|

|

}mu- N
4

1

B o e | |
1
{

|
aEE
! ! !

i |
]
i

! ]

)

U W S .

Loi gigi. Ta s& dém tong sb cdp (X;X) & méi

cot. Goi a,;ay;...;a,, twong img 14 s hugng 6 X

trén cft 1; 2; 3;...;12 cua bang.

Taco: m=a, +a, +...+a;, 248 va & cot thi i
a —1 2

co: 2 (”é ) a8 g (X;X).

Téng sb cap (X;X) trén toan bang Ia:

g 2 2
S_E[al +a," +...+a, —(al+a2+...+au):|.

Ap dung bét ding thic Bunyakovsky, ta cé:

111 2
s za[ﬁ(al +ay +...+ap,) —(a, ta; +..+ap )]

<A (ﬂ -1|272.
2 12
M&i ciip (X; X ) trén cing mét cdt thude vao hai

hang thtr i,k nao d6. S6 cich chon hai hing
Gik) 1a: 12.11

=66 cach. Ma c¢ it nhdt 72 cip

(X;X) nén tdn tai it nhit 2 cdp (X:X) cung &
hai hang (;4) nao dé.

D}éu ndy c6 nghia 1a tdn tai it nhét 4 & mau xanh
nim & bén goc cua mdt hinh chit nht.

Viy tdn tai it nhit bdn & duge 16 cing mau la
bén géc clia mét hinh chir nhat.

HA VAN NHAN
(GV THCS Hodng Xudn, Hodng Hod, Thanh Hod)
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PE THI THU VAO LOP 10 THPT CHUYEN
Thoi gian lam bai: 150 phit
Nam hoc 2026 - 2027

Cau 1 (2,0 diém)

a)Giaswra, b, c, x, y, z 14 cac s thuc khac 0 thoa

.. a b ¢ X
man—+—+—=0 vé—+1+£=l.

xX y z a b ¢
Chimg minh ring
2 2 2
x z
—+Xz—+—2=l.
a b° ¢

b) Tim tit ca céc sd thuc x, y, z thoa man:

x\/l—y2 +y\/2—z2 +zx/3—x2 =3,
Cau 2 (1,5 diém) Ching minh ring v6i mdi sb
nguyén n > 6 thi sb

2.6.10...(4n - 2)
(n+5)(n +6)...(2n)

a,

13 mot s chinh phuong.
Cau 3 (1,5 diém) Cho a, b, ¢ 1a céc sb thuc
dwong thoa min abc =1. Chimg minh rang:

1 1 1 3
+ + <=
ab+a+2 bc+b+2

ca+c+2 4
Cau 4 (3,5 diém) Cho hinh binh hanh 4ABCD c6
CB = CA. Goi M 1a diém bt ky trén tia ddi ciia
tia BA. Duong tron ngoai tiép tam gidc ACD cét
MD tai N (N khac D), dudng tron ngoai tiép tam
giac AMN cit MC tai K (K khac M).

a) Chimg minh tir giac ABKC ni tiép.

b) Goi I 1a giao diém cta dudng thing AN va
duong thing BK. Chimg minh 7 lu6n thugc mét
dudmg thing cé dinh khi M thay déi.

Cau 5 (1,5 diém)

a) Cho bang 6 vudng c6 kich thuéc 4x4 nhu
hinh duéi.

Méi 6 trong bing ndy dugc viét mot s6 nguyén
duong sao cho 16 s6 trén bang d6i mot khac
nhau. Trong mdi hang, mdi cot luén ton tai mot
s6 bing tdng ba sé con lai trong hang, trong cot
d6. Goi M 1a sé 1ém nhét trong 16 s6 trén bang.
Tim gi4 tri nho nhét cta M.

b) C6 bao nhiéu tidp hgp con 4 cua tdp hgp
{1; 2; 3; 4; ...; 2014} thoa man diéu kién 4 co it
nhit 2 phan tirvainéu xe 4, ye 4, x>y thi

2
Y e A.
xX—y

HA VAN NHAN
(GV THCS Hoang Xudn, Hodang Hod, Thanh Hod)
Gidi thigu

3k ke 3k ok ok s 3 3k e sfe sk sk ke ke sk 3¢ sk 3k ok ok ok ok sk ok sk sk sk e ke sk ok sk ok sk sk ske sk ok ok sk sk sk ok sk sk sk ok ol sk sk ek ok ok 2k ok sl sk ok sk s Ak sk ok 3k sk ok sk sk sk s ke sk Ok ke sle ok ok Ok

SAILAM . .. (Tiép theo trang 47)

S tir giac c6 cac dinh 1a dinh cta da giac (H) va
c6 it nhat mot canh la canh cua da giac (H) la
21.C%.

Suy ra sb t gidc dugc lap thanh ma khéng c6
canh nao la canh ca da giac (H) la:

C—21.C3=2394 .
Theo em loi gidgi clia ban Minh da diung chua?

Néu la em thi em sé gidi bai todn trén nhu thé

nao?
THAN VAN DU
(GV THPT Lang Giang s6 1, Bic Ninh)
n TOAN HOC
S3586(4-2026) ¢ CTugilye 13
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THU SUC TRUGC KY THI
TOT NGHIEP THPT NAM 2026

PHAN L. Thi sinh tra 19 tir cdu 1 dén chu 12.

. a R . .
Mai ciiu héi thi sinh chi chon m{t phwong dn.

Céu 1. Dién tich hinh phing phin bbi den trong
hinh bén duéi bing

C. [(2-27)dx. D. iz* dx.

1

Cau 2. Tap nghiém cta phuong trinh log, x <2 1a

A. §=[0;9). B..S =(0;+0).
C. 5§=(0;9). D. §=(-o;9).
Cau 3. Trong khong gian v6i hé truc toa d Oxyz,

; -1 - 2
dudng thiang d :-{4-—1-—7})— z—+6 c6 mét vecto
chi phuong la
A. u, =(4,2;-6). B. u, =(2;-1;3).
C. u, =(-2;1;3). D. u, =(1,0;2).

Céu 4. Cho cap sd nhan (u,) véi u, =2 va
u, =—6. Cong bdi g cua cp sb nhan di cho la

B.g=-3.C. g=8.

1
A. = e—— D- q =3.
9773

Chu 5. Cho ham sb y = f(x) c6 bang bién thién

nhu sau:
I

|

—00 0 2

X ‘ + 00
}.*_ﬁ '__, R e i e S R e s 4
| S | £ 8 -0 ¢
S (eeas T Tt

f(x) |
ll j 2 _oo/ \ /
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Ham sb d@ cho dong bién trén khodng nag gy
day?

A. (—-00;4). B. (O;+oo)_

C. (-;0). D. (0;2)_
(‘:‘m 6. Sau khi kiém tra stc khoe tong quit, két gy

s6 can ning cﬁa 40 hoc sinh 16p 12A duogc thé hign
trong bang st so lleu sau:

Cén ,
(nang [40;50) [[50;60) |[60;70) [70;80)1[80;90);
0227 0 R P GRS il SN RO
Sobgel o |4 | @@ | 7 | 2
sinh }

s ; 4 . X X 1:a "T*“:\:J
Tt phén vi thir nhat cia mau so li¢u trén gan nhét
véi gia tri ndo trong céc gia tri sau?

A.50.  B. 50,5. C.52,5. D. 55,5,
Cau 7. Véi a 14 sb thuc duong tiy ¥, log, (2a‘)
bing

A. 4log, a. B. 1+4log, a.

C. 4+4log, a. D. 4+log, a.
Cau 8. Cho hai bién ¢ A4 va B thoéa man
2 1

P(A)=—; P(B)=- P(BIA)
Gié tri cia P(4|B) la
3 1 2 3
A, —. B. —. C. —. D. —.
4 12 15 10
Ciu 9. Himsé y=2F2 0 43 i nhu hinh bén
cx+d
dudi. sy
Duong tiém can dimng ‘ |
cia db thi 1a dudng / L4
thing co phuong trinh e )
it R W e e
Coxm-2 Digbwsyl o dde . %
-1/
|

Citu 10. Cho ham s f(x)=e* —sinx. Khing dinh
ndo dudi day 13 dung?

A jf (%) dv =¥ +cosx+C.
B If x)dx=e'—cos.\-+C.
& -[f(")dx=e‘—sinx+c.
D‘.[f(")dX=e"+sinx+c_

Pugc quét bing CamScanner


https://v3.camscanner.com/user/download

Au 11. Trong khong gian v6i hé truc toa do Oxyz,

ho mit cau:
(8):(x=1) +(y+2) +(z-2)' =

'0a do tim va ban kinh ciia mt cau (S) 1a

A. 1(1;2;2);R =4. B. I(L-2;2);R=4.

C. I(-2%-2);R=2. D. I(;-2;2);R=2.
Cdu 12. Cho hinh hgp ABCD.A'B'C'D' trong
<hdng gian véi cac dinh A,B,C,D,A',B',C',D'
sa0 cho AB=ii, AD=V va AA'=w. Biét ring
i, v, w doi mdt vudng goc voi nhau va cé d6 dai
lan luot 12 || = 4, |¥|=3 va |w#|=2.

Dl

D¢ dai ctia duong chéo tir 4 dén C' (goc dbi dién
voi 4)la:
A.\13.  B. 29 D. +/20.

PHAN IL Thi sinh tra 1oi tir ciu 1 dén cdu 4.
Trong mbi y a), b), ¢), d) & mdi cau, thi sinh chon
dang hodc sai.

Céu 1. Chi phi nhién liéu mét chiéc tau chay trén
séng dugc chia 1am hai phén:

+ Phin thir nhit khong phu thudc vao vén tbc va
bang 480 nghin dong trén 1 gid.

* Phin thir hai ti 1é thuén véi lap phuong cua van
tbc, khi v=10 km/h thi phan thir hai bing 30
nghin dong/gid.

a) Khi van téc v =10 km/h thi chi phi nguyén li¢u
cho phin thir nhét trén 1 km dudng song 12 48000
dong.

b) Ham sb xac dinh tdng chi phi nguyén ligu trén
1 km duong song v6i van tde x (km/h) la:

(x)—4_89+0 03x°.

C. 9.

c) Khi van tbc v=30km/h thi téng chi phi
nguyén liéu trén 1 km dudng song la 43000 dong.

d) Van téc cha tau dé tong chi phi nguyén li¢u
trén 1 km dudng song nho nhat 1a v =20 km/h.

Ciu 2. Trén truc hé truc toa dd Oxy, hai chét diém
dong thoi xudt phat tir goc toa 49 O tai thoi diém
t=0va chuyen dong cling chiéu duong.

« Chit didm thir nhét chuyén dong vai van tdc bién
thién theo quy ludt: v, (t) = 6t — 3% (m/s).

« Chét diém thir hai chuyén dong thing nhanh dan
d&u véi gia tde khong d6i a =2 m/s’.

a) Phuong trinh van tdc cua chat diém thir hai
v, (t) =2t (m/s).

b) Hai chét diém gip nhau tai thoi diém =2
giay.

¢) Khoang cach 16n nhét giira hai chat diém trong
khoéang thoi gian tir lac xuét phat dén khi gip nhau
la 1 m.

d) Tai thoi diém hai chit diém gip nhau, van téc
clia chit diém thir nhit bing van téc cua chét diém
thir hai.

Chu 3. M6t céng ty xay dyng sir dung thiét bi bay
khong ngudi 14i (drone) dé van chuyén vén tu 1én
c4c tAng cuia mot tda nha cao tang. M6 hinh bay ciia
drone dugc thiét 13p nhu hinh dudi véi hé truc toa
46 Oxyz c6 don vi 1a mét, diém xuat phat cua
drone trung vdi géc toa do. Mat ngoai cua toa nha
cao ting dugc xem la -

mdt phin cia mat
phing (P) wvudng goc
v6i mat phing Oxy di
qua hai diém
C(10;50;0) va

D(30;10;0). Drone bit déu bay tir kho hang tai

gbc toa @9 0(0;0;0) theo mot dudng thing dén vi

tri A4(20; 20;120). Tir vj tri A, drone thay dbi

dudng bay, di chuyén theo phuong vudng goc véi

mit phing (P) dén vi tri giao hang B thudc mat

phang.

a) Vecto phip tuyén ciia mdt phang (P) c6 gia

vudng géc véi dudng thaing CD va tryc Oz.

b) Phuong trinh mit phing
(P):2x+y-22z-70=0.

c¢) Vecto chi phuong cia dudng thing AB la

V= (2;1;0).

d) Quing dudng ma drone bay tr diém xudt phat

dén diém giao hing 13 128 m (khéng lam tron két

TOAN HOC
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‘I"‘i cdac Phép tinh trung gian, chi lam tron két qua
cuoi cung den hang don vy).

Ciu 4. Trong day chuyén sin xuéit vi xir Iy NPU
(Neural Processing Unit) chuyén dyng cho trf tu¢
nhén 3o, ty 1§ san phim gip 13i tinh vi trén bé mt
b:i'm dan la 4%. DE kiém sodt chit lugng diu ra ma
van toi wu chi phi, nha may thiét 1dp mot quy trinh
ki¢m dinh hai buge:

Buwdc 1. Quét quang hoc tyr dong — AOI 4p dung
cho 100% san pham. Hé théng ndy co6 do nhay
(phat hi¢n dung chip 13i) 13 90%. Nhung do nhiéu
anh sang, né ¢o ty 1¢ bao nham chip tét thanh chip
161 1a 5%.

Buwdc 2. Kiém tra dic tinh dién tir, chi thyc hién
trén nhirng chip da bi budc 1 bao 16i. Day 1a bude
kiém tra sdu, c6 kha ning phét hién 18i tuyét ddi
100%. Tuy nhién do sai s thiét bi do, van c6 xac
suat 10% két luan nhim mot chip tbt 1a 1i.

a) Xac suat dé mot chip bat ky bi hé théng budc 1
phan loai “16i” 1a 0,084.

b) Xac suit dé mot chip bi loai bd sau khi qua ca
hai buéc kiém dinh 1a 4,08%.

c) Trong sO céc chip bi loai bo, xéc suat dé con chip
2 15
4o thuc su mang 16i vat ly 1a e

d) Néu mot chip dugc hé théng budc 1 xac nhén la
“tot” va xuat xuong, xac suit thuc t& né van bi 161
la —1—

229
PHAN II1. Thi sinh tri 16i tir cdu 1 dén cau 6.
Cau 1. Bac An déu tr 1,2 ti ddng vao ba loai trai
phiéu: trai phiéu chinh phu véi lai sudt 7% mot
nim, trai phiéu ngan hang véi 13 sut 8% mot nim
va trai phiéu doanh nghiép voi 1ai suat 12% mot
nam. Vi tinh toan phan bd vbn t6i uu, bac An
mubdn sb tién diu tur trai phiéu chinh phu gdp it nhét
3 14n sb tién dAu tu trai phiéu ngan hang. Hon nita,
aé giam thiéu ri ro, bac An dau tr khdng qua 200
triéu ddng cho trai phiéu doanh nghi¢p. Sau mét
nam, béc An c6 thé thu dugc lgi nhugn phiu nhét
14 bao nhiéu tri¢u déng?
Ciu 2. Cho hinh ¢chép S.ABCD canh bén §‘A =2
va ddy ABCD 1a hinh vudng tim O cpnh bang.4,
Hinh chiéu vudng goc cua dinh § trén mit phiing

(ABCD) 1a trung diém H cua dogn OA. Tinh

khoang cach giita cac dudng thing SD vd AB
(khéng lam tron két qua cdc phép tinh trung gian,

S5 586 (4-2026)

TOAN HOC
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. o L. ) £ \ g
chi lam tron két qua cuoi cung dén hang ppa,

?::':)1 Mot nghién qiru sinh dﬁ‘ c.'?m. k]_’éi:luorng
tring thiin lin (tinh bang {;am) va %}n lél ke't aui,
Bidu b hop — rau dudi day cho thily ban tom (5
che két qua biét ring: gia trl'nhé nhat 13 1,0, gid tr

l6n nhét 1d 75 va trung Vi cua mau sé ligu I3
0, =40, O, vd O, ln lugt 14 tir phan vi du6i va
2 ’

phan vi trén.

| L

10 200, 30

{
—
T

70 75

bise gaiadiy g
0, 50 0
Khoang t phan vi 1 AQ =20 gam va trong cic
két qua khong co gid tri ngoai lai. Hay tim gid tr
nho nhét c6 thé cua 0.

Cau 4. Mot quan thé vi sinh vat c6 toc do tang sb
lugng cé thé dugc udc lugng béi him so
P'(t) = 120\/t— (ca thé/ngay) véi 0<¢<15, trong
d6 P(t) 1a s6 luong cé thé tai thoi diém ¢ ngay ké
fir ltic bt du. Biét riing ban du quén thé c6 2000
cé thé. Hay udc luong s6 lugng cé the sau 9 ngay.
Ci}u 5. Cho mét bang 6 vudng kich thudc 4x6
(gdm 4 hing va 6 4| |

cdt). Tai moi 6 & hang
i va  cot J
(<i<&l<j<6), 2
ngudi ta ghi mot sb !

nguyén duong x cé L& 3 %88
gid trj bang tich cla chi sé hang va chi sb cot
X =i.j. M{t hinh chit nhat duge goi 13 “hinh chi
nilat may mén” néu né c6 chira it nhat mdt 6 mang
s0 chinh phuong. Tinh s6 lugng céc “hinh chir nhit
may man” ¢4 trong bang 6 vudng trén.

(T:‘m 6. Cho bang & vudng 3x3
g(A)m 16 dinh (bang cé 3 hang, 3
¢Ot, 9 hinh vudng don vi ' nhu
hinh v&). Chon ngdu nhién 3 dinh
tr 16 dinh trén, Tinh xdc sufit dé
3 dinh 46 1§p thanh m
won két qua cde ph
két qQuaé cudi cung

3

— ) TN N

O e IR 3
i '

S - g {

g~

CRURE WO e

| S V—— o

Ot tam gidc vudng (khong lam

ép tinh trung gian, chi lam ton
F3 \ X

dén hang phin tram).

NGHIEM XUAN LUC
(GV THPT Thang Long, Ha Néi)
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THEO CHUONG TRINH VA SGK M1 L

i DUNG S0 20  HINH CAY GO TR

Trong sach gido khoa mén Toan cua bo Két néi tri
thitc v&i cudc song, viee vin dung két qua So d6
hinh céy (c6 trong s6) vao giai mot sé bai todn xac
sudt c6 diéu kién 1a mot phét hién kha tha vi. Noi
dung dang todn nay kha méi d6i véi mot sb gido
vién va hau hét cac em hoc sinh dang day va hoc

mon Toan theo Chuong trinh Gido duc phd thong
nam 2018.

Trong céch giai nay, viéc dit &n (ki hiéu bién cb)
la quan trong trong qua trinh thyc hién. Tir yéu
cau dé bai, dit An cho cac bién cb co trong dé bai.
Cach dat thuong 1a bién cb sau cac cum tir: “biét”;
“khi”; “véi diéu kién ’,... 1a bién cb B,
con lai dit 1a bién ¢ A.

99, ¢

sao cho’

Duéi day 1a mét s6 thi du minh hoa cho nhan dinh
ma tac gia dua ra.

