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THE L CUQC THI

A

OLYMPIC TOAN TUGI THO ONLINE TOAN QUAC

1. Myc dich: Tao san chai trf tué b8 ich cho hoc sinh Tiéu hoc va Trung hqff cd 59 yéu thich
mén Toén, thic ddy tng dung cong nghé thang tin va chuyén doi s trong g RUG,

2. Quy mé cudc thl va dél tugng tham gla: T8 chifc trén pham Vi toan quéc danh cho Hs
caclop4,5,6,7, 8. 1

3. Hinh thife thi: T8 chic trén hé théng LMS bing méy tinh, may tinh bang, dién thoai
théng minh c6 két néi Internet. Thi sinh c6 thé dang ki theo trudng hodc céa nhan.

4. D& thi va thol glan 1am bal

» D4 thi theo hinh thitc trdc nghiém véi khodng 60% kién thifc cd ban va khodng 40% kién
thifc nang cao. Trong dé thi cé kién thirc van dung thuc tién.

e Thdi gian lam bai: Ldp 4 - 7: 30 phat; Lép 8: 35 phut.

5. Cac vong thi, diém cta bal thi

€ Véng 1 - cap trudng: Thi truc tuyén vao trung tudn thang 5/2026. Thi sinh dugc thi téi da
03 I4n, 14y diém I4n thi cao nhat. LAy t6i da 60% thi sinh c6 diém cao nhét dé vao vong 2.

@ Vong 2 - cip tinh: Thi truc tuyén 01 I1n duy nhét vao trung tudn thang 6/2026. Lay t6i da
30% thi sinh c6 diém cao nhat dé vao chung két.

@ Vong 3 - chung k&t toan qudc: Thi truc tiép trén may tinh tai Ha Noi vao dau thang
7/12026.

6. Co cau glal thudng: Giai thudng tap thé va ca nhan cap Tinh va cip Toan qudc. Thi sinh
doat gidi nhan: Gidy chumg nhéan va Phén thudng clia Ban t8 chlc (tién va hién vat).

7. Quy dinh vé@ ban quyén va hinh anh

e Ban quyén cudc thi, toan bd dé thi, ngan hang cau hdi cta cudc thi thudc ban quyén cla
Vién Nghién ciru Sach va Hoc liéu Giao duc - Nha xuat ban Gido duc Viét Nam.

e Khi tham gia cudc thi, thi sinh déng y dé Ban 8 chlc st dung hinh &nh, video va théng tin
lien quan phuc vu muc dich truyén théng va gido duc vé cudc thi.

8. Trach nhiém céac bén

e Ban t8 chirc: Xay dung ké hoach, t8 chifc cac vong thi nghiém tic va cdng bang, céng bd
két qua va trao gidy chithg nhan, giai thudng.

e Thi sinh: Tuan tha ddy di cac didu khoan trong Thé 18 nay.

9. DIéu khoan thl hanh

e Thé 1& nay ap dung cho Cudc thi Olymplc Toén Tudl thd Online toan quéec,

e Trong qué trinh t3 chtc, Ban t8 chifc ¢6 quydn diéu chinh thé 18 cho phi hop véi tinh hinh
thuc té.

Ghl chi: P& tham gia, thi sinh truy cap trang web: https://olymplctuoitho.vn

hoac quét ma QR:

|
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TRUNG N

Trong dé thi hoc sinh gidi va dd thi vao 16p 10
THPT chuyén ¢6 mdt ndi dung kha quan trong, d6
la dang toén gidi cdc phuong trinh bic cao. Baj
viét ndy s& gilip cdc em hoc sinh THCS ng; chung
va cdc em hoc sinh 16p 9 néi riéng thanh thao hon
khi gidi cdc bai todn thu¢c dang nay.

CO SG

1. PHUONG TRIiNH BAC BA

1.1. Pinh nghia. Phuong trinh bac ba in x 1
phuong trinh ¢6 dang ax3+bx?+cx+d=0, trong
86 a, b, c, d 14 céc sb thyc cho trude va g=0 .
1.2. M{t s6 cdch gidi thwdng ding
1.2.1. Cdch 1. Pua vé phwong trinh tich
(St dung cach giai nay khi tim dwgc it nhit mot
nghiém xp cia da thic f(x)=ax3 +bx? +cx+d).
+ Tim m{t nghiém xy cta phuong trinh:

ax3 +bx? +cx+d =0.
+ Liy ax3+bx2+cx+d chia cho x-xo dugc
thuong 13 ax2+hx+c; (sé du 12 0).
Ta cing c6 thé tim &,c trong thuong
ax2+bx+c, bing lugc dd Hoorne nhu sau (“dau
roi, nhan ngang, cdng chéo”):
a b ¢ d
X |@ b a d

trong d6: by =xpa+b;c;=xob +c; di=xoc1 +d.
+Khi d6: ax3+bx2+cx+d=0
X—X0 =0

& (x-x9)(ax? "’bl’“'cl)=0<::’[ax2 +hx+c =0

+ Giai phuong trinh ax?+bx+c=0 suy ra tap

nghiém cita phuong trinh ax3+bx?+cx+d =0.