1. Dang thire danh gia II (Xac suat hop/xac
suit ¢ diéu kién)

Trong mdi ¥ a), b), ¢), d) & mdi thi dy, chon ding
hodc sai.

Thi du 1 (Trich dé tham khio ciia B) GD&DT,
Ki thi TN THPT nidm 2025). Truéc khi dwa mot
san pham ra thi truong, nguoi ta da phong van
ngau nhién 200 khdch hang vé san phcfm do. Keét
quad thong ké nhu sau: c6 105 nguoi tra loi “sé
", Kinh

nghiém cho t]ufy ti 1¢é khach hang thuc sy sé mua

mua”; c6 95 nguoi tra loi “khong mua
san pham twong tmg voi nhitng cdach tra loi “sé
mua” va “khong mua” lan heot la 70% va 30%.

Goi A la bién cé6 “Nguoi dugc phong van thyc sw
$€ mua san pham B la bién co “Nguoi duoc

Pphong van tra 1o sé mua san phim”.
i i NG
a) Xac sudt P(B)=" vd P(B) =25

b) Xdc sudt ¢é diéu kién P(A4|B)=0.3.

¢) Xdc suat P(4)=0,51.

d) Trong s6 nhitng ngwoi dwoc phong van thiec sie
sé mua san pham c6 710% nguwoi da tra loi “sé
mua” khi dirge phong van (két qua tinh theo phan
tram duoc lam tron daen hang don vi).

b) sai; c) dung; d) sai.
Buéc 1: V& so dd hinh cdy c6 trong sb tir nhing
thong tin dé bai dua ra.

Loi gidgi. a) dung;

105 o B 9% 4 |nhinh(1)
200
% B 1-30% .| 4 |nhénh(2)
Buwéc 2: a) Xac sult:
105 21 19
P(B)=8E =2 p(B)=1sP(B)=22,
o= 200 40° ( ) (8) 40
b) Ta co:
105
P(4nB) %350
P(4|B)= .
(415) P(B) 105 2 Ak
200

c) C6 hai nhanh cay di t6i bién cb 4, nén x4c suét
bien c6 4 dugc xé4c dinh bing tdng xac suit cua
bién c6 4 & nhanh (1) va nhanh (2). Vay:

105 95

—.70%+—230%=
200 200 =3k,

d) Téng sb ngudi thye su sé mua san phém la:
200.0,51=102 (ngudi).
Ti 1é nguoi thyc sy mua san phim d3 tra 17 “sé
mua” khi dwoc phong van va ngudi thye sy mua
san pham noéi chung la:
105.P(4|B) 105.0,51
[ 0e
Thi dy 2 (Trich dé kiém tra cudi hoc ki 2 méon
Toin 12 nim 2024-2025, S¢ GD&DPT Bic
Ninh). Mét hép c6 chira 5 qua cau mau xanh va 6

P(4)=

= 72%.

T(?ﬂN HOC
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(117'41 ( u‘fr/ mau do. Ban Bac ldy n'g‘r”"“ nhién mét qua
can hat ki trong hép do (Khong wa lai). Sou (o
/uql: Ninh lay ;1‘1‘,,5,, nhién mot qua ciu bt ki trong
SO I}/;if;“!i‘if qua ca con lai trong hop.

a) Tong so qua au rrong hop ban dau la 11 qua.
b) Xac suar d¢ ban Bac lay dwoc qua Cau mau
S

11

A A ) han B~ 1L A . 2 . 5
¢) Neéu ban Bac lay duron qgua caw mau vanh thi

: B3
xanh la

vdc swal dé ban Ninh lav dwoe qua cau mau do la
%)
1
d) Xdc swdr dé ban Bac lay dwoc qua cau mau
vank va ban Ninh lav dwoc qua cau mau do la
3
11
Loi giai. a) dung; d) dung.
Budc I: V& so dd hinh cay c6 trong sé tir nhitng
thong tin dé bai dua ra.

b) ding; c) sai;

Biéc 4 _ Ninh
5 10 3X - 6D |nhanh (1)
1Ld ax -6 KX
:’1x 1b
, 6 3X - 6D |nhanh (2)
5X-6D | 150
b 10 4X - 5P |nhénh (3)
6™+ 5X-5P X
11 $5)
5% 5X 4D |nhanh (4)
10

Bucée 2: Goi B 1a bién cb: “Bic ldy dugc qui ciu
mau xanh” va A4 la bién cb: “Ninh lay dugc qua
chu mau d6”.

a) Tong s6 qua chu bing: 5+6=11 (qua).

b) Suy ra P(B) =-]—51-.

¢) Xéc suét can tinh la xéc sufit ciia bién cb 4 c6
diéu kién bién cb B da xay ra. Ta tinh P(4| B).

5 6 3
5 P(ANB)=—,—=—.
Tasb: PANE)=[4G ™1
(4n8) 7
P(ANB _LL 3
ay: B)= = = -
11

TOAN HOC
' cTusilze
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18

d) Bién cb: “Ban Bé

¢ liy duge qua cdu may S

va ban Ninh ldy dugc qud chu mau dé” 13 .

qrong (Mg v&i nhanh (2) cua so d6 hinh ciy,

4 ;
Theo cong thire phan xé4c suat ta co:

B33 3
p(BA)= P(B).P(A| B) = 3T

Thi du 3 (Trich dé thi thu TN THPT nam 2025
mén Toan dot 2, S GD&DT Thai Nguyén), (4
10 hop bi trong
loai 1. cac vien bi ¢ |
Maoi hop bi loai | ¢o 3 bi trang va 5 bi g

y bi loai 1l co 6 bi trang va 2 bi do. Ban

do co 4 hop bi loai [ va 6 hép b

o cung kich thudc va kh,

lwong.

moi hoy
Viet lay nngu nhién mot hop bi roi tie hop do la,

ra n‘s_’(i‘u nhién mot vien bi.
a) Xdc suat dé ban Viét lay dwoc hop bi logi |
bang .
5
b) Biét rang ban Viét lay dwoc hop bi loai I vac

suat dé vién bi lay ra ¢6 mau trang bang

W | w

¢) Xac sudat dé ban Viét 1(5'_1' dwegc viéen bi mau
THRITR -
trang bang £

d) Khi ban Viét ldy dicoc mét vién bi mau rang thi
xdc suat dé vién bi dé dwoc lav ra tir hop biloai |
1

bang —.
3

Loi gidi. a) ding; b) sai; c) dung; d) sai.
Budc 1: VE so b hinh cy ¢ trong s tir nhing
thong tin dé bai dwa ra.

; Lén 1 A Lin 2
= Loail % e
10 a7, 5p) 23— 1T |nbinb()
4 Loqi |
| 6 logi Il
LoarIl
6 i nhénh (2)
8

B’;""“ 2 Goi B 14 bién cb: “Ban Viét 1dy duec .y
mau tring” va 4 |3 pié igt 14 ;

ién ¢d: “Ban Vigt lay due*
hép bi logi 1", i

_
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b) Xac suét can tinh 1 x4c suit cia bién cé B véi

dicu kién A da xay ra.

Do d6 ta c6: P(B| A) =—38—.

¢) C6 hai nhanh ciy (nhanh (1) va nhanh (2)) di
X ~ A y , A 1 A ,

dén B nén theo cong thirc x4c suat toan phan ta co:

d) Xéc suit cin tinh la x4c suit co didu kién
ngugc, nghia 1a tinh xac suit cua bién cb A véi
dieu kién B di xay ra. Do d6 ta can tinh:

P
p(418)=2ACE)
P(B)
Ta co: P(B)=-3—;P(AmB)=i.§=—3—.
5 10 8 20
&
. =20_1
Suyra: P(A4|B)= 3 =%
5

Thi du 4 (Trich din dé cudi ki 2 mon Toén 12
nam 2024-2025, Truomg THPT Ché Lan Vién,
Quang Tri). Mot lop hoc c¢o 40 hoc sinh, trong do
co 27 hoc sinh nam va 13 hoc sinh nir. Thri'ng ke
diém kiém tra cuoi hoc ki 1, 1op ¢6 18 em dat diém
trung binh tro lén, trong do ¢o 8 hoc sinh nam va
10 hoc sinh nir. Chon ngﬁu nhién 1 hoc sinh trong
lop.

a) Xac suat hoc sinh dwoc chon la hoc sinh nam
bang 0.675.

b) Xdc sudt hoc sinh dwoc chon la hoc sinh nir
bang 0.315.

¢) Xdc suat hoc sinh dwge chon la hoc sinh nam
va dat diém trung binh tro lén bang 0,2.

d) Biét rang hoc sinh dugc chon la nit, xdc suat

< . 2 19
hoc sinh do khéng dat diém trung binh bang 77—

Loi gidi, a) ding;  b) sai; ¢) dang; d) sai.
Buwéc 1: Goi B la bién cb: “Chon dugc hoc sinh
nam™ A la bién cd: “Hoc sinh dat diém trung
binh tr¢ 1én”.

~Tir d6 ta c6 so dd hinh cay c6 trong sb tir nhimg
thong tin dé bai dua ra nhu sau:

8 ;
> .I A Inhanh(l)

27 nam
13 nir

Buwroce 2:
27
P(B)=—=0,675.
a) P(B) 20

b) P(B)=1-P(B)=0,325.

) P(BNA) 22 6.
40 27
d) Xéc sudt can tinh 13 x4c suit cua bién cd A véi

diéu kién B da Xdy ra, ta can tinh P(Z | E) Viy:

s = 13(. 10) 3 . ap . 18
P(Br\A)=26.(l—l—3—)=26, ( )=E'
X i P(AnB 28 3
Viy: P(A|B)=—LT§T)=%=E.
40

Thi du 5 (Trich d& thi thie TN THPT nim 2025,
Trudmg THPT Chuyén KHTN, DHQG Ha Ngi).
Khao sat nhing nguwai xem bo phim hoat hinh viea
dwgc phat hanh cho thay 70% nguoi xem ld tré em
va 30% la ngweai lon. Trong $0 cac tré em dén xem
phim ¢6 50% yéu thich bg phim va khang dinh sé
di xem tiép pha:n 2, 30% yéu thich bo phim nhung
sé khong xem tiép phan 2; 20% con lai khong thich
b phim va khéng xem tiép phan 2. Trong so
nhimg ngweoi lom di xem phim c6 20% véu thich bo
phim va khéng dinh sé di xem !iép phan 2; 10%
véu thich b phim nhung sé khong xem tiép phan 2:
70% con lai khong thich by phim va khong xem
tiép phan 2. Chon ngdu nhién 1 ngucoi da xem
phim.

a) Biét nguoi dugce chon la trée em, xdc suat dé
ngueai do yéu thich bé phim la 0.56.

TOAN HOC
' STugitpe
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b) Xdc suar aé ngieci dé khong xem tiép phan 2 1d
0,59,

©) Biet nguwedi do sé xem ticp phan 2 cua bo phint.

Yac suat de nguweoi do la tré em lon hon 0,85.

. 2 s ¢ 5 . > . { 1
d) Bict nguwoir do véu thich bo phim, xac suat dé

ngwoi do khong xem tiép phan 2 la 0,37 (két qua
lam trom dén hang phan tram).

Loéi gidi. a) sai; b) ding; c)dung; d) dung.
Buwée I: V& so 46 hinh cay c6 trong sé tir nhimg
thong tin dé bai dua ra.

Ki hi¢u X: “Thich va xem tiép phéan 2”; ¥: “Thich
va khéng xem tiép phin 2”; Z: “Khéng thich va
khong xem tiép phén 2”.

Buwdc 2: Goi B 1a bién cb: “Ngudi dugc chon 13

tré em”; A 13 bién cb: “Ngudi dwgc chon yéu

thich phim”; C 13 bién c6: “Ngudi dugc chon

khong xem tiép phan 2”.

a) Xéc suit can tim 1a P(4| B).

Cé nhanh (1) va (2) di téi bién cb 4 véi diéu kién

B xay ra, do d6:
P(AnB)=0,5.0,7+0,3.0,7=0,56.

Ta cé: P(B)=70%=0,7.

P(ANB)

P(B) =0,8.

Vay P(A|B)=

b) Xéc sut cua bién cd C biing tong xac suit ¢

céc nhanh (2), (3), (5) va (6).
P(C)=(0,3+0,2).0,7+(0,1+0,7).0,3=0,59.

¢) Xéc suét cn tim 1 x4c sult cia bién ¢6 B véi

didu kién C d xay ra. Ta cén tinh P(B | E),

Ta co:

P(BACT)=P(B).P(CIB)=0.7(03+0.2)=0,3s,

TOAN HOC
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X4c suat

bién cd C léc::ng x4c sult & i "
va nhénh (4). DO d6 ta co:
P(E)=o,7.0,5+0,3.o,2 =0,41.

suft c6 diéu kién ta ¢

Theo cong thirc x4¢ 3
i P(BmC') _9&5_~0
P(BIC)=";(—’C:5—— ¥ et

d) Xac suét Cén tim la Xac suat cliia bién Cé) C Vi

didu kién A dd xay ra. Ta can tinh P(C | A).
Nhénh (2) va (5) cung di dén bién cb Cr 4
(thich va khong xem tiep phén 2). Do 46 ta co:
P(CnA4)=0,7.0,3+0,3.0,1=0,24.
X4c suit bién cb A 14 tong xéc sudt & nhanh (1)
(2), (4) va (5). Vay:
P(4)=(0,5+0,3)0.7+(0,2+0,1)0,3=0,65

P(Cn4) 0,24
P(4) 0,65

Viy: P(C| 4)= 0,37.

2. Dang thire danh gia IIT - xac suit ngugc
(Cong thirc Bayes/Xac suit toan phan)

Thi du 6 (Trich dé tham khio ciia B GD&DT,
Ki thi TN THPT nam 2025). C6 hai chiéc hdp.
hop I c6 6 qua bong mau do va 4 qua bong mau
vang, hop I ¢c6 7 qud béng mau do va 3 qua
bong mau vang, cac qua bong co cung kich thieoc
va khoi lwong. Ldy ngau nhién mot qua bong
hép 1 b6 vao hép 11, Sau do, ldy ra ngau nhién moi
qua bong tir hop Il. Tinh xdc suat dé qua bong lay
ra tic hop Il la qua bong dwoc chuyén tic hop |
sang, biét qua bong do 6 mau do (lam tron den
hang phan tram).

Loi gidi. Budc 1: V& so @3 hinh cay c6 trong 6
nhitng thong tin d2 bai dua ra,

Lan 1 Lin2
S I'igpm o
11 1
S Y5V e L akéoh ()
Hop |
6D ~ 4V
v =
Hop 11 :
q phéoh (2
16 7D - 4V) i) 1P
11
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Budc 2: Goi B 1a bién cb: “Liy duge tir hop I
quéa bong mau d6”; A 1a bién cd: “Qua bong ay
duge tir Il va qua béng d6 duge chuyén tir hp 1
sang”.

Ap dung cong thire x4c suét ¢6 didu kién (bién cb

dicu kién 12 B), ta co: P( 4| B) = i(im—B).
P(B)
Dya vao so dd cdy, ta co:
Plarng)=+ 8.3
1110 55

X4c suét bién cb B dugc xac dinh bang tdng xac
suat ctia bién ¢b B & nhanh (1) va nhanh (2).

Suyra:P(B)=——6—.-§ il=-3—8
1011 1011 55
3
) P(AnB) == 3
Vay P(AIB)=%=%=§z0,0S,
55

Thi du 7 (Trich dé én tp cudi ki 2 mén Toan
12, nam 2024-2025, Trudng THPT Chuyén
Lwong Vin Chanh, Pha Yén). Trong ki thi TN
THPT, nruwong THPT A c6 60% hoc sinh lya chon
khoi D @é xét tu_vén dai hoc. Biét rc%ng, néu mot
hoc sinh Iira chon khéi D thi xdc sudt dé hoc sinh
@6 do dai hoc la 0,7 con néu hoc sinh khéong lia
chon khéi D thi xac sudt dé hoc sinh d6 dé dai hoc
la 0.8. Chon ngau nhién mét hoc sinh cua trueong
THPT A da t6t nghiép trong ki thi trén. Tinh xdc
suat hoc sinh do chon khéi D biét hoc sinh nay da
do dai hoc (két qua lam tron dén phan muoi).

Ldi gigi. Budc I1: VE so d6 hinh ciy c6 trong s tir
nhimg thong tin dé bai dua ra.

Chon | 07 x .
0% )
60% LA Pd PH |nhanh (1)
THPT A
Khong -
40% | khéiD [0 | 20 PH|rhinh (2)

Bude 2: Goi B 14 bién cb: “P3 dai hoc” va 4 1a
bién cé: “Chon khéi D”.

Ap dung céng thic xdc sudt c6 didu kién (& day
bién cb diéu kién 14 bién c6 B), ta tinh P(A4|B).

Cin cir so hinh dé cay c6 trong sb, ta co:

60 21
P(4NB)=150,7=2.

X4c suit bién cé b B dugc xic dinh bing tdng xac
suit ctia bién ¢b B & nhanh (1) va nhéanh (2).

Suy ra: P(B)_—69-07 ﬂ08—37
100 100 50
21
P(ANB 0 21
Viy: P(A|B)———(—(E)—l~—§—g~—?7-z0,6.
50

Thi du 8 (Trich Dé thi thic TN THPT nam
2025, Truong THPT Chuyén Hing Vwong,
Phi The).
Mgt chiée hgp c6 chira 50 vién bi, trong do co 30
vién bi mau xanh va 20 vién bi mau do, cdac vién bi
c6 kich thuwde va khoi lwong giong nhau. Sau khi
kiém tra, nguoi ta thay ¢6 70% s6 vién bi mau
xanh dwoc danh sé va 60% sé vién bi mau do
duoc danh .vé, nhimg vién bi con lai khong danh
s6. Ldy ngau nhién mét vién bi tir hép dé. Biét
rzing, vién bi ldy ra duoc danh s6, xac sudt dé vién
bi do c6 mau xanh la bao nhiéu (két qua lam tron
dén hang phan tram).
Loi gidi. Bude 1: VE so @6 hinh cdy c6 trong so tir
nhitng théng tin dé bai dua ra.

30

50_{Bixanh %[ Binh s | nhinh (1)

%g_ Bidé }mmnhsa]nhanh(z)

Budc 2: Goi B la bién cb: “Vién bi dugc danh
s6” vd A4 1a bién cé: “Vién bi mau xanh”.
Ap dung cong thirc x4c suit c6 didu kién (bién cb
P(AnB)

P(B)
Ciin cir so dd cdy c6 trong sé, ta co:

P(AnB)=70%2=2L
50 50°

50 vién bi

diéu kién 13 B), ta c6 P(4|B)=

Xéc suit bién co B dugc xdc dinh bang tong Xdc
suft cia bién ¢ B & nhanh (1) va nhénh (2).

20 33
 P(B)=22.70% + 22 60% =33
WP (S n T g~
2
—E-:lﬂ )
Viy P(AIB)-gé —=0,64.
50
: TOAN HOC
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CAC LOP THCS
Bai T1/586 (Lép 6). Tim tt ca cac cap sb nguyén
(x; y) théa man: 3’ =x> +3x2 +2x+1.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Noi)
Bai T2/586 (Lop 7). Cho tam gidc ABC c6
BAC=15°, 4BC=60°. Chimg minh:
AB+BC 2\2AC.
CAO NGQC TOAN
(GV THPT Tam Giang, Phong Dién, Thiea Thién Hué)
Bai T3/586. Tim ba chir s6 cudi cung cua sb
20262027,
NHU HOANG
(Ha Ngi)
Bai T4/586. Cho tam gidc ABC nhon, AB < AC.
Bén trong goc BAC v€ tia Bm va Cn sao cho

mBC =nCB=BAC. Trén tia Bm liy diém E, trén
tia Cn lay diém D sao cho BE = CD = BC. Pudng
thing DE cit cic tia AB, AC lan luot tai M, N. CM
cét tia Bm tai P, BN cit tia Cn tai Q. Puong thing
qua P song song v&i AB cit canh BC tai 1. Ching
minh tam giac IPQ can.
BUI VAN CHI
(21/2 Lé Héng Phong, Quy Nhom, Binh Djnh)
Bii T5/586. Cho s6 vo ty m (meN)la mot
nghiém cua phuong trinh
x}+ax?+bx+c=0 voi a,b,ceQ.
Tim céc nghiém con lai cia phuong trinh.
NGUYEN TRONG MAU
(GV THPT Yén Thanh II, Nghé An)
CAC LOP THPT

Bai T6/586. Cho x, y 1a céc sd thyc théa mén
x2+y? =3. Tim gi4 tri nho nhét cia biéu thirc

22 T?gyuggce S3 586 (4-2026)

po 126 -2y £ 3y8=1x -y

HOANG NGOC M1y
(GV THPT chuyén KHTN, DHOG Hg Nei)

Bai T7/586. Cho n 13 s0 tw nhién 16n hon 1 v,

1 . S »
f(x)=(sinx)(Inx)". Chimg minh rang f"(x)<q
véi moi xe(l; m)- )

TRAN NAM HAj

(GV Pai hoc Bach khoa TP. Ho Chi Minp

Bai T8/586. Cho tam gidc déu ABC canh a c6 tam

0. 0 12 mt diém thudc dudng tron (/) ¢6 duong

kinh BC (Q khéc phia véi A so v6i BC). Puing

thing di qua Q va vudng gbc v6i OQ cit duong

thing AB, AC lan luot tai X, Y. Tim gid tri nh¢

nhét cia 7 = BX + CY theoa.

NGUYEN ANH V{

(GV THPT chuyén Chu Van An, Binh Dinh)

Bai T9/586. Ta ky hiéu [a] 1a s6 nguyén 16n nhit

khéng vugt qua a. Cho x, y, z 14 cdc s6 thyc nho

hon —1 théa man [x]+[y]+[z]=-36. Tim gia tr
16n nhit va nhoé nhét cua biéu thirc:

P=[ V= |[VyrT ][ VeL=1 |-

VU HONG PHONG
(GV THPT Tién Du 56 1, Bic Ninh)
TIEN TOI OLYMPIC TOAN

Bai T10/586. Xét ham s6 f:R— R théa min ba
tinh chit sau:

1) f(D)=1.

i) flx+y)=f(x)+f(y), Vx,yeR.

1 1
iii) f (;)=; f(x),VxeR.

Tinh gid tri cia £(y/x;) khi
a) X0 =20+11.2025.

b) x=peP Pla tap céc sé nguyén td).

NGUYEN BUC TUGNG (Pleiks)
Bai T11/586. Cho day 5§ (4s) xac dinh boi =1
s 3u,+4
va u l=-"\ L2
e g
3) Chimg minh day

d3 cho ¢ oigi = han va
tim gi6i han 44, ¢6 gidi han hiru he
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Uy +up +...4u,

1+\/§

b) Chimg minh ring n-l< <n vai

moi n=1,2,...

KIEU DINH MINH
(GV THPT chuyén Hung Vuwong, Phi Tho)
Bai T12/586. Cho ABCD 1a t giic 16i ¢6 céc canh
AB va CD khong song song véi nhau, Goi (P) 1a
dudng tron di qua A, B dong thoi tiép xuc véi AC,
va goi (Q) 1a dudng tron di qua C, D ddng thoi
tiép xdc v&i BD. Chimg minh ring t&r gidc ABCD
ndi tiép duge trong mot dudng tron khi va chi khi
truc ding phuong cua (P) va (Q) di qua trung
diém cua AD.
LE VIET AN
(Ocean Education, 40 ds 9, P.9, KDC City Land, Go
Vap, TP. Ho Chi Minh)
Bai 1.1/586. Mot lugng khi 1i tudng ludng nguyén
tir thuc hién mdt qua trinh bién dbi trang thai trén
hé toa d6 (T, p), qua trinh ndy dugc biéu dién
bing doan 1 — 2 cua mdt parabol ma dinh cua n6
tring v&i gbc toa do nhu hinh dudi. Biét noi nang
cua n mol khi ludng nguyén tr dugc tinh theo

5 :
cong thuc U = EnRT . Goi AU la d¢ bién thién ndi

ning cua khi va 4 1a d§ 1on cong do khi thyc hién.
Ti 86 ~A—/-‘l—j- bing bao nhiéu?

4+T

(1)
A o ol
g
VIET CUONG (Ha N5i)

Bai 1.2/586. Pong vi poloni 2§2Pb phéng xa Ol

va bién thanh hat nhan chi 2$Pb bén. hinh duéi
1a 46 thi biéu dién sy thay d6i s6 hat nhan poloni
(Np,) va sb hat nhan chi (Np) theo thoi gian t. Ti
s6 khoi lugng cua hat nhan chi so v6i hat nhan
poloni vao thdi diém t, = 2t, bang bao nhiéu? (Két
qua lam tron dén hang phdn trim)

AN

Npb

Npo
1

>
>

o e lll
THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/586 (Grade 6). Find all pairs of
integers (x; y) satisfying

37 =x3+3x2+2x+1.
Problem T2/586 (Grade 7). Given a triangle
ABC with BAC=15°, ABC=60°. Prove that

AB+BC2+24C.
Problem T3/586. Find the last three digits of the
number 20262077
Problem T4/586. Given an acute triangle ABC
with AB < AC. Inside the angle BAC draw the

rays Bm and Cn such that 171—3?3=11/C'\B=E42'. On
the ray Bm take the point £, on the ray Cn take
the point D such that BE=CD=BC. The line DE
cuts the rays AB and AC at M and N respectively,
the line CM cuts the ray Bm at P, the line BN cuts

the ray Cn at Q. The line through P and parallel
to AB intersects the side BC at 1. Prove that the
triangle IPQ is isosceles.

Problem T5/586. Suppose that the irrational

number /m (meN) is a solution of the equation
x3+ax? +bx+c=0 where a,b,ccQ.
Find the other solutions of the equation.

FOR HIGH SCHOOL
Problem T6/586. Given real numbers x and y

satisfying x2+y2=3. Find the minimum value of

the expression P=/11-6x—2y+2\/4-2x—y.

Problem T7/586. For an integer n which is
1
greater than 1, let f(x)=(sinx)(Inx)». Prove that

£"(x)<0 for every xe(L;7).
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Problem 18/586. Given an cquilatcral triangle
ABC with side a and the centroid O. Let Q be a
point on the circle (/) with diameter BC (Q is on
the opposite side of 4 with respect to BC). The
line passing through Q and perpendicular to oQ
intersects the lines 4B and AC at X and Y
respectively. Find the minimum value of
T'=BX+CY in terms of a.

Problem T9/586. We denote [a] the largest
integer not exceeding a. Let x, y, z be real
numbers less than -1 satisfying

[x]+[y]+[z]=—36. Find the maximum and

minimum values of the expression
P\ [ VD1 | V)

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/586. Consider the function
f:R—>R that satisfies the following three

properties
i) £(1)=1
i) f(x+y)=Sf(x)+f(»).Vx,yeR;

iy /2 —-Lf x),VxeR.
i) f(x) 7 (
Calculate the value of f (\/;c; ) when

a) x0=20+1 1.2025.

b) xp=p forany prime number p.

problem T11/586. Given the sequence (“n)
3u,+4
Wl

defined by =1 and #pa = n=12,..

a) Prove that the given sequence has a finite limit

and find that limit.
U +up +... Uy

1+/5

b) Prove that n—1< <n for al|

n=1,2,...

Problem T12/586. Let ABCD be a convex
quadrilateral with the sides AB and CD not
parallel to each other. Let (P) be the circle
passing through 4 and B and tangent to AC, and
let (Q) be the circle passing through C and D and
tangent to BD. Prove that the quadrilateral ABCD
is cyclic if and only if the radical axes of (P) and
(Q) pass through the midpoint of AD.

UNG DUNG QUAN HE ... (Tiép theo trang 8)
Bai 5. Cho A4BC déu va diém M nim trong tam
gidc. Goi D, E, F 14n lugt 1 cac diém ddi xing
cia M qua BC,CA, AB. Chimg minh ring
AABC va ADEF c6 cung trong tam.

Bai 6. Cho AABC déu, cac dudng cao AH, BK

cit nhau tai diém G. Tia phén giac cua BKH ct
cac doan thing CG, AH, BC lan lugt tai M, N, P.
Chimg minh ring KM = NP.
Bai 7. Cho AABC nhon c6é duong cao AD (D
nim giira B va C) thoia mén AD=CD=3BD.
Goi O vi H theo thir tw 12 giao diém cia ba
dudng trung tryc va tryc tam cua AABC. Tinh ti
. BC
SO —.
OH
Bai 8. Cho A4ABC véi dudng trung tuyén BD,

& G. Ching minh raing DF di qua trung diém cia
doan thing GE.

Bai 9. Cho A4BC khéng can, c6 G la trong tdm
va I 1a giao diém ba dudng phan gidc trong tam
giac. Chimg minh rang ’
AB? - AC? = 2(18? ~IC?) thi GI // BC.
Bai 10. Cho A4BC nhon, cic dudng cao BK v
CLcat nhau tai H; goi M 1 trung diém BC.
Mot dutmg thing di qua H 14n ot cit 4B, AC
taf P, \Q- Goi I 1a tryc tam cia ABHP. Chimg
minh rang HP = HQ khi va chi khi MP = MO.

Bai 11. Cho A4BC ddu canh 4 6 AD, BE, CF
1 cic duong cao, Piém M bét ki nim trong

AA4BC. Go
€. Goi 1, K, L 1an Iuot 13 hinh chiéu cia M
trén  cac

néu

dwimg phin gidc BE. Putmg thing di qua C canh  AD BE CF. Tinh t0n8
vuéng géc véi BE tai F v citduong thing BD A +BK+CL theo 4
TOAN HOC .
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Ai T1/582. Tim tat cdc cdce sé tw nhién ab (co
1i chit s6) sao cho théa man:
ab +5ab = (a+3b)2.
oi gidgi. Gia s cic chir sb a, b théa man
b + 5ab = (a + 3b)* (*). Chit sb a > 0 vi néu
=0 thi s6 ab chi co mot chir sé, trai gia thiét.
du b= 0 thi dang thirc trén trd thanh 10a = a® véi
>0, suy ra a = 10 (loai). Vay b > 0. Ta bién dbi
¥) nhur sau:
10a + b + 5ab = a*+ 6ab + 95,

ay la 9a-9b*=a’+ab—a-b,

ay la 9(a—b )=a(a+b)—(a+b),

ay la 9a-b*)=(a + b)a-1) (**).
-Néu a = 1 thi (**) tr& thanh 9(a — 4% ) = 0 nén

1=b*=1,suyra b=1.
- Néu a > 1 thi vé phai cta (**) 16n hon 0, do do6
1—b>> 0 nén b* <a <9, suyra b chi cothélal
10ac 2.
Véib=1thitir (**)c69(a—-1)=(a+ 1)a-1),
loa>1nén9=a+1,suyraa=38.
-V6&ib =2 thi tir (**) c6 9(a—4) =(a +2)(a-1),
doa>1néna>4,ma3 1audcsdciaa + 2 hoic
a— 1, tir 4 a = 7, nhung sb ndy khong théa mén
Ya-4)=(a+2)a-1).
Thir lai véi cip sé (a; b) bang (15 1) va (8; 1) ta
thdy déu thoa man. Vay bai toan c6 hai nghiém 1a
ab bang 11 va 81.
Nhin xét. Viéc bién dbi déng thirc & gia thiét vé
dang (**) gitp giam bat phép thir cAc gia tri cua céc
chir s6 thap phan a, b. Céc ban sau c6 1oi giai dung.
Ha Ngi: Pham Quoc Vinh, 6C2B Ly, THCS
Archimedes Academy, Yén Hoa; Ngh¢ An: Nguyén
Tat Thach, 6E, THCS Ly Nhat Quang, P6 Luong;
DA Ning: Lé Van Minh, 6/12, THCS Luong Thé
Vinh, Hoa Khanh; Quéng Ngai: Bui Quynh Nha
Triic, 6A, THCS Nghia My, V& Giang.

NGUYEN VIET HAI

Bai T2/582. S6 Palindrome la s6 nguyén duong
doc xudi hay doc nguoc déu gid’ng nhau. Vi du:
323 ld sé Palindrome ¢6 3 chiv s6; 2552 la s6
Palindrome ¢6 4 chir so; 47974 la s6 Palindrome
¢ 5 chir s6. Hoi sé Palindrome ¢6 5 chit s6 nho
nhat la béi sé cua 99 la bao nhiéu?

Loi gidi. Theo dinh nghia sé Palindrome, ta viét

s6 can tim dudi dang: X =abcba.
Va theo dinh nghia vé cAu tao sb, ta co:
X'=10000a+10006+100c+10b+a
=99(101a+10b+c)+20b+2a+c.

Theo gia thiét X399, do
99(101a+10b+¢):99 nén 20b+2a+cphai la mot

b6i s6 ciia 99 sao cho aefl;2;3;..;9} va cang bé

cia bai toan

cang tot.

Ta c¢6: 20b+2a+c<20.9+2.9+9=207 va
20h+2a+c>0 nén dé 20b+2a+cla mot bdi sb
cta 99 thi 20b+2a+c=99 hodc 20b+2a+c=198.
+ Khi 20b+2a+c=99,suy ra b=4. Khi do
2a+c=19, tim dugc a#0 nho nhit 13 a=5, suyra
c=9. Viay
X =abcba=54945.

+ Khi 20b+2a+c=198,suy ra b=9. Khi do
2a+c=18.Vi a#0 nhé nhit c6 thé nén céa=5,

tim dugc s6 Palindrome la

suy ra c¢=8.Vay tim duoc s6 Palindrome la

X=abcba=59895.

So sanh hai sb Palindrome trén ta dugc sé cin tim
1a 54945.

Nhin xét. Mu chét cia bai toan nay 1a chuyén ddi
cac dic diém ngén ngit (s6 Palindrome, bodi sé)
thanh mdi quan hé giita cic chir s6 (cdu tao sd) sau
d6 dung phuong phap thir chon c6 hé théng dé tim
két qua tdi wu. HAu hét cac ban giri bai déu cho 10i
giai tét, trong d6 c6 mdt ban 16p 8 giri bai nhung s&
khong dugc néu tén. Tuyén duong cac ban cé tén
sau:

Quing Ngii: Bai Quynh Nhd Tric, 6A, THCS
Nghia My, V¢ Giang; Ngh¢ An: Ddng Van Hodng,
7A1, THCS Quéan Hanh, Nghi Léc; Ha Ndi: Duwong
Ditc Anh, TM, THCS Ng6 Si Lién, Cira Nam.

TRAN TH] KIM THANH
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Bai T3/582. Cho da thire [(x) bdc ba co h¢ 50

cao nhat la mor so nguyen dwong thoa man
1(2024)=3 g4 £(2025) = 5.

J(2026) — £(2023) la hop so.

Chung  minh

Loi gigi. (Cua Ho Pai Viét va nhiéu ban) Dt
g(x)=7f(x)+ax+b véi g(2024)=g(2025)=0.

Khi y: {g(2024)=f(2024)+2024a+b=0
€(2025)= £(2025)+2025a+b=0"

. 3+2024a+b=0
Vi f(2024)=3; f(2025)=5 nén VB g
5+2025a+b=0
Suyra a=-2 va b=4045.
Vay g(x)= f(x)-2x+4045,
Vi f(x) la da thirc bac ba nén g(x) ciing 1a da
thic bac ba. Vi g(2004)=g(2005)=0
g(x)=k(x—2024)(x-2025)(x—xo), trong d6
keZ* 1a hé sd cao nhit cia f(x) va xo Ia
nghiém con lai cua g(x). Tacé:
f(x)=g(x)+2x-4045
=k(x—2024)(x—2025)(x—x0 )+2x-4045.
£(2026)=k-2-1(2026—x0)+2-2026-4045
ay '
£(2023)=k(—1)(—2)(2023—x0 ) +2-2023-4045
Do do:
£(2026)- 1(2023)=2k(2026-2023)+6=6(k+1).
Do keZ+ (k+1)eZ* va
£(2026)- £(2023)=6(k+1) 1a hop sb.
Nhan xét. 1) Bai ndy twong d6i dé nén da sb ban
THCS tham gia giai va giai dang. Mt s6 ban con 1i
luén va tinh toan hoi dai dong.
Cong hoa Ao: Lé Bach Hai Pang, 3B, Trudng Quéc
té Song ngir cap II, IIl GIBS, TP. Graz; Ha Nji:
Nguyén Thanh Nam, 9A1, THCS Linh Pam, Hoang
Liét; Lam DPdng: Hé Pai Viét, 9A10, THCS Quang
Trung, Bao Loc; Nghé An: Ngé Tran Ngoc Bao, 8D,
Pham Nguyén Nguyét Linh, Tran Ngoc Qudn, 8B,
THCS Ly Nhat Quang, D6 Luong, Hoang Dirc
Nhdm, Hoang Pirc Thi¢n, 9C, THCS Hoa Hiéu 11,
phudmg Thai Hoa, Lé Vil Quynh Nhu, 9A, THCS
Phing Chi Kién, x4 Hing Chéau; Phi Tho_: Nguyén
Bio Chdu, 8A6, THCS Yén Lac, Nguyén Thanh
Mai, Vii Tudn Minh, 9A THCS Ly Nam D¢, xd Van

nén

nén
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Xuan; Quing Ngii: Trdn Van Phung, 6C, THCg
Nguyén Kim Vang, xa Pinh Cuong; Thanh Hg,,
Nguyén Ba Dirc Anh, 8A, THCS Luong Chi, Tiny,
Gia, Mai Thi¢n An, 9B, THCS Chu Vin An, Tipp
Gia, Hoang Ngoc Ting, 9B, THCS Chu Vin Ap,
Nga Som; TP. Hb Chi Minh: Mai Phii Khang,
9A12, THPT chuyén Trdn Pai Nghia, Dwong Tiéy
Phat, 11E1, THPT Lé Thanh Téong.
2) Ban Trdn Ngoc Qudn 1am bai T5/582 va T9/582;
Ban Lé Vii Quynh Nhu 1am bai T6/582 trong cing
mot t& gidy véi bai T3/582 gay khé khdn cho Ban
bién tép chim.