Thi dy 1. Gidi phuong trinh: x> -9x*+23x~1 5=0.

Phén tich. - Phuong trinh c6 tong cac hé 80
a+b+c+d=0nén c6) mot nghigm xo=1.

- Ley x3-9x2423x-15 chia cho x-1 dugc

thuong 14 x2 -8x-+15.

ikl daissi e AL G R

Chii y: Ding lugc dd Hoorne nhu sau:
1 -9 23 ~i5
111 -8 15 0
Loi gidi. Ta c6: x3-9x2+23x-15=0

x=1
x-1=0

=
x2-8x+15=0

&> (x-1)(x2 -8x+15)=0<:>|:
x=5
Vay PT nay c6 tip nghiém 12 S={1;3;5}.
1.2.2. Cich 2: C6 thé dua vé mét trong hai dang
sau.
-Dang I: A3=B3*< A=B.
-Dang 2: A>=m<> A=3m.
Thi du 2. Gidi cac phwong trinh sau:
a) x3-3x2+3x-3=0.
b) —4x3+3x2+3x+1=0.
Loi gidi. a) x?-3x2+3x-3=0
<:>(x—1)3 =2 x-1=2 e x=1+32.
Vay PT ndy c6 tap nghiém 1a §={1+3/2}.
b) —4x3+3x2+3x+1=0
3_(3 3 510q 3 1
<(x+1) -(\/gx) <:>x+1—x/-5-x<:x————%/§_l-
; 1
Vay PT nay c6 tip nghi¢m la S={——}.
i b p ng )
2. PHUONG TRINH BAC BON
2.1. Pjnh nghia. Phuong trinh bic bén &n x 1a
phuong trinh c6 dang: ax*+bx3+cx? +dx+e=0,
trong d6 a, b, ¢, d, e 1a cdc sd thyc cho trude va
a#0.
2.2. Mt s0 cdch gidi thudng ding
2.2.1. Cdch 1. Pua vé phwong trinh tich
(Sir dung céch gidi ndy khi tim dugc it nhit hai
nghiém x;, x2 cua da thie:
f(x)=ax* +bx3+cx? +dx+e).
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+ Tim mét nghiém x cua phuong trinh
’ ax? +bx3 +ex? +dx+e=0.
+ Lay ax*+bx3 +ex2+dx+e chia cho x-x duge
thuong 13 ax3 +bx2 +¢x+d;.
Tiép tuc lam tuong ty trén ta dugc:
ax3 +bx? 4o\ x+d, =0=(x-x; )(a\‘z +hyx+er )

(chit y: Ta ciing c6 thé tim b, ,d by, bing
luge d6 Hoorne).
+ Khi d6: ax? +bx3 +cx2 +dx+e=0

& (-0 )(x—x2)(ax2+byx+c; )=0

x—x;=0
o xX—Xx=0

ax2+byx+cy; =0

+ Giai phuong trinh ax2+byx+c; =0 suy ra tip
nghiém cia PT ax*+bx3 +cx2+dx+e=0.
Thi du 3. Giai phwrong trinh

x4 4+2x3 -2x2 -3x+2=0.
Phan tich. + PT c6 tdng cac hé sé bang 0 nén c6
mot nghiém x; =1. Bing cach thir truc tiép, ta thiy
trong cac udc cua 2 thi x; = -2 ciling mot la
nghiém cua phuong trinh.
+ Ldy f(x)=x*+2x3-2x2-3x+2 chia cho x-1
duoc thwong 1a x3+3x2+x-2. Tiép tuc liy
B3+3x2+x—2 chia cho x+2 dugc thuong la

x2+x-1.
Chii y: Ding luge d Hoorne ta c6:
1 2 =2 -3 2
1710 3 1 -2 0
i : - 0
211 1 1

—3 +;;;_—2x2 “3x+2=(x—1)(x3+3x2+x-2)
=(x—1)(x+2)(x2 +x-—l),
Lai gidi. x*+2x° —2x2-3x+2=0
4n(x—l)(x+2)(x2 +x-1)=0

x—1=0 —lzt\/g
| x+2=0 o x=lx==2,x= ks
x2 +x-1=0
T .,-1—\/5_—I+\/'5'
PTcét@pnghlc;mla:.S: -2l R A

2.2.2. Cdch 2: Dat an p/wx
2.2.2.1.Dit t= g(x) chuyén phuong trinh bac bén
a « R
An x vé& phuong trinh bac hai 4n .
Thi du 4. Gidi phuong trinh
r442x3 -2x%-3x+2=0.

Lai gidi. Ta c6: 4 +2x3=2x2=3x+2=0
o (xx) -3(x2+2)+2=0 (1)

pit t=x2+x, PT(1) tré thanh:

=2 x24x=2 x2+x__2:0
2_2440= i
12-3t+2=0& 1=1 | x24x=1 | xZ+x-1=0
xe{—2;l}
o [-1=5 145 ].
Xe 7 ,____._-2 o
2R < —-4f5 —1
Vay PT c6 tap nghiém la S={_2;1;__2£; ;\/3}

Thi du 5. Giai cac phuong trinh sau:
a) x4 +2x3-x2+2x+1=0 (1).
b) 4x4—4x}-12x2+2x+1=0 (2).
Loi gidi. a) Xét hai truong hop:
TH1: x=0. Khi ¢6 PT(1) trd thanh 1 = 0 (v ly)
= x=0 khéng la nghiém cua PT(1).

TH2: x=0. Khi d6: (1) <> x2 +2x—1+3+iz=o
X . X
Iy 1
<:>(x+—J +2(x+—)_3=0 (*).
X X
bit (= 1 *\ trd tha
a f—x+;, PT(*) tr& thanh: r2+2¢-3=0

< (t-1)(t+3)=0 hay (H%_IJ(HlB):O

X

<:>(x2 -x+1)(x2 +3x+l)=0 s —3i\/§_
2

TS
b) THI: x=0 thi PT(2) tr& thanh 1=0, VO Iy
= x=0 khong Ia nghiém cia PT(2).

VAy PT c6 tip nghigm I s={ S S ‘/E}.

TH2: ;
H2: x#0. Khi dé: )= 4x2 _4x_12+_2_+_,17,=0
x X

1 2
| 2x— 1
( 4 x) “’2(2-"~~)—8=0 @3).

X
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1
pit ;=2x~;, PT(3) tr¢ thanh:

t=4

12-2t-8=0 .
t==2

Véit =4 thi 2x———4<:>2.\2 4x-1=0=x —Zi‘/_

Véit=-2 thi 2x—-1—=—2<:> 2x2+2x-1=0

X
QX:—li\/g_
2
Viy PT c6 tdp nghi¢m la:
5o ~1-v3 2-V6 —1+/3 2+/6
2 ' 2" %2 " 3

2.2.2.2. it t=g(x) hodc dat a=g, (x),b:g2 (x)

chuyén phuong trinh bac bén 4n x vé phuong trinh
hai 4n x va ¢ hodc phuong trinh hai 4n a va b rdi

dua vé mét trong céc dang sau:

Dang 1. A2=B2, réi dwa vé phuong trinh tich.

Thi du 6. Giai phirong trinh

(y+1)(x+2)(x+3)(x+6)=3x".
Loi gigi. Ta c6: (x+1)(x+2)(x+3)(x+6)=3x>
(X2 +7x+6)(x2 +5x+6)=3x2 (1),

Dit t=x2+6x+6, PT(1) tr& thanh:

(t+x)(t-x)=3x2 &> 12 =4x2 & (1+2x)(¢-2x)=0

218x+6=0
hay (x2 +8x+6)(x? —i~4.7c+6)=0<::>[i2 +4i+ &

& x=—4+A/10.
Vay PT c6 tap nghiém 14 s:{—4-J1_6;—4+J1—0}.
Dang 2. f(u)=f(v), roi dwa vé phwong trinh tich.
Thi du 7. Giai phuong trinh

(x? -2)(-])2 -4x2-25x-5=0.

Léi gidi. Ta o6: (x2~2x-1) —4x?~25x-5=0

& (x2-2x-1) +5(x2 ~2x-1)=(3%) +5(3%) ().
Dit a=x2-2x-1;b=3x thi PT(1) trd thanh:
a2 +5a=b?+5b<>(a-b)(a+b+5)=0

x2-5x-1=0
hay (x2 —5x—-l)(x2 +x+4)=0¢|: x2 4+ x+4=0

P X=

54729
2
5-«/—2_9__5+\/5§}'
= 3

Viy PT c6 tap nghi¢m 12 S ={-—-§———
Dang 3. Pua vé phwong trinh bdc hai c6 A=k?,
Thi dy 8. Gidi phieong trinh x*=3x" +4x? -x~3=0.
Loi gidi. Ta c6: x*—3x3>+4x2-x-3=0

& x4 +(2-3x)x? +2x2 —x-3=0 (1).
Pit t=x2 thi PT(1) trd thanh:

t2+(2-3x)t+2x2 —x-3=0 (2).
Xét PT bc hai 4n 7 (x 13 tham sb):
12 +(2-3x)t+2x2-x=3=0 (3) co:
A=(2—3x)2 —4(2x2 —x—3)=(x-4)2 ;

t=_3ii+_xl‘}.=2x_3
Do d6: 3)«<= G sl
T i PO
Véi t=2x-3 thi x2=2x-3<x2-2x+3=0

(PT nay vo nghiém).

Véi t=x+1 thi X2=x+lox?-x-1=0x=

1;[5_.1+J5}.

Vay PT c6 tap nghiém la S={ S

1445
2

Thi du 9. Gidi bat phuong trinh
x4 —22%2 —x+2-2=0.
Léi gigi. Dat t=+/2, PT dé cho tro thanh:
x4 2662 —x+12 —t=0>¢2 —(2Jc2 +1)t+x4 —x=0.
Xét phuong trinh bac hai 4n 7 (x 13 tham sé):
2-(2x2+1)t+x*—x=0 (1) cé:

A=(2x2+1)" ~4(x* —x)=(2x+1)°.