TA DUY PHUQNG

Bai T4/582. Cho duong tron (O; R) co hai dicong
kinh AB L CD. Goi E la diém di dong trén cung
nho BC. AE cat DB tai F, DE cdt AC tai G, BE cdt
OC tai H, CE cdt OB tai I, HG cat IF tai K.
Chirng minh:

a) Tich FI.GH luon khéng doi.

b) EK luon di qua mét diém cé dinh.

Loi gidi.
H G K
F
C M
(0]
. (0] P/1B 1
D

Loi gidgi. Ta ¢c6 ABCD 1a hinh vuéng, va
BC=RNG. . Theo tiah, chi gbc noi tidp, ta co
AEC=ABD=45°. Do d6 AAEI «» AABF (-2,

suy ra: %=% , dan t&i: —A£=~j-f—,
Tir 46 suy ra AAEB on AAIF (c.g.c), nén
AIF = AEB=90°,
Hoan toan twong ty: DHG=90°.
Do d6 cic tam gidc HCG, IBF vudng can, suy ra:
IF=IB vi GH=CH.
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Tir gidc OEID ndi tiép dudmg tron dudng kinh 1D
nén EIO=EDO, két hop v&i CBI=DOE=135° ta
c6: ACBI > AEOD, din téi: BI=BC= RV2.
Tuong tu: CH=CB=R\2.
Vay IF.GH =BI.CH =2R? (khéng dbi).
b) Ha EP L AB tai P, EQ L CD tai Q. Tiép tuyén
tai B cua duong tron (O) cat EK tai M.

PB_EM

CEK

PB cotEBP cotHEQ co
Pl cotEIP cot CEQ OH

Tac6;: MB// EP// IK, do d6:

Laico: —

Suy ra MC // QE, nén MC L CD. Viy diém M la
giao hai tiép tuyén tai B va C cua dudng tron (0),
nén M cb dinh. Do d6 EK luén di qua diém M cb
dinh.

Nhdn xét. Loi giai trén dua theo ban Mai Phu Khang,
9A12 THPT chuyén Trin Pai Nghia, TP. Hd Chi
Minh. Ngoai ra, con c6 ban Trinh Tudn Kiét, 9DI,
THCS Moéng Cai 2, Quang Ninh ciing cho 161 giai tot.

NGUYEN THANH HONG
Bai T5/582. Cho x, y, z la ba s6 thie théa man:
I <3,]y<3,|7<3.

Tim gia tri lon nhat cua biéu thirc

P=l Y £ '
[P <16 97 +%6 2+ 16|

S St b

Loi gidi. Ta co: +
% X2 +16 )7 +16 22 +16|

x pobogid g
2 +16] |2 +16| |72 +16]

|
<
|

& ETTR - e |
o Psx2+l6+y2+16+22+16
Dau bang xay ra khi x, y,z cung dau.

Tacd: |x|£3:>|x]—3$0ve‘1 3|x|—16<0

*)

= (|q-3)(3]x]-16)20 =3(x* +16)2 25|«

hay | I < % (1). DAu bing xay ra khi |x| =

Il

Tuong tu ta co:
. 2 +16

3 TR A
< — (2). Dau bang xay
25() g

ra khi |y| =

I+|16 = 535‘ (3). Déu béing xay ra khi |z| =3

\ - 9 - 5
T (*), (1), (2), (3),tacod: P< E Dau bing xay
rakhi x=y=z=3 hodc x=y=z=-3.

A s . ’ A B <A / 9
Véy gia tri 16n nhat cua biéu thirc P=—2——5—, dat
dugckhi x=y=2z=3 hodc x=y=z=-3.

Nhin xét. Khong co nhidu ban doc giri bai giai dén
tda soan, tit ci cic ban tham gia giri bai déu lam
dang va lam theo céch giai trén. Mau chét cua bai

H 3
x2+16

toan la chirng minh

voi |x| <3.Pé du

. - 3 A 3 y ”, R i A
doan hodc tim ra so 7 cac em cd thé st dung nhiéu

phuong phép khic nhau, trong d6 c6 thé ding may
tinh cdm tay véi chirc ning table, sau d6 chimg minh
bi'lng cach xét hiéu hodc dién dat nhu trén. Tuyén
duong cac ban c6 tén sau:

Cong hoa Ao: Lé Bach Hai Ping, 3B, Trudng Quéc
té Song ngit cap II, Il GIBS, TP. Graz; Lim Ddng:
H6 Pagi Viét, 9A10, THCS Quang Trung, Bao Léc;
Nghé An: Lé Vii Quynh Nhu, 9A, THCS Phung Chi
Kién, Hung Chéu; Ngé Trdn Ngoc Bio, 8D, Pham
Nguyén Nguyét Linh, Nguyén Thdi Diing, 8B, THCS
Ly Nhéat Quang, Nghi Loc; Thanh Héa: Mai Thién
An, Hoang Ngoc Ting, 9B, THCS Chu Vin An, Nga
Son; Nguyén Ba Ditc Anh, 8A, THCS Luong Chi,
Tinh Gia.

TRINH HOAI DUONG
Bai T6/582. Chumg minh rang trong biéu dién
thdp phdn ciia 56 (9 + 45)*"%° thi ddng sau diu
phdy c6 it nhat 2025 chir 56 9.
Loi gidi. D3t a=9+45;b=9-4/5. Ta cé6:

0<b<1 va ab=(9+4/5)(9-4v5)=81-80=1.
Theo cong thirc khai trién nhj thirc Newton, ta cé:

TOAN HOC
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2025
a%025 =(944/5)2025 - y C§025_92025—k_(4\/_5- Y
k=0

2025
2025 —(9-4./5)2025 - > Ch 592025k (~4:/5)k
k=0

Xét §=q2025 4 p2025
2025

=2 Choas -92025'k~((4\/§)k H-45) )
=0

0  khik=2n+l
2.80" khi k=2n
v&i n 1a 50 tw nhién. Do d6 S 1 sé nguyén duong.
Tu §=a20254p2025 guy ra 2025 = §_p2025

MR Dh-DedfS = ot o L oan
9+4+/5 10

1
102025 °

Nhén thiy (4v/5)F +(—4/5)* ={

0<b2025 <

Do d6 trong biéu dién thip phan ciia 520256 it
nhat 2025 chir s6 0 déng sau dau phay.

Lai c6 S <S—b2025=(9+4/5)2025 < §

102025

(v6i S 1a sb nguyén duong). Vay trong bidu din
thap phan ciia (9+4/5)2925 ¢4 it nhit 2025 chit sé
9 sau du phiy.
Nhdn xét. Mau chét cia bai toan 1a chimg minh
S=(9+4/5)2925 1 (9-4+/5)2025 13 s§ nguyén duong.
Ngoai cach chimg minh nhir trén, ta cé6 thé 1ap luin
bing cach sir dung phuong phap quy nap nhu sau:
Pit S, =a"+b",ta c6 Sp=2;5,=18 14 hai s6 nguyén
duong. Gia sit S,,Sps112 hai s6 nguyén duong (v6i
neN), tacod: Sy2=a"?+b"?

=(a+b)(a" +b"")—ab(a" +b")=18S,41 —Sy,
suyra Sy, la sd nguyén duong. Vay theo nguyén li
quy nap todn hoc S, =a"+b" la s6 nguyén duong.
C6 thé tdng quat bai toan: Vdi moi s6 n nguyén
duong thi trong biéu dién thdp phan cia (9+4\/§)"
¢6 it nhdt n chir 56 9 ¢ ngay sau dcﬁf p‘hdy.
Tuyén duong cac ban sau c6 10i gidi tot:
Hung Yén: Trdn Gia Phi, 10 Toan 1, Pham Vin
Phong, 11 Toan 1, THPT chuyén Hung Yén; Ha
Noi: Nguyén Thanh Nam, 9A1, THCS Linh Dam,
Hoang Liét; HA Tinh: Dang Sy Phl:(?c Diee, 10 Toén
1, Bii Ting Ldm, Nguyén Viér Thé Tai, 11 Toan 1,
THPT chuyén Ha Tinh; Thanh Hoéa: Nguyén Bd
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Pirc Anh, 8A, TH & THCS Luong Chi, Tinh Gia;
An Giang: Huynh Pirc Chi, 10T1, TH‘PT (;:huyén
Thu Khoa Nghia; Quéng Tri: Hoang Ha Uyén Np;,
10 Toan 1, Thai Minh Bang, 11 Toan 1, Lé Phug,
Quy, 11 Toan 2, THPT chuyén V& Nguyén Giap;
Lam Pdng: Ho Pai Viét, 9A10, THCS Quang
Trung, Bao Léc, Huynh Nguyén Lé Minh, 10T,
THPT chuyén Thing Long; Cgng hoa Ao: Lé Bach
Hai Pdng, 3B, Truong Quoc té Song ngir cap II, I11
GIBS, TP. Graz.

PHAM THI BACH NGQcC

Bai T7/582. Giai phuong trinh
202()‘/: =2024 + ]ng()z_g (2024 + \/,_Y_ logz()zs 2()26) (1 ).
Léi gigi. DK: x>0. Ta thdy x = 0 khéng Ia

nghiém PT nén ta xét bai toan véi diéu kién x > 0,

Pit u=2026V* >1, PT(1) tr& thanh:
u=2024+logz025(2024+logz025u) (2).

bat v=2024+logz0254>2024 thi ta c6 hé phuong

_ |u=2024+logzp25 v
{v=2024+log2025 u
Suy ra: u—v=logspzs v—logagasu
u+logapsu=v+logrpsve>u=v (do ham
S (@®)=t+logygyst déng bién trén tap xac dinh).
Do d6 (2) trong duong voi:
u=2024+log202s5 u <> u—log0ps u—2024=0 3).

Xeétham s6 g(r)=t—logagpst—2024 co:

1 tIn2025-1
tIn2025  11n2025
Do d6 ham sé g(z) dong bién trén nira khoang
[1; +e0). Vay PT(3) ¢6 nghiém duy nhét u > 1.

Hon nita ta thiy g(2025) = 0 nén PT(3) c6 nghiém
duy nhét u = 2025, Do dé:

(1) &> 2026Y* =2025 < V/x = logagas 2025

SX= (logzo‘_)(, 2025)2 .
Nhdn xét Bai tosn khéng khé nén c6 nhidu ban
tham gia giai bai ndy. C6 mot ban lam sai, mot s6
ban 1dp lugn con dai. C4c ban sau c6 loi giai dung::
Hung Yén: 7v4, Gia Phu, 10 Toén 1, 6 Quang
Anh, 11 Toén 1, THPT chuyén Ha Tinh; Nghé An:
Neuyén Van bize Thing, 11A3, THPT Hoang Mai;
Ha T:i“l“ Ngé Bui anh Khoa, Lé Minh Manh,
Nguyen Viét Thé Tai, 11 Togn 1, Phan Viét Lé Huy,
I1 Toén 2, THPT chuyén Ha Tinh; Quang Trj: Lé

g'(t)=1

>0,Ve2l.
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phuroc Qup, 11 Toan 2, Thai Minh Dang 11 Toan 1,
HPT chuyén V6 Nguyén Giap; TP. Hj Chi Minh:
Nguyen Minh Nhat, 11A1, Tran Nhé: Nguyén, 11E2,
Nguyén Dirc Quang Minh, 11E], TH, THCS&THPT
Lé Thanh Téng; Lam Dong Huynh Nguyén Lé
Minh, 10T, THPT chuyén Thang Long, H6 Pai Vit
9A10, THCS Quang Trung, Bao Loc; Vinh Long:
Lé Hoang Khang, 11T1, THPT chuyén Nguyen Binh
Khiém; An Giang: Thdi Pirc Huy, 11T2, THPT

chuyén Huynh Min Dat.
TRAN HU'U NAM
Bai T8/582. Cho dtem B nam tr ong doan zhang
AC. Chimg minh rdang
d(B,m) < max {d(A,m),d(C,m))

voi m la dwong lh(fﬂg bat ky trong khong gian.
Loi gidi.
Cich 1. (Theo tac gia bai todn)

Goi (P) 13 mit phing bét ki chira duong thang m.
Céc diém 4',B",C' theo thi ty 1 hinh chiéu vudng
goc ciia 4,B,C trén (P) va H,I,K theo thirtrla
hinh chiéu vudng géc cua A',B',C' trén m.

R& rang d(A4;m)=AH,d(B;m)=BI,d(C;m)=CK.
Qua 4 dung dudng thing m' song song Véi m
Vi goi cac diém I',K' thudc m' sao cho II'.KK'
déu song song v&i HA -

BA B A IH I A
BC BC K I'K .
Do B nim trén doan thing AC nén c6 thé dung
T trén doan thing K'C sao cho BT // AK'. Khi
46 I'BTK" 13 hinh binh hanh. Ma I'K'KI cing 13
hinh binh hanh nén ﬁ=f7<"=_ﬂ—(.- Vay BI=KT.

Taco — nén BI'//CK'.

Xét tam gisc KK'C ¢6 T nim trén doan thing
K'C nén KTSmax{KK',KC}.

Ma KT=d(B;m),KK'= AH =d(A;m),KC=d(C;m)
nén ta c6 diéu phai chimg minh.

Cich 2. (Theo mét sé ban). Ta sir dung cong thire
tinh khoang cach tir mot diém dén mét dudng
thang trong khong gian nhu sau: Véi P la mot
diém bat ki nam trén duong thang m va u la mgt
vecto chi  phuong cua m. Khi do

[73i]
|ue]

Do B nidm giita 4 vd C nén tdn tai sb thyc
ke[0;1] sao cho PB=kPC+(1—k)PA .

NPT [PB.u] J[k?@(l—k)ﬁ,&]l
ST a

:kiv‘é,&]:r[(l—k)ﬁz,&]l

|ua]
K[ PC, u] Q= k)| [PAa) |
|| |ul
=kd(C;m)+(1-k)d (A4;m)
<k.max{d(C;m),d(A4;m)}
+(1-k).max{d(C;m),d (A;m)}
=max {d(C;m)+d(4;m)}.

Nhén xét. Day 1a mot bai toan khong kh6 nhung cé
it ban tham gia giai. Ngoai trir mét sb 161 giai sai,
hiu hét cac 15 giai con lai déu theo cach thir hai. Xin
néu tén mot sé ban: Hung Yén: Tran Gia Phi,
10T1, THPT chuyén Hung Yén; Ha Tinh: Nguyén
Viét Thé Tai, Nguyén Anh Diing, 11T1, THPT
chuyén Ha Tinh.

Suy ra: d(B;m)<

NGUYEN VAN LINH

s TOIS. G b thtye B8, T | ¢©

b+6 c+a a+b
trong do a, b, c la cac 6 thire théa man diéu kién:
a+b>0,b+c>0,c+a>0. Tim gia tri cia a
khi bidu thic P dat gié tri nhé nhdt va
at+b+c=1

Loi gidi. Cach 1. Pat b+c=x,c+a=y,a+b=z,

y+z—x Z+x—=y x+y—z

Khi d6: a= > b= S e va biéu
thiec P trd thanh:
TOAN HQC
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P= 1 8(}7+Z—X) % 7(z+x—y) : x+y-—z
X 2y 2z

18 7 £ 4 ) ¢
=(—y+._'l]+ 7_.*.._}_ 3 _'\__+_l_§_i _18_1_1
)J \Ly 22/ \2z x Z 2

X &)
18.7 7 18
oy B ot f——+2‘f—-22= -16.
: ¥ : W7-16

Tx2=36y2
Diing thirc xdy ra &> { y2=722
x2=3622
X _ y z x+ty+z 2

hay —=——=—= — .
N7 1 747 747

Nghia la x= 2 Y= 271 = 2 S

T+ 1T 1T

Do do: a=\ﬁ—5 £ 11 _4-7

TP N B
L SHT 14447
g7 - ®1
Cich 2. Ap dung BDT Schwarz ta duogc:

P+44=—3ﬂ+36+l)—+7 =544

b+c c+a a+b
_36(a+b+c) T(a+b+c) a+b+c
b+c I c+a a+b

=(a+b+c)[ 0,7 1 j

b+c c+a a+b
(6+ﬁ +1)2
'(b+c)+(c+a)+(a+b)

(7+\/7 )2

=—2—=28+7ﬁ.

>(a+b+c)

Tir day suy ra P>7/7-16 . Déng thitc xay ra khi

va chi khi
6. g7 A =7+J7

b+c:c+a=a+b=2(a+b+c) 2

Tir day ciing tim dugc b (a,b,c) nhu & cach 1,

Nhin xét. Bai todn ndy dé va quen thudc nén cé
nhiéu ban tham gia giai va tit ca déu dung. Cic ban
sau day c6 10i giai tot: Cong hoa Ao: Lé Bach Hai
DPang, 3B, Trudng Quoc te Song ngir cap II, III
GIBS, TP. Graz; Ha Ni: Nguyén Thanh Nam, 9A1,
THCS Linh Pam, Hoang Liét; TP. Hd Chi Minh:
Mai Phi Khang, 9A12, THPT chuyén Trin Pai
Nghta, Vii Khic Duy, 11E3, Nguyen Pham Minh

TOAN HOC
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;. 11E2, THPT L¢ Théanh. Tong; Thanh' Héa;
}1\7/;:711‘13)5;1 Ba Dirc Anh, 8A, '.THCS. Luong Chi, Tinh
Gia; An Giang: Tran Mmh‘ Tten,’lsz,' THPT
chuyén Huynh Mén Pat, Huynh Dikc. Chi, 10T],
THPT chuyén Thu Khoa nglna;'Hlmg Yén: lfhgm
Vin Phong, 11 Toén 1, Tran Gia Phu, 10 T:oan 1,
THPT chuyén Hung Yén; Hs\‘ 'ﬁ.r.lh: Nguyeén Anh
Diing, Nguyén Tung ?uy, Ngo Bui AI’1h Khoc}, Bui
Tung Lam, Nguyén Viet Thé Tai, 11 Toap e f?gng Sy
Phuéc Pirc, 10 Toan 1, THPT chuyén Ha Tinh;
Quang Tri: Nguyén Tran Bdo Ng(::c, 10 Toan 1,
THPT chuyén V& Nguyén Gidp; Phua Tho: Nguyén
Thanh Mai, 9A, THCS Ly Nam bé, Van Xuan; Tay
Ninh: Pham Gia Huy, 11T1, THPT chuyén Tran
Vin Giau; Lam Déng: Hupnh Nguyén Lé Minh,
10T, THPT chuyén Thing Long, Ho Dai Viét, 9A10,
THCS Quang Trung, Bao Ldc.

NGUYEN VIET HUNG

Bai T10/582. Cho day cac da thic (P,,(x)):“
thoa man: Py(x)=0, A(x)=x+2 va
P,(x)=2P,_(x)(P,_(x) +1)(2P,_5(x)+ 1) + P,_5(x),
VneN,n>2. Chung minh rang voi moi so
nguyén dwong k, m, néu /\'lm thi Pk(.\‘)l P, (x).
Loi gigi. (Dya theo 10i giai cia ban Trdn Diic
Phat 12 Toén 1, THPT chuyén V& Nguyén Giap,
Quang Tri)
bit Uy (x)=25,(x)+1véi mdi s6 ty nhiénn va dé
cho gon ta ki hiéu U,,B, thay cho U, (x), B, (x).
Tur cach xac dinh cua P, ta co:
Uo=1, U1 =2(x+2)+1=2x+5 va
Un=2E+1=4B, (B +1)(2P 5 +1)+2P, 5 +1
=[4B-1 (Bt +1)+] (2B, +1)
=QPa+1? (2R, +)=U2,U,_,.