2x2 +1+
P LR B e 2x+1=,\r2 +x+1

Do d6: ()& 2
_2x2+1-2x-1

2
Véi t=x2+x+] thi «/5=x2+x+1@x2+x+l-«/'2_=0

~1£y442-3

2

2

Xx=
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TRINH BAC LON HON BON

s _ 'ONG ;
Véi 1=x2—x thi V2=x2—yesy2 ~x=2=0 g'lwil)lijnh nghia. phuong trinh bac 1én hey, bén, i
. . . l
14y/1+44/2 x 1a phuong trinh of ool
Sx=">=T " X n-2 4. Aayx? +ayxy
A 2 a,x" +ap1X" T +ap-2% 2 1X+ay=(,
Vay PT ¢6 tap nghiém la: tm;g g n la sb tw vhitn lon pg
Ars ok . '
S={—li\/4\5—3 .li\/l+4\/§ } aman_,,a,,_z,...,az.an,ao la céc s0 thyc chg trugy,
2 ’
2 va an¢0'

Dang 4. Pura vé phuwong trinh ding cdp réi duwa vé 3.2. Mt s cach giai thuong ding

Phuwong trinh tich. Phuong trinh bc 16n hon 4 ciling c6 mot g chch
Thi du 10. Gigi phuong trinh giai tuong to phuong trinh bac 4, ngoai ra ciing 4
x4 +(x~1)(x2 ~2x+2)=0. thé ding phuong phép danh gia hai vé hojc g
St A Ak oi
Ldi gidgi. x* +(x—l)(x2 —2x+2)=0 dung tinh don di¢u cua ham so dé giai.
. Céc thidu
S xd +x2 (x_l)_z(x_l)zzo (1) 3.3. Cac

Thi du 12. Giai cdc phuong trinh sau:
Dt a=x2;b=x-1, PT(1) tr& thanh:

a) X(l +x4 +2X3 +X2 =2(X+l)3 5
a?+ab-2b2=0 (a-b)(a+2b)=0

b) 2x5 -5x2 +5x-2=0.
hay (x? _x+1)(x2+2x—2)=0<:[ 230 c) x6—x3-2x2-4x-2=0.

b A
bt e Loi gidi. a) Ta co: x0+x*+2x3+x2 =2(Jc+l)3
S x=—11V3.

Vay PT c6 tap nghiém 1a S={—1—J§;-1+J§}.

2.2.3. Cdich 3. Pua vé dang:
A?+B2=0& A=B=0

e xb+x2(x+1)’ =2(x+1)’ =0 (1),
Dé thay x = 0 khéng thda min PT di cho = x#0.
Diat a=x2, b=x+1 (a#0), PT (1) trd thanh:

Sc A2 4 B2 s 34 b2 9k} b 25
hodc A?+B?+k=0 véik=>0. a’>+ab*-2b =0<:>1+—2--—3=0
Thi du 11. Giai cdac phwong trinh sau: 4

a) x4—4x+3=0. b) x*-x+1=0. @(.b__lj(_sz _2_1)=0 2=1
Léi gidi. a) Ta c6: x4 —4x+3=0 a \a a a
<> x4 —2x2 +1+2(x2~2x+1)=0 ha 15
Y —=lox?—x-1=0 <o x=—1""
(-1 s2 P =00 {7170 :

< (x2-1) +2(x-1) =0 Sx=1,

T Vay PT c6 tap nghiém la s={1:/_5_;1+ﬁ }
Vay PT co tip nghiém 1a S={1}. 2 2
i b) 2x°-5x2+5x-2=0 (1).

1
5: x4 —x+1=0> x4 —x2 +—+x2—x+—+—=0 i
W Tago ¥ 4 4 2 Xét ham 0 f(x)=2x5-5x2+5x-2 trén R. D

2 2 A T
e et
2 o BN ) ham so luén dong bién trén R.
Do do: (l)bf(x)=f(l)<:>x=l. Vay PT di ch
c6 tp nghiém 13 (1},
phuong trinh nay v6 nghiém. c) Tacod: x6—x3_242 —4x-2=0

3 trinh da cho v6 nghiém.
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Xét ham s6 f(N=P+ wen R, D& thy: Vi
nheRn< S f(n)< f(1y). Suy ra ham sb f{1)
dong bién trén R. Do d6; (M f(x)=f(x+1)

lif

oxl=xtHleoxl-x-1=0e x=

Viy PT ¢6 tip nghiém 1a §= {‘ ‘/— "“f }

Thi dy 13. Giai cdc phwong trinh sau:
323  u98.d )
a) (3% +3x7) +28x}-27x2 415x=2.
by (x—xl) =2x8 4 250, 20
2 16
Lai gidi. a) Ta c6: (x3+3x2)’ +28x3-27x2 415x=2
3

c:>(x3+3x2) +x3 +3x=(l-—3x)3 +1-3x (*).
Xét ham s6 f()=3+¢t trén R. D& thiy: Véi
nheRn <t o f(H)<f(12). Suy ra ham sé f{¢)
ddng bién trén R. Do d6: (*)e> £(x3+3x2)=f(1-3x)
=2 x=—1+32.
Viy PT di cho c6 tip nghiém 12 s={—1+%/5}.
b) Phuong trinh di cho twong dwong véi

2
(x* —Jc+l)2 ~x* —x+1)=(x2 +—Z—) —(xz +§) (**).

G 8y
Ta cé: x“—x+l=(x2—5) +(x——) +

va x2 +£22.
4 4

ox3+3x2=1-3x <:>(x+l)3

Xétham s6 f(f)=t2—t trén Bm) DZ thay: Véi
h,lh E[‘;—H—OO), 4y <t <:.‘>f(t|)<f(t2). Suy ra ham
sd fir) ddng bién trén [-'2-4,00] Do d6:
®% 4 e 2 5
(**) = f(x*—x+)=/] x +—4—

2
oxt-x+l=x2 +%¢>x‘ —(x+%) =0

2 2 2.

f|+~/—}

Viy PT ¢6 tip nghi¢m 12 S= { 3 3

Thi dy 14. Giai phuong trinh:
352025 = x2 4 x+1 (1),

Loi gidi, Ta c6:

VT(1)<0

=5 VT(1)<0<VP(l).
VP(1)>0

THI1: x<0 :{
1y 3 L
(do VP(1)= x+5 +Z). Vay PT v6 nghi¢m.
3.
2023 52024 xzozs

§- o )
T e
2023 x2024 x2025

TH2: x>0. Tacé: (1) =3 (2).

trén

Xét ham sé f(x)=
(0;+0). Dé thay:

Vaoi xp,x2 E(OH—OO), xX1<X2 <:>f(x1)<f(x2 )
Suy ra ham s6 f(x) nghich bién trén (0;+x). Do dé:
@) f()=/Dex=1.

Trong trudng hop ndy PT(1) c6 nghiém x=1.

Vay PT(1) c6 tép nghiém la §={1}.

Chii y: Néu ding kién thic dao ham (¢ bac THPT)

thi ta c6 thé chimg minh sy déng bién (hoic

nghich bin) cua cic ham sb & céc thi du 12, 13,

14 nhanh hon. Ching han: O thi du 14.b) ta cé:
2023 2024 2025

S'(x)=

(2024 2025 2026
Suy ra ham s6 f{x) nghich bién trén (0;+).

<0 voi Vxe(0;+x).

BAI TAP LUYEN TAP
Giai cac phuong trinh sau
« x4 =2x34+x-6=0.
x*—4x3+8x-12=0.
(x+1)(x+3)(x+5)(x+7)=9.

- (x2-3x42)(x2 473412 )=24
(x2+3x+2)(r2+7v+12)+,x +5x=6.
- (xe#)(x42)° (x+3)=5

(32 =3x+1) =251,
x4=10x2-x+20=0.

(¥2 +10x+8)" =(8x-+4)(x2 +8x+7).
10. (232 -5x+2)" =32(x? -21x-20).

R s

TOAN HOC
' Tusitpe S
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HUGNG DAN GIAI DE THI VAO LOP 10
THPT CHUYEN BAC GIANG

PHAN I. Céu tric nghi¢m nhiéu phwong 4n

lyra chon.
flfB l2p [3B 4B |scC
6D |7.c |8a [oc |08
l,‘?;,{‘}: 12.B | 13.A | 14.D | 15.C
|16.D | 17.B | 18.C | 19. A 20.1
PHAN II. Ty luén.
Cau 1. a) Rur gon biéu thirc
P:t.\'+ﬁ B \/;+2 ]: x-1
.\'\/;+1 x+yx+1) x2+x+1

woi x20vax =1,

b) Cho parabol (P):y=2x" va duong thang
d:yv=2x+m-1. voi m la tham so. Tim m dé
dwomg thang d cat parabol (P) tai hai diém
phan biét doi ximg véi nhau qua dwong thang
2x+4y-2025=0.

¢) Giai phuong trinh

\“'.r: —4 —-\/4.1': +9x+2 =(15—3x)\/x+2.

Li gidi. a) P= b)m = 506 .

2
J;+l'

¢) Diéu kién x4c dinh ciia phuong trinh:

x2-420
2 x=-2
4x° +9x+220 4
x22
x+220

Nhin thiy x = -2 thoa mén phuong trinh da cho.
Véi x 22 taco:

V3 —4 —Jax® +9x+2 =(15-3x)Jx +2

@JCC—Z)(x+2)~\/(4x+1)(x+2)
=(15-3x)Vx+2

oJx-2-Jax+1=15-3x

x-6 4(6 - x)
= + +3(x—6 =0
Jx-2+2 5++4x+1 foe<8)

TOAN HOC 3
6 * CTudilye SO 588 (6-2026)

<:>(x—6) 1 +11+3\/4x+1 o B
Jx=2+2

5+4x+1
1 114 3y/4x+1
& x=6(d0 e + — >0, VX 2 2),
: Jx-2+2  5+/ax+1 4
Vay phuong trinh di cho c6 tdp nghiém 14
S ={-2;6}.