Ta chimg minh bing

quy nap rang
Un =(2x+5)""

(1) véi moi s6 ty nhién » trong dé
day sb nguyén (a,)x4c dinh bai:
ao=0,a,=1,q, =2a,-1+a,,VYn>2.
That vay, ta thiy khing dinh (1) dung véi n=0va
n=l. Gid s (1) ding dén n—1. Knj d¢:
Un=UZ U, =(2x+5)2an (2x+5)an-2
=(2x+5)2n-1tan-2 = (234 5)an |
Nhu vy (1) ciing ding véi n nén theo nguyén ly
quy nap (1) ding véi moi sb tw nhién
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@x+5)%» -1 .. ..
Suy ra Pn(x)=—2— VO1 mQi 86 ty nhién » .
pat m=qk v6i ql1a s6 nguyén duong. Ta chi cin
chimg minh ax |ag (3), khi dé:
(2x+5)%* =1|(2x+5)%* —1=(2x+5)n |
nén A ()1 B (x).
Nhan Xét ring: Gmen =amann +am-1a, (2) voi moi
s0 tw nhién m,n va m>1. That vay, ta chimg minh
(2) bing quy nap theo n.
Khing dinh (2) ding véi n=0van=1vi
Ams0 =am1+ap1-0=a,a +a, a9
Amil =20m + A =Amaz +a,a,.
Gia str (2) dang dén n. Khi d6:
Ama(n+1) =28psn +Amin-i
=2(amann +ama1a,)+(ana, +am1a,)
=am (2aps1+an)+am1(2a, +a,)
= ns2 F Uy 10041 -
Nhu vay (2) dugce chimg minh.
Béy gidr ta chimg minh (3) bing quy nap theo gq.
Thét vay (3) hién nhién ding v6i g=1. Gia sir (3)
ding v6i g, tiic 12 ai|ag . Ma theo (2) ta co

(g41)k =Agk+k =0gkAk+1 +Agk1Qk  N€N  ak|A(gayk-
Nhu vay (3) ciing diing voi g+1va do d6 (3) dung
v&imoi g nguyén duong. Chimg minh hoan tat.
Nhin xét.T4t ca céc ban giri 161 giai vé tda soan déu
tim dugc cong thirc tong quat caa F,(x) . Tuy nhién
vii ban gip kho khin trong budc chimg minh
ak|agy hodic cong nhan nd nhu mét dicu hién nhién,
va hau hét cac ban déu sir dung cong thirc tdng quat
ciia diy sé (a,)dé chimg minh diéu d6. Ngoai ban
Phat c6 181 giai tdt, cac ban sau ddy c6 10i giai dung:
HA Tinh: Ngé Bui Anh Khoa, Bui Tung Lém, Lé
Minh Manh, Nguyén Viét Thé Tai, 11 Toén 1, THPT
chuyén Ha Tinh; An Giang: Nguyén Hodi Nhanh,
11T2, THPT chuyén Huynh Mén Dat; Lam Dong:
Hupnh Nguyén Lé Minh, 10T, THPT chuyén Thang
Long; Gia Lai: Lwong Xudn Nghia, 11A7, THPT
Chj Lang.

HOANG NGQC MINH
Bai T11/582. Tim tat ca cac ham s6 N -»N

lang ngat thoa man:

nf (f(m)=(f(m)’, vneN".
Loi gigi (Cua da sb cic ban). Tir diéu kién bai
SU@)_SO) pen,
f(n) n

Xét g(n):=M ta thu dugc:

n
gn)=g(f (n)=g(f2(n)=g(f™ (), YmneN" (1).
Ta chimg minh g(n)eN*,VneN".

toan suy ra:

Gia st véi neN' ta cb6 g(m=£ voi
p,qeN’,g>1,(p,q)=1 thi theo (1) suy ra:

fm (n):(ij n,‘v’meN‘.

Vi f™(n)eN" nén n chia hét cho g™ véi moi
meN*, didu ndy 1a khong thé xdy ra. Viy nén
g=1 va g(n)eN’,VneN".

Néu g(n)=1 véi moi neN* thi f(n)=n véi moi
neN*, thoa man diéu kién bai ra.

Gia st xay ra g(n)=a v&i a>1 ung voi n
nguyén duong nao d6. Goi N la s6 nguyén duong
nho nhat d¢ g(N)=aN. Khi do, do tinh ting ngat
cia f(n) thi f(n)=n Gng voi moi 1<n<N.

Mit khac, tir ding thuc g(n)=g(f(n)) suy ra
g(n)=a vo61i moi n=N. That vay, néu toén tai
n,meN*" m#ny, va g(m)=b va g(n)=by véi
b <b, thi ta chon s nguyén k sao cho a*m >n,
thi f(a*m)>f(n) nén bf*m>bn,. Suy ra
bf+mny >b5'n, véi moi meN*, mau thuin.

Vaynén f(n)=an vé6imoi n>N.

; n khi n<N
Keét lugn: f(n)= ;
et live: S0 {an khi n>N

Nhdn xét. Céc ban sau dy c6 10i giai dang:

Gia Lai: {Vguye:n Hodi Nhanh, 11T2, THPT chuyén
Huynh Man Dat; Lwong Xudn Nghia, 11A7, THPT
Chi Lang; HA Tinh: Nguyén Tung Duy, Nguyén Viét
Thé Tai, Ngé Bui Anh Khoa, \1T1, Phan Viét Lé
Huy, 11T2, THPT chuyén Ha Tinh; Lam Ddng: Hs
Dgi Viét, 9A, THCS Quang Trung, Bao Loc; Ngh¢
An: Lé Vii Quynh Nhu, 9A, THCS Phung Chi Kién,
Hung Chau.

NGUYEN VAN MAU
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Bf!i T12/582. Cho tam gidge ABC khong can noi
tiep dwong tron (0) va ngogi ii(fp dwong tron (I).
Cac diwomg thang Al BI, CI cdt lai (O) twong ng
ai D, E, F. Goi D'.E',F' lan heot doi ximg voi
D E.F fwong ung qua BC, CA, AB.

a) Chung minh cac tam gige ABC va D'E'F' ¢6
chung tam dwong tron Euler-
b) Gid sit cdc dwong thang ID',IE', IF' ldn heot
cat BC, CA. AB twong wmg tai X, Y, Z. Ching
minh X, Y, Z cting nam trén dwong thang vuong
goc voi dwong thang Euler clia tam giac D'E'F’.
Loi gidi. Trong 1&i giai nay dudng tron di qua ba
diém U, ¥, W dugc ki higu la (UVW); tiép tuyén
V@i dudng tron (0) tai U duoc ki hiéu 1a UU.

a) Ta can nim bd dé, trong d6 ta chi chirng minh
bd dé 2, cac bd dé con lai 14 quen thudc, khong
trinh bay cach chimg minh & day.

Bb dé 1. Cho tam gidc ABC, (0) la dudng tron
ngoai tiélu, I la tam duong tron noi tié}n. D, E, F
theo thir tir la giao diém thir hai ciia Al BI, CI va
(0). Khi do 1 la tryc tdm cua tam gidc DEF.

Bb dé 2. Cho tam gigc ABC, (O) la duong tron
ngoai tiép. Diém M khéng thuéc (O). B,, C, theo
thir tyr la giao diém thir hai cia BM, CM va (O).
Bs, C; theo thir ti la diém doi ximg ciia By, C qua
AC, AB. Khi d6 cdc tam gidc MB,C,, MB,C, déng
dang nguoc huong.

Loi gidi. (h.1) Dé thdy cac tam giac MB,C;, MCB
ddng dang ngugc huéng (1). 7

Tur (1), cht ¥ ring B,, C, theo thir tir 13 diém dbi
xirng cua Bj, C, qua AC, 4B, suy ra:

A
B,
. < g \
M
B,
B c

3 CM_CB] =CBZ :
BM BC, BC
. (CM ,CB,)—~(BM,BC2)=(CM ,CB))+(CB;,CE;)
—(BM ,BC1)—(BC, »BC2)(mod2)

TOAN HOC
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=(CM ,CBy)+2(CBi,CA)
_(EE,W)—Z(BCI,BA)(modzk)
=2(CM,CB))+2(CB;,CA)~2(CC1,CA)(mod27)
=2(CM ,CBy)+2(CB,,CCY)
Ez(CM’CCI)EO(mOdzﬂ'). .
Do d6 céc tam gidc MCB,, MBC; dong dang cling
huéng. Piéu do c6 nghia la cac tam giac Mcp
MB,C, ddng dang ciing hudéng (2).
Tur (1) va (2) suy ra cdc tam giac MB,C,, MB,,
dbng dang ngugc huong.
B& dé 3. Cho tam gidc ABC, H la tryc tam, (0) |
dwong tron ngogi tiép. D la trung d’ié’m ciia BC
khéng chira A cua (O). D’ la diém doi ximg ciia D
qua BC. Khi d6 AD L HD'.
Bb6 dé 4. Cho tam gidc ABC, (O) la duomg tron
ngoai tiép, I la tdm duong tron ngi tiép. D la giao
diém thir hai cia Al va (O). D’ la diém doi ximg
cua D qua BC. Khi do cac tam giac DIO, DD'I
dong dang ngugc hudng.
Bé d& 5. Cho tam gidc ABC, (O) la duong tron
ngoai tiép, I la tam duong trong néi tiép. D, E, F
theo thir tu la giao diém thir hai ciia Al BI, Clva
(0). D', E’, F’ theo thir ti la diém déi ximg ciia D,
E, F qua BC, CA, AB. K la giao diém thir hai ciia
D°Iva dwong tron (D’E’F ). Khi do AK 1 BC.
Tr6 lai gigi phén a).
Goi J 14 tim dudmg tron (DEF) (hinh vé dusi).
Theo bo dé 1, 113 trye tim cuia tam giac DEF (1).
Theo bé‘dé 2, cic tam giac JEF, IFD, IDE theo
thr ty dong dang ngugc huéng véi cac tam gidc
[EF, IFD’, IDE’. Do d6 tam gisc D'E'F 1
dnh cta tam giac DEF qua phép vi ty dbi ximg c0
tim1a 7 (2).
T (1) va (2) suy ra 7 13 trye tam cua tam gidc
D I'Z,F’ (3). T cac bé ¢ 1, 3 suy ra HD’, HE',
gl}: (2tl)1eo thir ty song song v&i EF, FD, DE (4).
va (4) suy ra:
(HE',HF")=(DF,DE)=—(D'F",D'E")
=(D'E\D'F')(modr).
Oc dudmg tron (D’E’F”) (5). ;
theo cic bd d& 3, 4, cha y rind
»DD//BC, két hop véi (2) va (3), W

Do d6 H thy
T (5),
DD') B¢
ra:
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(HJ,0=(HJ ,HD"+(HD', Al )+(DI,0I')(mod )

s%(?fl,fD"H%——(DD’,ID’)

E%+%(E,J_5')+—;-[-—(DD',ID')(modn)

=(F'H,F'D")—(BC,E'F"

=(DE,F'D")+(E'F',BC)(modr)

=(DE,BC)+(E'F',F'D")

=(DE,BC)—(EF ,F D)(modr)

=(DE,BC)+(F D,EF)=(DE,BC)+(DD,ED)

=(DD,BC)=0(mod r).

Néi cach khac HJ//OI. Tix (2), (5), theo bb dé 4,
JH ID' OI

suy ra: —=—=—— Do d6 JH=0I.
OD ID OD

Viy OIHJ 14 hinh binh hanh. Diéu d6 c6 nghia 14
OH va IJ ¢6 cing chung diém. Tir d6, chi y ring
OH, IJ theo thi ty 13 dudng thing Euler cua cic
tam giac ABC, D’E’F”, suy ra dpcm.
b) Goi S 1a giao diém th{r hai cia YE’ va dudng
tron (D’E’F’); P, N, T theo thir tyr 12 giao diém ctia
BS, EE’, EI va BC; R 14 hinh chiéu cua / trén AC;
R; la ban kinh cua dudng tron (D’E’F”).
Theo bd d& 5, BP di qua H. Do d6 BP//EE'//IR.
Tir d6, theo dinh 1i Thalés, suy ra:

Yl RI'IS IBEE EI'IR IT'IR IT "
D& thiy céc tam gidc EAT, EBA ddng dang va

IE AE AT

- * e I e T2 e 7.
EI=FEA. Do dé6: 7B BE AB()

Vi A7 1a phén giac trong cuia tam gidc ABT nén
AT

==—— (8).
15 8)

T (6), (7) va (8) suy ra: L
(YJ2 -R? )—YI2 =YS.YE'-YI? =YS.(YI +IE")—YI?

=(YS-YI)YI+YS.IE'=1S YI +YS.IE'

=E.ﬁ[1+£.£)=7§.ﬁ[1+£.£)

Yl IS RI IB

ot FEE - T P

SISV 14— = =isymi—EL_ =
RI IB RI IB

=E.‘YTI 1 —_— _—— —_— =

( RIIB RIIB IR IR BI

_Is¥I(, 2ET BT EI)\_ISYI BT(IT 21:7:57]
RIIB\' IT IT BI) RIIB IT BT BI

2m—N_B—pEJ_7§ﬁ (,_2EN BP g]

RIIB RIIB IT\ BT BT BI)
_ISYI BT(IT-2ET EI\_ISYl BT(IE-ET E}
RIIB'IT\ BT BI) RIIBIT\ BT BI

BT Bl ) RIIBIT\ BT W
1SYl BT IE.BI-EBBI+EBBT
''''' BTBI

1Y E(TE-E+FT_EI—'B’1 ISY BT( IE-EB E})

—_— S o,

EB Bl

“RIIB T BLBI RIIB IT BTBI\ EB AB
_Is¥i BT E-E‘B(_ﬁgiz]:o
RIIB IT BT.BI\ AB AB)

IS ﬁ*?ﬂ‘.ﬁi{iis Tz) ISYl BT RILEB( IE AT)
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Tuong ty: (Z/2-R3)-212 =0,

Vay YJ2-ZJ2=YI2-Z[2, Do d6 YZ LJI.

Tu:cmg tw: ZX 1JI. Vay, cha y réng JI 1a dudng
thing Euler cua tam gidfc D’E’'F’,tacd X, Y, Z
cung thugc mot dudng thing vudng géc véi dudng
thing Euler ctia tam gidc D’E’F”,

Nh@n xét. 1) Bai toan nay rit khé, chi c6 3 ban tham
gia gidi. Ca ba ban déu c6 ¥ tuéng gidng nhau trong
101 giai p\hz‘”m a): chimg minh cic tam gidc DEF va
D’E’F” dong dang ngugc hudng,

)Y tuong giai phan b) nhu trén cta ban Vi Duy
Manh, 10T1, THPT chuyén Lam Son, Thanh Héa.

3) Cac ban Lwong Xudn Nghia, 11A7, THPT Chi
Lang, Gia Lai va Nguyén Son Khanh, 11T2, THPT
chuyén Huynh Méan Dat, An Giang c6 15i giai phin
b) ding nhung phai sir dung dinh li vé diém
Feurbach cua tam giac.

NGUYEN MINH HA
Bai L1/582. Mot dira tré bi sot ¢ nhiét do 101 "F
diegc cho ding thuée ha sot. Gia sir co ché bay
hoi ctia mo héi la cach duy nhat dé lam giam nhic¢t
do co thé. Khoi lwong cua dira tre la 30 kg. Nhiét
dung riéng cua co thé con nguoi bang nhiét dung
rieng cua nwoc la 1000 cal/kg.K va nhiét hod hoi
cua nmueoc khoang 580 cal/g. Néu con sot ha xuong
98 °F trong 20 phut thi toc dé bay hoi trung binh
do thuéc gdv ra woc tinh khoang bao nhiéu
g/phut? Keét qua lam tron dén hang don vi.

3 5
Loi giai. Nhiét 3o ban dau: 7 = (101 — 32). 9
~ 38,33 °C.
, 5
Nhiét d3 cudi cung: 7, = (98- 32).6 ~36,67°C.

Do giam nhiét d6: AT=T,— T, = 1,66 °C.
Nhiét lugng co thé toa ra: 0 = mcAT

cal
=30 kg.1000 .1,66 K =49800 cal.
= kg K

Nhiét lugng cén thiét dé bay hoi nude: O, = mL. ’
Theo d& bai toan bd nhiét lugng héa hoi tir co thé
dugc ding dé bay hoi nudc:

< _49800 cal
= Q =i == o0 calls

Téc d6 bay hoi trung binh bing:
85,86 g
20 phut

~85,86 2.

~4,3 g/phit.

e

Nhn xét. Chic mimg céc ban da c6 k‘fi gié} dﬁgg
cho dé& ra ki nay: Tran Mai Anh, llA Ly, Tran E;,a
Phii, 11 Toan, THPT chuyén Hung }’en, Hung Yer!;
Nguyén Phii Thinh, Thanh Ngo Bdo Lor}g, 11 L:y,
Nguyén Thanh Tdn, 12 LY, THP”£ chtfyen ’Nguye?
Quang Diéu, Ddng Thap; Nguyen Lé {(hanh Ha,
Dinh Véin Truong, Truong Khanh Toan, }] Ly,
THPT chuyén Ha Tinh, Ha Tinh; Ng,:o" Lé Viet Nam,
10E2, THPT Lé Thanh Tong, TP. Ho Chi Minh; L¢
Bach Hai Pang, 3B, Truong Quc")f: té Song ngir cap
11, ITT GIBS, TP. Graz, Cong hda Ao.

NGUYEN XUAN QUANG
Bai L2/582. Vao thoi diem hién tai, uranium ti
g i 338, s IR,
nhién chira hai dong vi phong xa “3;3U va 55U,
: 235 ar k. PORRIE |
oi ti 1é so hat “55U va s6 hat “g5U la ——.
VOl Il ¢ ( 92 ¥, [O()()

Biét chu ki ban ra cua hai dong vi nay lan leot la
0,7 ti nam va 4.5 ti nam. Hoi cach day bao nhiéu

9 : IRy AR 235 :
1 nam, wranium tic nhien co ti I¢ so hat U va

50 hat 2(;§U la —l—'.’ Lam tron két qua dén chir
- 100

s6 thdp phan thir nhit.