Céu 2. a) Tim tat ca cdc cap 5O nguyén (x:y)
théa man x'y + xy’ + 2.r2)'2 ~-8x~-8y+16=0.
b) Cho P(x) la da thicc vdi cdc hé 56 nguyen
théa man: P(a)=22, P(b)=23, P(c)=24,
P(d)=25 vdi a,b,c,deZ,a<b<c<d
va a+b+c+d=26. Tinh P(7).
c) Tim tat ca cac so nguyen 16 g sao cho 16n tai
s nguyén dwong n dé n’ +136q la mot luy thiea
Vv&i s6 mit nguyén dwong cua 17.
Loi gidi. a) Ta c6:
Pytap +2x2y* —8x—-8y+16=0
<:(x+y)2 (1—xy)=(x+y—4)2 (1).
«Néu x+ y=0 thi (1) tr& thanh 0 = 16 (v6 Li).

2
«Néu x+y#0 thi (1)@1—xy=(l——4—J ).
xX+y

Vi x,y € Z nén tir (2) suy ra:

eZ=>x+y€ {—4;—2;—1;1;2;4}.

xX+y
Kiém tra tryre tiép céc trudng hop ta thu dugce céc
ciip nghi¢m nguyén (x;y) cua phuong trinh da
cho 13: (=4;2), (2;—4), (0;2), (2;0).
b) Xét da thirc:

P(x) = a,x" +a, X" +...+ax +a,.
Ta c6: P(b)-P(a)=a, (b" -a" ) +
n-1 n-1 .
+a,_ (b -a )+...+al (b-a)i(b-a).

Do d6: P(b)-P(a)i(b-a)=>23-22i(b-a)
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:>12(b*a)=>b—a=lc5b=a+l

Tuong ty ta co: c=b+l=c=q+2:

| d=c+]=>d=a+3.
Khi d6 ta cé: a+b+c+d=26

Sat+a+l+a+2+a+3=26
<4a+6=26 < a=5.
Véi a=5 thi c=7. Dodé P(c)= P(7)=24.
c) Gia sir ¢ 13 s nguyén td thoa mén yéu cau dé
bai. Khi d6, s& ton tai cac sb nguyén duong n, k

sao cho #® +136g =17* (1).

Do n® +136¢ >17 nén 17* >17 suyra k> 2.
Tir (1) suy ra (n2 +i36q) P

Vi 136g :17 nén n* :17, ma 17 1a s nguyén t6

nén n* :117% (3).
Tir (2) va (3) suy ra- 1369 :17°. Do d6 g 17 va
g 1a s6 nguyén t5 nén g =17.
Véi g =17 tontai n =51 théa man :
n? +136q =512 +136.17=17".
Vaygqg =17.
Cau 3. Cho tam gigc ABC vudng tai A. Cac
diéem E. F thay déi lan lwot thudc cdac canh AB,
AC sao cho EF |/ BC. Goi D la giao diém ciia
BF va CE, H la hinh chiéu vuong goc cua D
lén EF.DPuong tron (I) duong kinh EF cat
BF tai M, cdt CE tgi N (M khdac F, N khac
E).
a) Ching minh dwong tron ngoai tiép tam gidc
HMN' di qua diém I.
b)Goi K, L lan heot la hinh chiéu vudng goc clia
E. F lén BC va P,Q tuwong g la giao diém
BP-BL
(54 B8 & K

cia EM,FN véi BC. Chung minh

khéng doi khi E, F thay doi.

<) Ching minh néu EL va FA cat nhau tai m!"”
diém thuoe deomg tron (1) thi EM va FN cat
nhau tai mot diém thuGe dwong thang BC.

Loi gidi,

a) Chimg minh MHN = IMAN = MIN, suy ra ti
gidc MIHN noi tiép. Vay duong tron ngoai tiép

tam gidc HMN di qua diém 1.

ey "
/
/ c L '___,____:'ﬁ,‘"'-*-
B K T o ¥
ABMP « ABLF (g.8)
b) Ta co:
ABME « ABAF(g.g)
BM .BF = BP.BL
Y = BP.BL = BA.BE (1).
BM .BF = BA.BE

ACNQ  ACKE (g.g) _, [CN.CE = CO.CK
ACNF » ACAE(g.g)  |CN.CE=CF.CA

= CQ-CK=CF-CA ().

Mit khiac EF //BC nén £=ﬂ (3).
CF CA
T (1), (2) va (3) suy ra:
BP-BL _ BE-BA
CQ-CK CF-CA
BA BA AB?
~CACA~ 27 0 dinh.

¢) Gia sit EL,FK cét nhau tai S thudc (7). Khi

d6 ESF=90° va EFLK 1a hinh vuéng. V&
PU L AB, OV 1 AC.

" \‘\
PRI
e SRR
C
S 588 (6-2026) 9@@@ 7
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bat EK=KL=LF=FE=x(x>0).

Ta co: ABEK «» AFCL, suy ra:
BK EK 5 2
FL _EE:BA CL=EKFL=xx=x

=CL= iz—
BK
Goi G 1a giao diém cua EK va PU, suyra G
1a truc tim cla tam gidc BEP, suy ra B,G,M
thing hang. Ta cé:
BP _BU BG BK
BC BA BF BL

Tuong tu ta cé: CQ a
BC CK

Suyraﬁ CQ BK+CL
BC BC BL CK’
Nk s BK CL BK CL
BL CK BK+x CL+x
x2
BK ﬁ
= +
BK +x  x?
——+x
BK
_ 8K e
BK+x x+BK

Suy ra ——+ co
BC

Vay P va Q trung nhau hay EM va FN cit
nhau tai mdt diém thugc dudng thing BC.

=1< BP+CQ = BC.

Cau 4. Cho a,b,c la cac so thuc duong théa

man a® +b* +c* =2025abc.
nhat cua biéu thirc
= g + b +
3a’ +2b% +¢? 3% +2¢% + P

Tim gia tri lén

c

Ldi gigi. Vi a,b,c 1a céc sb thyc duong theg

+¢? =2025abc nén
2,22 o Gy,
bc ca ab

Ap dung bét ding thirc Cauchy ta c6:

min a’ +b*

NH
8 T?g[‘um% S4 588 (6- (6-202¢)

B e e e i

o e e R
3¢? +2a% 4 p?

-

R\

+
8is

I\Y)

N
ﬁ\
8 |e

I

Q= oI Qv

+
Q=
+
Qo |=-
Nisgpeirigd
Py
N
p—g

1 <2025.

ik
Tir (1) va (2) suy ra:—;+;+ 2

Ap dung bat ding thirc Cauchy, ta co:
g PR Wil
= 32 +2b% +c*  4ab+2ac 3 Bhke

Ap dung bét ding thirc Cauchy, ta c6:

1 .1
(%+%)(2b+c)=(%+;+z)(b+b+c)29

s S T .

b ¢ b+b+c

1 142 1

<S—|Z4+—

2b+c 18\b ¢
a 2 1)
TR CRT sT=§

3a* +2b% +¢? 18 b ¢

Chimg minh tuong ty, ta cé:

b 142 1
S—| =4+—=
362 +2c2 442 T 18 a)

*<L(

32 +2a% + b2 18

1
=
1
2

Suy ra:

NGUYEN VAN XA
(GV THPT ye, Phong sé 2, Bac Nink)

G,o’l th’gu
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DE THI VAO LGP 10 THPT CHUYEN TINH NINH BiNH

Nam hoc 2026 - 2027
Mon thi: TOAN (Chuyén) - Théi gian 1am bai: 150 phut

Bai 1. (2,0 diém) 1) Cho x,y,z 1a cac sé thuc
duong thoa mén x+y+2z=3. Chimg minh
1 + - + 1 2% 6
R ) o )

2) Xét da thic P(x)=x3—-mx+1, véi m 1a mét

s6 thue. Gia sir da thirc P(x) c6 ba nghiém thuc
1a a,b,c.
a) Chiing minh abc=-1.
b)Tim tt ca cAc gia trj clia m dé ab+b6+c6=19.
Bai 2. (2,0 diém) 1) Giai hé phuong trinh

4x3 (2 +1)+V2x-2=0

252y(1+(y2+3)=x+, f3x2 +%'

2) Mot doan thién nguyén dy dinh chd 48 tén
hang dé huong ng phong trao “Hudng vé Mién
Trung thdn yéu”. Khi chuén bj khoi hanh thi s6
hang hoa ting thém 7 tan so v&i dy dinh, do d6
doan thién nguyén phai bé sung thém 3 xe, lic
ndy mi xe chd it hon dy dinh 1 tin hang. Hoi
ban diu, doan thién nguyén dy dinh ding bao
nhiéu chiéc xe d& chd hang, biét cac xe cho )
thn hang bing nhau?
Bai 3. (3,0 diém) Cho tam gidc ABC (4B<AC)
ni tiép duong tron (O;R) dudmg kinh BC. Liy
diém H nim trén doan thing OC (H khéng
tring véi O va C). Duong thing di qua H' va
vudng goc voi duong thing BC cit dudng thang
AC tai E va cét duomg thing AB tai F. Goi D la
giao diém clia duong thing BE v6i dudmg trén
(O;R) (D khéng tring V6i B). Goi I 14 giao diém
cta hai duong thing 4D va BC. Tiép tuyén tai 4
ciia duémg tron (O;R) cAt dudmg thang EF tai G.
1) Chirg minh ba diém F, D, C thing hang va
tam gidc FAD dong dang v0i tam giac FCB.

2) Chimg minh G 14 trung diém cua EF va tim vi
tri cia diém H trén doan thing OC sao cho
OI + 40H dat gi4 tri nho nhat.

3) Pudong thing qua B song song v&i duong
thing FC cét dudng thing CA tai S. Goi K 1a giao
diém cua hai duong thing FH va AD. Chimg
minh dudong thing OS song song v&i dudng
thing CK.