Loi gidi. Goi Noi, Nop lan lugt 1a s6 hat 235U va

238U ban ddu. Goi Ny, N, 14n lugt 14 s hat 83U

va 23§U hién nay. Theo dé bai ta c6:

t

ﬂ=i(1). ﬂ=N01-27‘_ 7
Noz 1007 N, —£ 71000
Np2 -2
1 1
Q&Q{Tz 1'1]: 7 2.
Noz 1000

1 1
Tir (1) va (2) suy ra: 2{4-5-109 —0,7-10"] i
10
=1~0,4.10° nidm = 0,4 tj nim,
Nhén kxét. Chic mimg cic ban da c6 1o giai ding
cho dé ra ki ndy: Trdn Mai dnh, 11 Ly, Tran Gia
Phii, 11 Toan, THPT chuyén Hung Yén,

Hung Yén;
Thanh Ngé Bdio Long, 11 Ly,

6 . THPT chuyén Nguyén
Quang Diéu, Dong Thap; Trwong Khanh Toan,

Nguyén Phan Phy Lgi, 11 Ly, THPT chuyén Ha
Tinh, HA Tinh,

DINH THI THAI QUYNH
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HUNG BAC HUA THUNG CHENG M BT D THIE

VONGUYENDUY
(GV THPT chuyén Huynh Man Dat, An Gtang)
CAO MINH QUANG

(GV THPT chuyén Nguyén Binh Khiém, Vinh Long) )

1. G101 THIEU. Dong bic héa trong chimg minh
bt ding thic 13 mot k§ thuat bién ddi mot bit
ding thirc sao cho cac vé cua bit ding thic déu
trg thanh céc biéu thic df‘mg bic, tirc 1a cac biéu
thic ¢6 cing béc trong céc bién, thuong bing
cich nhan thém cac bi€u thuc thich hop hoic thay
d6i bién. Viéc dong bac héa trong bat ding thic
sé gitp ta d& so sanh hai vé cua bit ding thic
bang cach so sanh truc tiép cac hé sb hodc dung
cac k¥ thuat nhu so sanh tirng bac, liy hiéu hai vé,
hoic dua vé viéc chirng minh cac biéu thirc khong

~

am.
Muc dich cia dong bac héa 1 tao nén bit ding
thirc tré nén "dep hon", cé tinh d6i xing, dé 4p
dung céc k¥ thuat nhu: Bét ding thirc Cauchy, bt
ding thic Schwarz, dic biét 1a bét ding thirc
Schur. Hon nita, n6 con cho phép chuén héa bai
toan dé dua vé bat ding thirc méi.
Bai viét dugc chia thanh hai phan:

- Phin 1 trinh bay céc bat dang thirc dang phan
thirc.

- Phan 2 trinh bay cac bit ding thirc dang da
thirc,

2.CAC BAI TOAN

2.1. Dang phan thirc

Bai todn 1, Cho x,y,z la cdc 50 thiee duong thoa

man diéy kién xy+yz+zx=1. Chimg minh rdng

-
-

B — | ""“.:.._.‘4
2

\/-—+l \/)"41 z Tl 2
Phan tich. Cha ¢ ring x? +1=x2 +xy+yz+zx
=x(x+y)+ z(x+y)=(x+y)(x+z) :

Khi d6, mi s6 hang & vé tréi ciia bt ddng thirc 12
Mot biéu thirc ddng béc.

o ——— T T

Léi gidi. Ta thay sb 1 trong bidu thirc duéi dau
cin bang xy+yz+zx va nhom céc sb hang trong
mdi biéu thic d6, ta dua bt ding thirc cin ching
minh vé dang
x ; y : Z b’ 3

J+p)(x+2) ] JO+2)(y+x) T\El-x)(z+ y) 2
M&i phan thirc bén vé trdi co dang ddi xtimg, déng
bac, ¢6 dang tich. Diéu niy goi ¥ cho chiing ta sir
dung bat déng thirc Cauchy, cu thé:

X <l( X ; X J
(x+y)(x+z) 2\x+z x+y
X ' Yy : 2
JE)+2) JO2)(+x) J(E+xNz4y)

Jfxtz Xty ytz 3
T2\ x+z x+y y+z ES

Suy ra:

Bai toan 2. Cho x,y,z la cdc s6 thiee deong thoa

man dieu kien x+y+z=1. Chueng minh rang

Xy yz zx 1
- 4 <
5

m VRS
Phin tich. Ta nhan thiy biéu thirc trong cin bic
hai khong ddng bic 2. T gia thiét cia bai todn, ta
thir dua vé déng bic. Muc dich 13 xem xét dua
biéu thirc trong ciin vé dang tich dugc hay khéng?
Ta c6: z+xy=z(x+y+2)+xv=(z+x)(z+y).

Léi gidgi. Goi L 12 vé tréi cla bt diing thie. Sir
dung bt diing thirc Cauchy, ta c6:

Jx+1z

Xy S_\_\_( ey
ﬂw \/’+\‘ (z+y) 2\ z+x z4p)

Tuwong ty, ta thu duge hai bit ding thire:

yz y'(l.‘J < JEEPL (R TR
Joryzm 2 xty x4z) paxz T 2 xty paz )

S6 586 (4-2026)
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Cong ba bt ding thirc cing chidu vira thu dugc
va cht y ring

a1 1 yz[ 1 1
s, + +____ 1
2 z+x z+y) 2\x+y x+z

Tur d6 suy ra LS% . Dang thirc xay ra khi va chi

khi x=y= *-—;; Phép chirng minh hoan tit,

Bai toian 3. Cho a.b.c la cdc so thuc duong, thoa
man dieu kién a+b+c=1.. Tim gia tri lon nhat

cua biéu thiee

P=va2+abc+b? +abc+\c? +abe +9/abc.
Phén tich. Viét lai cac biéu thic trong cin bac hai
dudi dang déng bac 3, cu thé

a*+abc=a?(a+b+c)+abc=a(a+b)(a+c).
Lai gidi. Sir dung bt dang thirc Chauchy, ta cé:

x/;(a+b+a+c)
2

Va2 +abc =\/a(a+b)(a+c) <

_\/—(;(a+1)
=

Chimg minh twrong ty, ta nhan dugc:

1
Vb2 +abc SJ—L(;)LI) va \/c2+ach\/E(zc+ )

Ja? +abc+/b? +abc ++/c2 +abe
<\/c_z(a+1) b(b+1) Je(e+])

-— 2 =3 B 2 - 2 .

Mt khic, tiép tuc ap dung bét déng thirc Cauchy,
ta co:

Do do:

<\/—(a+1 b;c) "\/;(gi—b;_CﬂJ=\/;'

Chimg minh tuong ty, ta cling co dugc:

f(b‘fl) Nl v Yo ‘f( Seled). preln

TOAN HOC
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- Suy ra: \/(12+abc+x/b2+abc+\/c'2+abc+9\/abc

SJ;+JZ+JZ+6Jabc.
Miit khac va+vb+e < J3(a+b+c)=V3

L

3

a+b+c
N < =,
vé6abc-6( 3 ) \/5

din dén:
Ja?+abc +b*+abc +\ﬁ +abc+9Jabc

<3+2 5\5

. 1
Péng thirc xay ra khi va chi khi a=b=c=§. Do

53

d6, gid tri 16n nhat cua P 1a =

Bai to4n 4. (JBMO TST 2024) Cho x,y,z la cac
6 thuwee dwong théa man diéu kién xy+yz+zx=1.
Chirng minh rang

| 1 2:h

1
+ - <
Vi+x2-x Jl+p2—y V1+z2-z

Loi gi&i Chu ¥ ring

——1 = =1+x2 +x= \/xy+yz+zx+x* +x
V1+xs—x

=\/(x+y)(x+2)+x.
Ap dung BPT Cauchy, ta cé:
(x+y)(x+z)+x< <HIVEEEE, oo FIE

Tir d6 suy ra:

1 1 3 )

=+ + <3(x+y+:2).
V1+x2 —x 142 -y V1+z2 - e

Tr bit ding thic quen thuge dang

(ab+bc+ca)223abc(a+b+c) véi moi sb
a,b,c, tacé:

thye

3xyz(x+y+z)s(,xy.’..},z_i_lt)z &
hay 3(x+ y+z)$~l-,
xyz

Bt diing thirc ban diu d3 dugc giai quyét.
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BAI TAP
Bai 1. Cho a,b,c 14 cc s6 thyc duong théa mian

diéu kién a+b+c=2016. Tim gia tri 16n nhat cua
piéu thirc

a b
P= e
a+y2016a+bc  b+2016b+ca
H c
c+y2016c+ab’

Bai 2. Cho a,b,c 14 céc s6 thuc dwong, thoa min
didu kién a+b+c=3. Chimg minh ring
bc il ab <§
Ja2+3 Jb2+3 Je243 7 2
Bai 3. Cho x,y,z 1a cac sb thyc duong thoa man
didu kién xy+yz+zx=3. Chlrng minh ré‘mg

1 { .. 4 90

mj \/—}m : \/_22_+§211(x+y+z)+27'
2.2. Dang da thirc
Bit ding thic dang da thirc ba bién xuat hién
nhidu céc ki thi vi ching thuong c6 d¢ phic tap
vira du dé rén luyén tu duy toan hoc, phan loai hoc
sinh va d& 4p dung nhiéu ky thuat chimg minh
quen thudc, dic biét 1a sir dung bat ding thirc
Schur.
Bai toin 5 (Crux Problem 4975). Cho a,b,c la
cac la cac so thwc duong thoa man diéu kién
ab+bc+ca=1. Ching minh rang

a*+b2+c? +3abc(a+b+c)>2

Phin tich. Bic cao nhét cia sb hang & ve trai
trong bat dang thirc 1a 4. Do do, chung ta can sur
dung gia thiét dé dua bét ding thuc vé dang dong
bic 4 ¢ tht ca cac sb hang cia hal vé.

Léi gidgi. Ta viét bét dang thirc can chirg minh vé

dang: (a2+b2 +c2 )(ab+bc+ca)+3abc(a +b+c)

22(ab+bc+ca)2.
Bién ddi bét ding thirc trén vé dang tuong duong,
ta nhan dugc:
ab(a?+b2)+bc(b? +c? )+ca(c?+a? )
>2a2b2 +2b2c2 +2c%a?.
hién nhién Vi

Bit ding thic cubi 1

x)’(x2+y2)2xy.2xy=2x2y2, véi moi so thuc

duong x,y. Ding thirc xay ra khi va chi khi

a=b=c=£.

3
Bai toan 6 (J693, Mathematica Reflection).
Cho a.b.c la cdc sé thuc dwong thoa man diéu
kién a+b+c=3abc. Chirng minh rang

a?+b?+c? +3>2(ab+bc+ca)
Phaén tich. Bic cao nhét cua cic s6 hang trong bat
ding thirc 1a 2. Piéu nay goi y chung ta dua vé
dang dong bac 1a 2 (hodc cao hon sau khi bién dbi
dai $0.
Léi gidi. Ta viét lai bat déng thirc dudi dang

a’+b*+ct+ 2 >2(ab+bc+ca)

a+b+c

& (a+b+c)(a? +b? +c?)+9abe
>2(a+b+c)(ab+bc+ca).
Sau khi khai trién va thu gon, ta dua bat déng thirc
vé dang:
a3 +b3+c3 +3abe2ab(a+b)+be(b+c)+ca(c+a)
< a(a-b)(a—c)20.
cyc

Bét ding thirc cudi cing 1a bat ding thirc Schur
bac 3. Ping thic xay ra khi va chi khi a=b=c=1.
Bai toan 7 (J694, Mathematica Reflection).
Cho x,y,z la cdc s6 thuc dirong théa man diéu

kién xy+yz+zx=12. Chitng minh ring

\/(Tx+y+z)(x+y)(y+z)(z+x) 22\[5(2x+}7+z).
Phén tich. Day 12 mdt bai toan kha tha vi khi hé
s6 cha cac bién khong dong déu, didu nay khién
ching ta c6 chut ling ting trong dinh huéng tiép
can bai toan.

Lai gidi. Binh phuong hai vé clia bit ding thirc, ta
dua bat dang thirc vé dang

(4x+y+2)(x+y)( y+z)(z+x)21 2(2x+ y+z)2 :
Bit ddng thirc trén 15 rang chua dong bac, vé traj
c6 béc 4, trong khi vé phai chi bic 2. Ta cin dua
vé dang ddng bac dé tiép tuc bién ddi dai sb va thy
gon. Chil § xy+yz+2zx=12 nén ta tiép tuc chuyén
bat dang thirc trén vé dang ddng bac 4
(4x+y+z)(x+y)(y+2)(z+x)

2(xy+yz+zx)(2x+ y+z)2,

TOAN HOC
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Sau khi khai trién va rit gon, ta dua vé dang:
x2z24x292 2321220 x2 (y-—z)2 >0.
Phép chimg minh hoan tat. Dang thic xdy ra khi
va chi khi y=z va xv+yz+zx=12. Ta cod thé tim
bd (x.0.z)=(art), trong d6 a 1a mot s6 thyc
duong va ¢ 1a nghiém duong cua phuong trinh:
t2+2at-12=0.
Bai toan 8 (Crux Problem 3324) Cho ab.e la
cac so thiee khdéng am thoa man diéu kién
w21, Chimg minh rang
3-S(ab+bc+ca)+6abce(a+b+c)20.
Léi giai. Str dung diéu kién a2+b%+c?=1, ta viét
lai bat dang thirc dudi dang dong bac 4:
3(a?+b2+c? )2 —5(ab+bc+ca)(a?+b*+c?)
+6abc(a+b+c)20.
Bién ddi, thu gon ta dura vé dang:
3) a*+6) a’b? +abcy a ZSZab(a2 +b? )
oye oye oc o
Tir bat dang thirc Schur bac 4, c6 dang:

> a*(a-b)(a—c)=0

oyc
hay > a* +achaZZab(a7— +b2 ),
cye cyc

cyc

dodo ta chi’ can chimg minh:
23 a* +63 a?b? 24ay ab(a? +b2)e> Y (a-b)" 20.
cyc oc cyc cyc

Bt déng thirc duge chimg minh xong. Déng thic

xay ra khi va chi khi a=b=c=i3-3—.

Bai toan sau la mot két qua rét chit, doi héi nhiéu

bude xir Iy khé va cong kénh trong céc khau dénh

gia trung gian. Nhung sau tat ca, ching ta nhfn

duge mot 101 giai kha hay.

Bai toian 9 (5694, Mathematical Reflection).

Cho ab.c la cac so thue dwong thoa man dicu

kien a+b4c=3. Chieng minh rang

Wh+biodctai9abe12.

Léi gidi. Sir dyng diéu kién a+b+c=3, ta viét bt

déng thirc vé dang déng bic:
27(a3b+b3c+cda)+8labe(a+b+c)<d(a+bic)'.

TOAN H
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Khai trién va rit gon, ta cin chirng minh
4y a* +16Y adc+24y a?h? 233abc)y a+113 ab.
cye oye cyc cyc cyc

Dé chimg minh két qua trén, ta cha ¥ két qua
quan trong va rit chit sau: Vi moi s6 thuc duong
a,b,c, ta co:

> at+11) a?h? >6abcy a+6y a’h.

cyc cyc ¢ cyc
BAt déing thtrc trén dugc suy ra tir khai trién ciia

—;—Z(a2 -b? —-2ab+4bc—2ca)2 =>0.

Mit khac, sit dung bit ding théc Cauchy, ta
chimg minh dugc cac danh gia:

> a*2Y a*b2} a’be, > a*b? > a?be.

cyc cyc cyc cyc cye
Tir cac két qua trén, ta co:
4 a*+16> ac+24) a*b?
cyc cyc cyc

=2(Za4 +1 12a2b2]+22a4 +1 GZa3c+22a2b2
cye cyc cyc cyc cyc

22[6abc2a+62a3b]+22a4 +16Y_ ac+2) a*b?

cyc cyc cyc oc cyc

=1 12a3b+[2a3b+1 2acha+22a4 +1 6Za3c+2202b2)

cyc cyc cyc cyc e cyc

>1 12a3b+33abc2a.
cyc cyc

BAt déng thirc dugc chimg minh hoan toan.
BAI TAP
Bai 1 (Crux Problem 4975). Cho a,b,c 1a céc sb
thuc duong théa man didu kién ab+bc+ca=l.
Chirng minh rang
a®+b+c? +3abc(a+b+c)22.

Bai 2 (Crux Problem 3323). Cho a,b,c 1a céc sb
thyc khéng 4m thoa man diéu kién a2 +b2+¢2=1.

Chimg minh ring Y’ (1-2a2)(b~¢)’ 0.

e

Bai 3 (Crux Problem 3371), Cho a,b,c 1a cac la
cdc sb thye duong théa min diéu kién a+b+c=1.
Chimng minh ring, v&i moi sb ty nhién » , ta cé:

alHl +bll+l +Cn+l Z(az +b2 +C2 )n <
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Wiadvslaw Hugo Dlom'y Steinhaus (1887- 1972)
]a nha todn hoc Ba Lan nbi tleng trong thé ky 20,

ong ¢ rit nhiéu cong trinh toan hoc, nhung diic
biét voi cdc ban hoc sinh pho théng 6ng da dé lai
bo séch todn danh cho lira tudi hoc sinh pho thong
gbm 3 cubn: Kinh van hoa toén hoc, Tram bai
toan. Thém Tfam bai toan nita véi cac 10i giai
hay, dep va gan lién v&i cude song thuc té. Cac
cudn sach ndi tiéng nay da dugc dich ra & nhidu
nuéc trén thé gidi va dugc rat nhidu ngudi yéu
thich.
Trong cudn Tram bai todn, & phan cubi ong néu ra
cac bai todn ma theo ong vdn chwa cé 1oi gidi.
Trong d6 co bai toan sau day.
Ba nira duong thing trong khong gian
Ba mita duong thang trong khong gian cé cing
mét goc va tao thanh cdc goc phdng a, bvd c (cdc
mdt ciia mot goc tam dién). Bat ddng thirc nao tir
(1) d@én (5) dudi day la dung va bdt dding thirc ndo
la sai noi chung?

(l) a+b>c.

(2) sina+ sind> sinc.
i D B
(3) sin=+sin=>sin—. ,
2 2 2
(4) sina+ sin2bh> sin’c.,
: sl
(5) sin?Z + sin2!)-> sin?—.
2 2 it
Trong bai bao nay sé trinh bay 1oi giai cua bai
todn nay,
L. Ta chirng minh bat ding thic (1) 1a ding cho
moi gée tam dién co cde goC phiing 12 a, b, c.

DE chimg minh (1), ta cin sit dung dinh 1y Hinge
(hay con dugc goi 1a dinh 1y ban 18) sau.

Dinh Iy Hinge thun. Néu hai tam giac c6 hai

cap canh twong wmg bang nhau, nhung goc xen

gitra o tam giac thir nhat lom hon goc xen giea o

tam giac thir hai thi canh doi dién vai goc dé o
tam gidc thir nhat sé lém hon canh doi dién o tam
giac thi hai.
Cu thé: Néu AABC va AA'B'C' c6 AB=A'B,
1A s B A DI AT N 1
AC=A'C' va BAC>B'A'C’' thi BC>B'C".
Chirng minh.
A A’

~ /J

o
Trén cing mot nira mit phing bd AC cé chira
diém B ta dung tia Ax sao cho CAx=B AC .
Trén tia Ax ta liy diém D sao cho 4AD=A'B".
Vi AB=A'B’ nén AD=AB. Vi BAC>BAC
nén tia AD s& ndm giira hai tia 4B va AC.

Hai tam giac ADC va A'B'C ¢6 AD=A'B
(cach dung), DAC=BAC (cach dumg) va
AC=A'C’ (gid thiét) nén AADC=AL'B'C’
(c.g.c). Tk d6 suyra: DC=B’C’ (la).

V& tia phan gidc 4m cla géc DAB (Am nim
gita 4B va AD). Goi E 1a giao diém cia Am
vgi BC. Hai tam gidc ABE va ADE ¢o:
AB=AD (cach dyng), BAE=DAE (do Am 1a
phén giac cua m) va AE la canh chung, cho
nén AABE=AADE (c.g.c). Suyra: BE=DE (1b),
Trong AEDC , theo bét dfmg thirc tam giac co:
DE+EC>DC (lc).

TOAN HOC
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Tir (1a), (1b), (1¢) ta ¢6: BE+EC>B'C’. Nhung
BE+EC=BC.Do d6: BC>B'C’ (dpcm).

Dinh Iy Hinge thuin da dugc chimg minh.

Dinh Iy Hinge ddo. Néu hai tam giGe cé hai cap
canh twong ing ln%ug nhau, nhieng  canh thie ba
cua tam giac thie nhat lém hon canh thie ba clia
tam gidc thie hai, thi goc doi dién véi canh do o
tam giac thir nhat sé lom hon goc doi dién & tam
giac thr hai.

Cu thé: Néu AABC va AA'B'C' c6AB=A'B,
AC = A'C'va BC > B'C’ thi BAC>B AC.
Chimg minh. Gia su

nguoc lai  rang

BAC < B'A'C. Ta xét hai trudmg hop:

TH1: BAC=B A'C’. Khi d6 hai tam gisc ABC va
ABC 6 AB=A'B (gia thiét), BAC=BAC
(theo gia si), AC=AC’ (gia thiét) nén
AABC=AL'B’C’ (c.g.c). Tir d6 ta c6 BC=BC".
Mau thuin véi gia thiét BC>B'C’.

TH2: BAC<B'A'C’. Khi d6 theo dinh Iy Hinge
thuan ta s c6 BC<B’C’, mau thuin véi gia thiét
BC>B'C’. Do do: BAC>BAC (dpcm).

Pinh 1y Hinge dao da duoc chimg minh.

e Bay gi ta s& chimg minh (1) a+b>c.

Néu ¢ khong phai 12 géc 16n nhét trong ba goc
a,b,c thi duong nhién 12 a+b>c. Viy ta s€ phai

chimg minh (1) dung trong trudong hop c 1a goéc
16n nhat trong ba goc a,b,c.

Goi SABC 1a gbc tam dién dinh S v6i ASB=c,
BSC=a, CSA=b (hinh v&). Trong mijt phing
(ASB) ta vé tia SD sao cho A/S\D=//1.—S'E'=b. Vi

c>b nén tia SD s& nim giira hai tia SA va SB.
S b

Liy diém B trén SB va diém A trén SA4 iy y. Ly
didm C trén SC sao cho SC=SD (v6i D la giao
diém cua 4B va SD).

TOAN HOC
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Hai tam giac ASC va A/SB |
§C=SD (céach dyng) va ASC=ASD=p i
dyng), cho nén ASC=AASD (c.g.c). Tir a6 iy

ra AC=AD.
Trong tam giac ABC ta c6 AC+CB>AB (Bpy

tam giac). Nhung AB=AD+DC va AC=AD n¢,
AD+CB>AD+DB suy ra CB>DB (1d).

Xét hai tam giac BSC va BSD' c6 SB Chung,
SC=SD (cach dyng) va canh do6i dién CB>pp
(do (1d)) nén theo dinh 1y Hinge nghich ta ¢4
I?STBES'\D hay a>§§b (le).

Ta co: c=m=@+5§9=b+5\$ :

co SA Chung

o —

Két hop véi (1€) ta nhén dugc: a+b>b+DSB=c.
Vay a+b>c (dpcm).
II. Chimg minh bat ding thic
(2) sina+sinb>sinc la ding véi moi goc phiing
ciia tam dién

Dé chung minh (2), ta cAn téi hai bd dé sau.

Bo dé 1. Moi goc phang ciia mét géc tam dién
khéng suy biéen luon nho hon w.

Chirng minh. Gia st Sxyz 1a goc tam dién dinh
S khong suy bién (tirc 14 Sxyz khong ddng
phing). Khi d6 néu ta cit tam dién Sxyz bing mét
mat ph\'f}n_g (o) nao d6 khéng di qua dinh S thi
mgt phang (o) s& cét cac tia Sx,Sy,Sz cua tam
dién tuong {mg tai ba diém phan biét 4,B,C . Khi
d6 méi goc phing a,b,c cua tam dién Sxyz s€ld
mot trong céc goc phing cia mot trong ba tam
Bl SFC,SCA,SAB. Nhung téng cac goc phing
B teapen R R
BS A& 2. Néu ab.c 1 cge g6c phang ctia met tam
di¢n khong suy bién thi a+bae<dn.
e e o
mit Ph{ing nio (;6 t:: :: e ta-n.l i bm-fnoir
P o anh tam giac ABC. G1a$

ASB =¢ DV e 5 -
©B3C=¢,CSA=p, Goi O 1a hinh chiéu cu2

]
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| ¢ lén mit phiing (ABC)

ginh o Trong cic tam
gle .€,4/i..$U(".;S;(‘A ta co: iAms’EA: P
SBC+SCB=n-a; SCA+SAC=7p,
cong e vaivé e "'ih““ i":‘“g thire trén thu duge:
(54D 5BA)+(SBC+ SCB)+(SCA +SAC)
=3r-(atb+c) (%)
T mdi dinh A./}',(T cua tam gidc day ta co mjt
gic tam diff (cfi'mg‘hjm tai dinh 4 c6 cac goc
|)l|5l18 I BAC,SAB,SAC). Ap dung bt ding thirc
ath>c (két qua chimg minh bat ding thirc (1)
cho tam di¢n dinh A, ta co; AS7B+ST4\(_‘>/;1\C.
Twong ty voi cdc tam di¢n dinh B va C 1a cling
o SBA+SBC> ABC; SCB+SCA> BCA,
Cong vé v vé cuia ba bt dﬁx}g thire ndy véi nhau
v st dung (*) ta nhiin dugc:
3n—((l-+/)+¢')>lm"+ ,II_I\('«&I}'CT,;I:,T.
Do db: a+b+c<2x (dpem).
» Biy gitr ta s& chimg minh bat ding thirc (2).

P ! . a+b  a-b
Ta co: Slll(H-Slnb=28In—é-—L‘OS——;—

2 e D
va Sinc=2sin—cos—.
- AR )

. +b
Do bt ddng thire (1): a+b>c nén a') >§’

Trong khodng (O; %) ham sin 12 ham ddng bién,

. a+b .
tho nén: sm—?—>sm-c- (2a).
2

a+b+c
<

2
Do bit 3 ; la—b, .
At dang thire (1) nén Ia—b|<C hay 2 <-2"

Tir b dé 2, a+b+c<2r nén ta co:

Vi him cos nghjch bién trén (0;%) nén

a-h
COS\>COS§ (Zb)

2
T
") va (2p) suy ra:
: = 4
2Slna~+-écosa__b_>25in£005—'.
2 22

L

Do d6: sing+sinb>sinc (dpcm).

bat thire

HL.  Chimg minh dang

(3) Sing+sin£>sin£ 2 ding cho mei goc
2 2 2

phing ciia moi géc tam dién

Goi tam dién

-’:5';'=c, )’J-S\z=a, 2Sx=b, Lz‘iy diém A trén Sx, diém

B trén Sy va diém C trén Sz sao0 cho
SA=SB=SC=1. Ta tinh dugc d¢ dai cic canh cua
tam giac ABC la:

-
BC=25in£; AC=25in£; AB=2sin—.
2 2 2

Vi ba diém tao thanh mét tam giac khong suy
bién trong khong gian 3 chidu nén theo bat ding
thirc tam giéc ta luén c6: BC+CA> AB

hay: 25in£+2sin2>25in£.
2 2 2

Do do: sin£+siné>sinE (dpcm).
2 2 2

o Sau nhiéu nd lyc chimg minh c4c bit ding thirc
(4) va (5) khéong thanh céng, mét cau héi dugce dit
ra 1a: Co thé ton tai cdac géc tam dién khong suy
bién ma ¢ dé cdc bdt ding thirc (4), (5) khong
ding? Viy 14 ta phai tim phan vi dy cho céc khing
dinh (4) va (5).

Pé tim céc phan vi du d6, truée tién ta hru ¥ t6i
dinh ly sau.

Pinh 1y (Ton tai géc tam dién). Mor tam din
khéng suy bién ton tai khi va chi khi cic goc
phang a,b,c cua nd thoa man cdc diéu kién say:
b) b+c>a; ¢) c+a>b;

d) O<a+b+c<2n.

a)a+b>c;

Chirng minh diéu kién can: Viéc chitng minh cac
khing dinh a), b), ¢) hoan toan giong nhu chimg

TOAN HOC
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minh bat ding thirc (1), con khing dinh d) chinh
1a bb d& 1 va bd dé 2 ¢ trén.

Chieng minh diéu ki¢n di: Gia c6 ba goc a,b,c
thda mén céc diéu kién a), b), c), d). Ta dung géc
tam dién khong suy bién dinh S tir ba goc a,b,c
cho trude. Ky hidu mit ciu tim S va c¢6 béan kinh
R=1 1a (S;1).
A,B,Ce(S;1). Phép dung gdm 4 bude sau:

Buoe 1: Cé dinh canh SA,SB. Léy hai diém
A,B&(S;1) sao cho d¢ dai cung AB=c.

Ta cidn dung ba diém

Bude 2: Dung diém C. Goi C4 1a duong tron
ndm trén (S;1) c6 tim A4 va ban kinh cung béng
b. Goi Cp 1a dudng tron ndm trén (S;1) c6 tim
B va ban kinh cung bing a.

Burée 3: Xdc dinh giao diém. T didu kién a+b>c
vad a-b<c (luu y ring a—b<c tuong dwong véi
cta>b va c+b>a) thi hai dudng tron C, va
Cp sé cit nhau tai hai diém déi xtng nhau qua
mit phang chira cung AB. Ta goi mot giao diém
la C.

Budc 4: Kiém tra tinh khéng suy bién. Néu
a+b+c<2rx thi diém C khong nim trén cung Ién
AB. Do d6 3 tia SA,SB,SC khong ddng phing
hay géc tam dién SABC la khong suy bién.

Piéu kién du dugc chimg minh va do vay dinh 1y
da dugc chimg minh.

Nhin xét ring ham s y=sinx ddng bién trén

khoang (O;g). Két hop vai dinh 1y tén tai géc

tam dién ta dit ra chién lugc tim cic goc a,b,c
théa man cic didu kién cua dinh 1y dé cac bat
dang thirc (4) va (5) khong dung nhu sau:

“Ta sé lya chon a,b nhd, trong khi c gdn bdng

tong a+b dé t6i da héa gid tri cia sinc va
e
sinZ— ”,
2
oA « X
C6 thé 1ap trinh cho mdy tinh thue hi¢n chién lugc

lwa chon a, b, ¢ ndy. Sau ddy 1a cic két qua nhan

duoc.

TOAN HOC
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Iv. Bit ding thire (4)sin’a+sin®b>sinie 13

hd ) -wrong hop tong quat.
;:3 lclii; ;:anfa;:(;:gr: lvi duLdé l;?ic bo bét déng thic
(4). Ta lya chon dugc: a=20°,b=20°,c=38°.
D& dang kiém tra céc géc a,b,c chon dugc théa
man cac didu kién cia dinh ly. Nén ching tao
thanh mot goc tam dién khong suy bién.
Tinh to4n cu thé:
sin220° ~(0,342)’ ~0,117;
sin2 207 +sin2 20° ~0,234;
sin238° ~(0,616)" ~0,379.
R& rang khi d6: sin? 20° +sin? 20° = 0,234
<sin238° ~(0,615) ~0,378.
Vay BDT(4) khong dung véi cach chon a,b,c nay
(dpcm).

. . 2 ) &) i ,a+ " Sin’(' "
-~ b4 L 38 . 255 s
V. Bat dang thire (5) sin 5 sin g s A

khéng ding trong truong hop tong quat.

Cu thé ta chon dugca=40°,b=40°,¢c=70°. Cac
goc a,b,c chon dugc thoa man cac diéu kién cua
dinh 1y nén chung tao thanh {nét goéc tam dién
khong suy bién. Tinh toan cu thé:

o

sin? 42 =sin?20° ~0,3422 ~0,117,

[

5.5 0 ;
sin2 5 =sin?35°~0,57362 ~0,329;

.. .. ,400  _40°
Do d6: sin2 T+sm2Tz0,l 1740,117=0,234

IR <sin235° ~0,329.
Vi thé l?ﬁt dang thirc (5) 1 khong ding véi cic
goc phing cia tam dién 1a a=40° b=40° vi
cf70° hay BDT§5) 1a khong ding v&i moi tam
dién khong suy bién (dpcm).

(,jé'c ban thin mén! Nhy v@y bai toan chua co 10
gl‘fl.l c'ﬁ'c.l H. Steinhaus d3 duoc giaj quyét tron ven.
Loi gidi kha dai nhung d hidu véi trinh d§ toén phd
tl’léng. Trong qua trinh giai bai toan ta thy duoc dinh
Iy tha vi vé sy tdn tai cia g0c tam dién rat hﬁ'll ich
tro;ng ’binh hoc khéng gian 3 chiéu, Hy. vong rang c6
the 6 nhimg 151 gidi ngin gon hose d% hidu hon.
Cac ban hay thir sire Xem. . .

Chiic cdc ban thanh cong! Hen £4ap lai cac ban.
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TIENG ANH QUA CAC BAI TOAN
| BAI SO 127
pROBLEM. Given an mxn grid (m<n). Find 9:[mz+(n-:—l)2+ w12

¢ number of squares determined b
: i i d ical li S [ m+(m-1)+ A1 ]x(n=m).
porizontal lines and two vertical lines of the grid,

Solution: We count the squares by their sides. Bt #4524 (m—1)2 i m(m+1)(2m+1)
The number of 1x1 squares is mxn. 6

i +1
The number of 2x2 squares is (m—1)x(n-1). and m+(m-1)+ ...+l=m(,; )

(Can you explain why?) | b
(These sums are calculated in previous issues).

..............

From this, we can easily get

The number of mxm squares is Ix(n—m-+1). (m+1)(3 )
m(m+1)(3n—

The number of all the squares is 6
s:mxn+(m—1)x(n—1)+...+1x(n—m+1). T VU'NG/Ki HIEU
We have grid - ledi 6 vuong
S=mx[m+(n—m):|+(m—l)xl:(m—l)+(n—m):|+._, horizontal line s duong nam ngang
+1><[1+(n—m):|. vertical line . dwong thang dung
Therefore NGUYEN PHU HOANG LAN

(University of Education, VNU, Hanoi)

BAI DICH SO 125
BAI TOAN. Tim s6 cdch sip xép 9 chit so ur 1 Do d6, hai cach sap xép ban dau dugc tinh 12 mot.

dén 9 sao cho cac chir s6 1,2 va 3 luén xudt hién R IS s B s I
‘ . : . Vivay,socachsap xepcantimla —.
theo thie ty tang dan tir trdai sang phai (khong nhat 3!
thiét phai dirng lién nhau). Nhgn xét. Céc ban Lé Bach Hai Dang, 16p 3B,

Lii gigi. Xét hai cach sép xép sau: Trudng Quéc t€ Song ngir cap 2, 3 GIBS, TP. Graz,

215698743 va315698742.
Dé théa min yéu ciu, ta can hoan vj lai cac chir sb

1,2 va 3 @ dugc cach sip xép:
125698743 NHU HOANG (Ha Noi)

oo e oo R R3S R R N
THONG BAO

Ban doc co thé dit mua cac an phém cua Tap chi Todn hoc va Vin hoc trong nha trudng tai cac buu cuc

cla VNPT trén ca nudc voi ma dét nhu sau: Todn hoc va Tuéi tré (C168); Toan Tuéi tho 1 (C169);

Todn Tugi ther 2 (C169.1); Vein hoc vi Tuoi tré (C668); Van Tuéi tho (C668.1).

Cong hoa Ao va ban Nguyén Hung Ciwong, phudng
An Nhon, Gia Lai dd c6 bai dich tét. Xin hoan
nghénh hai ban.

A o ok e o e sk ok o o sk ok ok ok ok ok K kK

*************************************************\k******d\*********#******l‘***#*****
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%m ve ‘cu i
MOT BA| TQAN-/" j

BAI TOAN 106. Chieng minh rang trong tam giac

ABC ta luon co: im——sm—x‘.m <
2 5)

l
Loi giai. Cach 1. Sir dung cong thirc lvong gidc

Bién ddi tryc tiép ta co: sin—';;sinésing < :

2 8

1( A-B A+B) . C 1

< —| cos —COoS sin— < —

2 2 2 8
-8. C . 1

< cos 5 sm;—sngsz(luén ding).
. C 1 A-B

sin— = —cos

Ding thirc xay ra khi:
g y A-B

sin =0

a

Sin—=l T X
ol’ 2 2<:>A=B=C=§<:>AABCdéu.
\4=B

Cach 2. Danh gia timg nhdn tir trong biéu thirc & vé
trdi ctia bdt ddng thirc. Ta co:

Mit khac: 6% + ¢ 2 2bc < b* +¢?
" ; b +c* -a’ 2bc—-a*> a
néntacod: 1-— <1- =

B, i 2bc  2bc’
2

A
Suy ra: 2sin’ §<— hay sm—

2bc 2\/15

_b__ : sin .g <
2Jea’ 2 2\/5
Nhan céc bét déng thirc vé theo vé ta dugc:

—a®22bc-a’
2

. B
Tuong tu: sin 5 <

e |
sin-sin551n— <~ (dpcm).
2 2 8

Ping thirc xay ra khi a=b=c < A4ABC déu.

Cach 3. /{p dung dmh Ii césin két hpp voi bién doi
lwong gide dwa vé bat ding thirc d(u 50, ta cé

A : b +c* - ~(b-c)
2sin E:l—cosA=1— 2he 2be
A \Fa+b cNat+ec—b)
= sin—=—
) be
o (b+a-c)btc—a),
Tuong tr: sm—2-=-5 o

4 4 T?@Puglgé S6 586 (4-2026)

C 1 [c+b-a)c+ra=b)
Sin— =~ *

2 ab ‘
Khi d6 BDT da cho twong duong voi:
(a+b-c)b+c-a)cta-b)< abe. (*)
Ap dung BDT Cauchy, ta co:
a+b—-c+b+c—a)2
2

Tuong ty : (b+c—-a)(c+a‘b)sc2

:bz.

(a+b—c)(b+c—a)s(

va (a+b-c)c+a-b)<a’.
Nhan cic BPT theo vé, ta dugc:
(a+b-c)b+c—a)c+a—b) < abc(dpem).
Ping thirc xay rakhi a=b=c < AABC déu.
Cich 4. Ap dung BDT Cauchy cho 3 s6 két hop véi
bién adi lugng gidc va tach s6. Ta co:

3
B
m—+sm—+sm3

il ol
siIn—sin—sin— <
2 2 3
ol o B T
Ta s€ ching minh P =sin—+sin—+sin— < —.

A OB A+B
That vdy, ta ¢c6: P = sin— +sin— + cos

ol B) A B . 4. B
=| sin—+sin— .1+ cos—cos— —sin —sin —.
2 2 2 2

2
1 2
Suyra: P<— (sin£+sin£ +17 |+
2 2 2

+l(cos2 4 +cos? E] —sin ﬁsin 3
2 2 2 2 2

Lf . .,A A 1 B » B 1
<—|sin* =+cos? = |+— S
2(sm 5 +eos 2)+2(sm ~+cos 2)+2.

1 1 1 3
Suyra P<—.14+=.14—==
4 2 2 2

e AR E A
Do d6 sin—sin—sin— <~
2 > 353 (dpcm).

e ey
: SIn—+sin— =1
Dang thirc xdy ra khi: 2
cosﬁ = cosE
2 2
4]
SIN—=— \
2 2 A4=B=C=60° < A4BC déu.
A=B
Cich 5. Nhdn véi biéu thire trung gian dé dwa vé bdt

ddng thirc méi, Ta co: singsin—l—g-sinE il
2
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| N
, . I B y
ea 28I COS LR8I~ opg 9 0 ( .
. BV pl N &R &
R ] : 5 . “8in cog o
2 )
IR | ! )
* CO8 = 0oq 2 o
2 3 TS
nB e+ )
. qin Asit ~{Cos( A4 -
fa 00 sin Asin 51 (A~ B

“COS( A 4 H)]

“~

1
= [cosca- py, cos (],

(d-B)< &N oSin A < N |
Do cos(A=B) =1 nén: “““"""35;(1-#(:0%)

Al

I C
3 2¢os? 5= cost &

- ]
: ; C
pay sin Asin B < cos =+ Twong ty ta co:

, A
qn Bsin C € cos® — G :
sin Bsin C < cos 3 va smCsmAScoszg-

-

Nhén cdc bat dﬁng thire vé theo vé ta duge:

A B
sin Asin BsinC < cos-i-cos?cos~ (dpcm).

Ping thirc \ay A< 4= B=C < A4ABC ddu,
Cich 6. Bién doi dwa vé bdt dang thirc dai 56, sir

A. B ..C
dung két qua r = 4Rsin =sin =sin =. That va
ung két g 7 S sin=-. Thit vay,
) abc

r-;_4Ra+b+c

< 2Rsin A.2Rsin B2RsinC
2R.2R(sin 4 +sin B +sin C)

. A A . B B..iC C
2R.8sin 5 cos E SIn — COS — Sin — CoS —

A B ¢
4c0s —cos—cos —
2 2
A B C
Suyra r = 4R sin —sin —sin — (dpcm). (**
y 5 Sgely (dpem). (**)
: Bt i
Do d6 dé chimg minh sinﬁsm—-sm—z—sg ta

ki 1
himg minh — < —. That vay, ta c6:
= <5 Tht vay

L. 545 _ 45’ _4p(p-a)p=b)p=c)
R pabc pabc pabc
(a+b—c)(b+c—a)(c+a-—b).
3 2abc
& (*) (theo c4ch 2), ta cb: — abc & (dpem).
R 2 he 2

anSthucxayra & a=b=c < MBC déu.

“Gch 7, Bidn adi lwong gtac két hop véi dat an phy
“a vé gy ding thirc dai s6

{an
\[ 1+ tan’

B C
+tan - tan -
2 2

Taco: sin =

mki

C A
v tan A tan ” # tan — tan — = 1.
2 2 2 2

C ? 2
bit a = tan —A-; b = tan ”, ¢ = tan— khi d6 bai toan
2 2 2

trg thanh: Cho cdc s6 thue dwong a, b, ¢ thoa mdn
ab+be+ca=1. Chieng minh ring:

I+ @ 1402 1+ ¢2 2 8abe (***).
Ta co: (***) ¢ (1+-a® )1+ b* (1 + )’ 2 64a’b’c’.
Do: 1+a® = ab+ be + ca +

=(a+b)a+c)= 2Jab.2\ac = 4albe
hay 1+a” > 4a/bc. Tuong ty ta cé:
1+b 2 4bJca va 1+¢? > 4c+/ab.

Suy ra: (1+a*)(1+b*)(1+ ¢)* > 64a*b*c* (dpem).
Déng thirc xdyra <>a=hb=c < A4ABC déu.
Cich 8. Ap dung hé thirc Euler 10* = R* —2Rr
Do /0* >0 nén R* -2Rr20 <> R2>2r

< R>24R singsingsin—g— (theo (**))

= siné.sing.sin£ < 12 (dpcm).
2 2 24
Ding thirc xdy ra <> A4ABC déu.

PHU DU (Ninh Binh)
Nhdn xét. Ky nay ban Nguyén Hing Ciwong, An
Nhon, Gia Lai dong gop 4 cach giai véi 2 cach méi
c6 sir dung BDT Jensen; ban Pang Sy Phuwdc Puirc,
10T1, THPT chuyén Ha Tinh, Ha Tinh déng gop 2
cach gidi véi 1 cach mai sit dung BDT Schur; Cac
ban: Nguyén Ngoc Gia Han, Bui Ngoc Khanh Thi,
10E1, TH, THCS&THPT Lé Thanh Tong, TP. Ho
Chi Minh dong gép 2 cach giai; ban Vi Peie Duy,
Binh Lgi Trung, TP. Hd Chi Minh va ban Trdn Gia
Phi, 10T1, THPT chuyén Hung Yén, Hung Yén
déng gop 2 céch. Xin tuyén duong tit ca cic ban.
KHANH BINH (Ha N¢i)
Mb‘l cde ban gui 1o giai BAI TOAN 108 duéi diy
vé Tda sogn Tap chi TH&TT trude m_..\) 30/472026.
BAI TOAN 108. Gidi phuwong ieinh nghi¢m nguvén

Al

XA -2v+1=0.

NGUYEN TRI PHUONG
(GV THCS Nhon My, An Nhon, Binh Dink)

N HOC
o oc 48
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BAI TOAN 114 (AIME 1997). Cho ham so fix)

ax+b

xac dinh boi [ (x) = . trong dé a,b.c.dla

ex+d

cdc so thiee khac 0 ¢6 cac tinh chat: £19) = 19,

A9T) = 97 va AAX)) = x vdi moi gia tri cua
d

x=——. Tim mién gia tri cua f.
c

Lai gigi. Cach 1 (Cta ban Nguyén Hing Cuong,
phudng An Nhon, Gia Lai). Ta c6:

ax+b
FU@)=xVxz——& —EXEd gy =
c ax+b c
; +d
cx+d
2
(a” +bc)x+b(a+d) =x,Vx¢-—i
cla+d)x+bc+d’ c

< cla+d)x® +(d* —a’)x—b(a+d)=0,Vx# e
c

cla+d)=0

={d*-a*=0 < a=-d (doa,b, c, dkhic0).
b(a+d)=0

—dx+b
Va = 2
ay f(x) =1

Ma f(19) =19, f(97) =97 nén ta co:
Aodad gt AWAGD o
19¢+d 97c+d

e
972¢+97.2d —b=0
{192c+19.2d -b=0

{19’c+19.2d -b=0

p—
(97* =19*)c +(97 -19).2d =0

s 19°¢+19.2d -b=0
116¢c+2d =0

TOAN HOC
¥ clusilpe

S& 586 (4-2026)

46

b= —1843¢
= {d =-58¢ .

Maa=-d va ¢ # 0 nén ta co:
-dx+b _ 58¢cx —1843¢
cx —58¢

P cx+d -
_ 58x—1843
~ x-58

1321 2 58.
58

=58+
x-—

Mit khac biéu thirc nhan moi gia trj thyc
3 5

Khéc 0 nén mién gia tri cia f 1a R\ {58}.
Céch 2. Tix gia thiét kéo theo f 1a ham nghich
dao cia chinh né. Ham nghich ddo c6 thé duge

3 . ay+b
tim bang cach giai phuong trinh: x = 24 = theo
dx—b
y. Pidu nay kéo theo f7'(x)= . Vi vay
—-cx+a

cac sb khac khoéng a, b, c, d tuong (mg phai ty 1¢
véi d, -b, —c, a. Didu nay kéo theo a = —d. Phan
con lai trong tu nhu cach giai trén.

58x—1843 .
e
c6 thé tryc tiép khao sat ham nay dé thiy mién gia tri
cia n6 1a R\{58}. Ngoai ban Cuwong, ban Vi Dic

Nhdn xét. Sau khi tim duoc f(x) =

Duy, phudng Binh Loi Trung, TP. HS Chi Minh
cling c6 10i giai ding cho bai toan nay. Xin hoan
nghénh hai ban.

NHU HOANG (Ha Néi)
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GIAI DAP: LOI GIAI CO DUNG KHONG ?
(Dé dang trén TH& TT 56 582, thing 12 nim 2025)

Phén tich sai lam. Xac dinh dién tich phin chung

gitra mién nghiém (H) va mién hinh vudng

ABCO chua ding (chua xét day du cac truong

hop). Hinh vé trén chi 1a mot truong hop (canh
hinh vuéng ABCO 1a a>2), din dén két qua

3 (loai
a=—- (loai).

-~

Loi giai dung nhir sau.

B

Mién nghiém cia BPT 2x+y>2 13 nira mit phing
khong bi gach ké ca duong thing d. Goi S la
dién tich ph?m chung giira mién nghiém (H ) va
mién hinh vuéng ABCO. Ta c6: B(a;a), C(0;a).
PT CB:y=a . Khi d6 CBmd:G(l—%;a) .

PT AB:x=a.Khi d6 ABNd=H(a;2-2a).

THI: 0<a<l. Khi d6 B(a;a) thudc mién nghi¢m
cia bit phuong trinh 2x+y22 khi va chi khi

, 2
Za+a22<:a2§. Pbi chiéu PK ta dugc —3-SaSI -

Taco:

1|, 3a il AR
S=SanGi =%BG.BH =—2"]—7"I2_30|—Z(2 3a)”.

o | 1 2
Va —(2— 2:— 2‘30 =]
y 4( 3a) 4@( )

<:>a=—:- (loai),a=1 (thoa man).

TH2: 1<a<2. Taco:
1
S=Sanco~Score =0A?-—CO(CG+OE)

| ;
éaz —a=l¢>5a2 -4a-1=0¢5a=1 (loai), a=~— (loai).
4 4 4

TH3: a=>2. Ta co: S':SABCO"SA()EF
=042 —%OEOF:(J2 -—% 1.2=a%-1.

J5

Viy a? —l=l<:> a? =§<:>a=i— (loai).
4 4 2

Ddp so: a=1.

Nhdn xét. Cac ban: Nguyén Hung Cuwomg, phudmg An

Nhon, Gia Lai va ban Vi Pirc Duy, phuong Binh

Loi Trung, TP. Hd Chi Minh da phat hién dugc sai

1dm va dua ra 101 giai ding. Xin hoan nghénh cac ban.
KIHIVI

DEM SO TU GIAC !

Trong gid bai tip Todn, thiy gido dua ra bai todn.
Sau mot lic suy nghi ban Minh da xung phong Ién
bang trinh bay.

Pé bai:

Nguweoi ta lap mot e giac co 4 dini

Cho mot da giac deu (H) co 21 dink.
1 A i

W = dind cua
thanh

(H). Tim so ar giac dweoc lap ma khong cq

canh nao la canh cua da giac ().
Loi gidi ciia ban Minh:

So tr gide co 4 dinh 1A cac dinh cua da giac (H)
bing C3,. D& lip mt tr gidc co it nhdt mt canh
14 canh cia da gidc (H):

Buwde 1: Chon 1 canh cua da gidc (H) lam canh
cua tir gidc, ¢6 21 cich.

Budc 2: Chon 2 dinh tir 19 dinh con lai cua da
gidc (/) 1am 2 dinh con lai cho tr gidc, co C2

19
céach. (Xem tiép frang 13)
TOAN HOC
&
Cusitgs 47
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/ L& Mathematics and Youth Magazine

Tap chi TOAN HOC va TUOI TRE

XUAT BAN TU 1964

5 586 (4.2026)
?l;,l soa’n - 1878, Blang Vo, Ding Ba, ny Mgl
DT Bién tap: 02435121607,
BT Phat hanh: 024.35142648, 024.356827¢
Emall: toanhoctuolirevieinam@amail.com

BAN CO VAN KHOA HOC

GS. TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
PGS.TS. TRAN VAN HAO

—

CHIU TRACH NHIEM XUAT BAN

Téng Giém d6c NXBGD Viét Nam
NGUYEN TIEN THANH
Téng Bién tap NXBGD Viét Nam
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Ngay 19-3-2026, Vign han lam Khoa hoc Na Uy
cong bd trao Gidi thudng Toén hoc Abel 2026 cho nha
todn hoc ngudi Dic Gerd Faltings, Gidm déc danh dy
tai Vién Todn hoc Max Planck & Bonn va Gido su danh
dy tai Bai hoc Bonn “vi da gidi thigu cdc céng cy
manh me trong hinh hoc s6 hoc va gidi quyét dugc
gid thuyét Diophantine lau doi cua Mordell va Lang”.
Trong tuyén bd clia minh, Uy ban gidi thubng d3 ca
ngoi Gerd Faltings 1a “mét nhan vat xudt sic trong
hinh hoc s6 hoc. Nhing y tudng va két qué cia 6ng
da dinh hinh linh vyc nay va dan dén viéc gidi quyét
cdc gid thuyét ldu doi. Pong thoi, 6ng di gidi thiéu
cdc phuong phdp mdi ¢6 dnh hudng dén cic cong
trinh nghién cudu sau ndy trong nhiéu thip ky. Nhing
thanh tyu xudt sdc cla 6ng da két hgp cac quan diém
hinh hoc va sG hoc va ching minh sdic manh cia
nhiing hiéu biét cu tric sdu sdc.”

Nam 1983, Gerd Faitings trd nén ndi ti€ng chi sau
mdt dém trong gi6i todn hgc khi 6ng bat ngd ching
minh dugc gid thuy8t Mordell bing nhilng phuong phap
hodn toan méi. Y tudng ding sau gid thuyét Mordell d3
¢6 t hang nghin ndm tru6c. Nha todn hoc Hy Lap cd
dai Diophantus thanh Alexandria mudn tim hifu xem
mot phuong trinh ¢6 bao nhiéu nghiém nguyén, ching
han nhu a2 + b2 = ¢ Theo dinh Iy Pythagore, diéu nay
tuong (Ing v6i cau hoi thyc t& 1a c6 bao nhiéu tam gidc
vubng c6 do dai canh 1a cac s nguyén. RO rang cau
trd I0i bay gid 1a c6 vo sO tam gidc nhu vdy. Nam
1637, Pierre de Fermat d3 dua ra gid thuyét rang
phuong trinh nay I3 mot ngoai 1@ d6i véi binh phudng
vi cho ring phuong trinh a" + b" = ¢ khdng c6
nghiém nguyén nao khi n > 2 (gia thuyét nay da dugc
Andrew Wiles hodn thanh ching minh nam ]995 va
dugc goi 1 dinh Iy Fermat Ign). Vao ddu th€ ky 20,
ngudi ta din nhin ra ring: ciu hoi ligu cac phuong
trinh da thic nhu viy c6 nghigm nguyén hay khong va
¢6 bao nhigu nghiém nguyén phy thudc vao mot tinh
chat hinh hoc: néu ching dugc gidi khong phai véi B
nguyén ma vdi s6 phifc, tap nghigm thubing tung Ung
voi mot bé mt tron, khép kin, chéng han nhu bé mat
cia mot hinh cdu, mot hinh xuyén hodc mot hinh xoér!
6c, ... Nhing bé mat nhu viy co thé dugc phan loai
theo s§ lugng 16 clia ching, trong todn hoc dugc goi la
0idng g (genus) ciia b8 mat. Vi du, bé mat cia mot
hinh c4u c6 gi6ng g = 0, hinh xuyén c6 giong g =1, ...
N&m 1922, Louis Mordell dua ra gid thuygt rdng: Cdc
duéing cong dai s’ ¢6 gibng g 1on hon 1 trén Ir vong
S0 hitu tj Q ¢6 hiy han s6 diém hiu . Gid thuyét
Ny d3 thich thitc gigi todn hoc sudt han 60 nam cho
t6i nam 1983, Gerd Faftings, 0 tudi 28, @2 1am kinh
ngac cdng ddng khoa hoc vGi ching minh cua minh

GIAI ABEL 2026

cho gid thuyét cla Mordell. Sau d6 gid thuyét cla
Mordell dugc goi dinh ly Faltings. VGi cdng hién nay,
nim 1986, Faltings 1a ngudi Pic ddu tién nhan dugc
Huy chudng Fields, huy chudng dugc coi 12 vinh dy cao
nhat trong todn hoc.

=

Gerd Faltings - nha todn hgc ngudi Buc

Gerd Faltings sinh nam 1954 tai Gelsenkirchen, la
con trai cia mot nha vat ly va mgt nha héa hgc. Thoi
cdn di hgc, 6ng hai 1an tham gia Cudc thi Todn hoc
Lién bang va dugc nhdn vao Quy Hoc thudt Qudc gia
Puc voi tu cach 1d hoc sinh xudt sic nhat. Sau khi tot
nghiép Trung hgc, dng theo hoc Todn hoc va Vat ly tai
Pai hoc Minster. Ong hoan thanh chuong trinh hoc
ndm 1978 véi bing tién ST dudi sy hudng dan cla
Hans-Joachim Nastold. Nam 1978-1979, 06ng la nha
nghién clu thinh gidng tai Dai hgc Harvard &
Cambridge, Massachusetts. Sau khi trd v& Manster, dng
trG thanh trg Iy clia Gido su Nastold ndm 1979 va nhén
bing habilitation nam 1981. Nim 1982, 6ng dugc b6
nhiém vao Dai hoc Wuppertal, tré thanh Gido su Todn
hoc chinh thic tré nhdt & Dic khi mdi 27 tubi. Nim
1985, 6ng nhdn chlc gido su tai Dai hoc Princeton &
My. Ong trd v@ Bic vao nim 1994, ti€n hanh nghién
cfu tai Vién Todn hoc Max Planck va giang day tai Dai
hoc Bonn tit nim 1994. Ong gill chifc Giam ddc danh
dy tai Vién Toan hoc Max Planck & Bonn tif nim 2023.
Gerd Faltings ¢6 hai con gai, 6ng 1a ngudi am hidy
opera va nhac cd dién, thich rugu ngon, thich 1am vudin
va Ia fan ham md clia Cau lac by béng da FC Schalke
04.

Gidi thubng Abel, dugc dat theo tén nha toan hoc
ngudi Na Uy Niels Henrik Abel, s& dugc trao bdi Thai it
Haakon tai mt bui I8 & Oslo vao ngay 26 théng 5
nim 2026. Gidi thudng tri gid 7,5 trigu kroner Na Uy,
tyong duong 670.000 euro, do chinh phii Na Uy i trg,
Gerd Faltings 13 Nha Todn hoc ngudsi Dic ddu tién nhan
dugc gidi thubng danh gid ndy trong finh wyc Todn hoc,
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