Bai 4. (1,5 diém) 1) Tim tét ca cdc cip (%)

nguyén duong thoa méan
x2-2y24+2x—y-xy=21.

2) Cho 2026 s6 nguyén duong a,a2,...,42026 -
Chimg minh tdn tai hai s6 nguyén duong X;y
thoa min y>1 va xp+a; chia hét cho x+a; véi
moi s6 nguyén duong i tir 1 dén 2026.

Bai 5. (0,75 diém) Xét a, b, c 1 ba sb thyc duong
thoa mén ab + bc + ca = 3.

1) Chimg minha + b+ ¢ = 3.

2) Tim gié trj nhé nhét ctia biéu thirc

P_(2a+b+c)3 (2b+c+a)3 2 (2c+a+b)3
T b+c c+g = a+bdb

Bai 6. (0,75 diém) C6 8 “chti” méo, mdi “cha”
dugc dat tén 1a mdt diy ky ty thudc vao tap hop
{000;001;010;011;100;101;110;111}  sao cho
khéng c6 hai “chi” méo nao tring tén. Hai “cha”
méo goi 12 “lién kéf”’ v&i nhau néu trong diy ky

4
T

tu tén cia chung, c6 ding mét vj tri, ma hai ky tu
tuwong Ung khac nhau (vi du: hai “chd” méo 000
va 001 dugc goi 14 lién két véi nhau, nhung hai
“chu” méo 000 va 011 thi khong dugc goi 12 lién
két voi nhau). Tim sé nguyén duong k nhé nhit,
sao cho trong k& “chi” méo phin biét dugc chon
tuy y tir 8 “chi” méo trén, ton tai 3 “chi” méo
ma mét “chi” lién két véi hai “cha” kia.
TRAN XUAN PANG
(3/7/136 Phan Dinh Phing, phuong Nam Pijnh, tink Ninh Binh)
Gidi thigu

S3 588 (6-2026)
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S

. z QO 2
HUGNG DAN GIAI DljJPST(I){ W
THU SUC TRUGC KY THI TOT NGHIE

PHAN 1. Céu tric nghi¢m nhidu phwong #n

LD [2B[3AT48 I5D
7A18D | 9:?1 o R
Cau 1. Taco ug =u.q* =—3.2% = _ag. Chon D.

Cdu 2. Dya vao bing bién thién ta thiy y'>0
v6i xe(

6. A
12.D

=3;0) nén ham sb ddng bién trén
(=3;0).Chon B.

Cau 3. Ta c6 mét vecty phép tuyén cia mit
phiang (P) 1a ;'(3;—2;1) nén vecto
n(=3;2;— )=-r" ciing 12 mét vecto phép tuyén
cla mit phang (P). Chon A.

x—£+k27r
Cau 4. Taco: sinx=-\/?§© 3

x=7r—£+127r
3

x=£+k27r

= (k,l € Z). Chon B.

X=—+027
3

Cau 5. Ta cé: limy =—0, lim

Y =+ nén tiém
x——1*

x—-1
can dimg ctia d6 thi ham sé 13 x=__
lim y

X—>—n

=limy=3 pgp tiém cén
X—+m

ngang cia d6 thj ham s 1a ¥=3.Chon D,
Cau 6. Ta co: 3! =8] « 351 _ 34

©x+1=4©x=3.ChonA.
Cau7.Tacé A'D' = AD nén

AB+AD
Cau 8. Ta c6;

oo~ S

=AB+ AD = 4C. Chon A,

i[3f(X) ~4g(x)]dx = jBf(x)dx—Jz'ztg(x)dx

%3jf(x)dx—4jg(x)dx=—l7. Chon D,

-1 -1

TOAN HOC .
10 = CTubilye S8 588 (6-202,

e

Cau 9. Ta c6 SA.L(ABC) nén hinh chijé, oy
u9.

'SB 1én (ABC) 1a AB. Chon C.

Céu 10. Bing phin bd tan s6 ghép nhom by,
gm ca tAn 0 tich lu§ cua mau s6 li¢u nhy gay.
g

Nhom !
g BT N

Tansd | 7 8 |
e s |
Tan so 7 5 o 37 45 !
tich luy \\J

A s X 1 n
Ta c6 s6 phan tir cia mdu 1a n=45; 2 =97 5

Ta thay nhom [40;60) 1a nhém dAu tién c6 tin 56
tich luy 16n hon hoic bing 22,5.

Nén M, = 40+(22’15\2‘15).20 =52,5.Chon C.

Cau 11. Ta c6 dién tich day b:‘;ing a’.

Vi S4 L (4BCD) nén chibu cao khé; chép bing
S4 VA goc giita dudmg thing SC va mat phing
(ABCD) 1a §CA, suy ra SCA = 60°.

Taco: AC=g\7.

Trong tam giic vuong ’SAC, ta c6:

S/f =AC.tanSC/ a\/f.tan 60° = a\/g-
the tich cua kp4; chép S.4BCD 1a:

3 3

Vay

——%—.Chon B.

Ca SR (da "
d:;}\n:N}ﬁn vao o thi ta thdy a>0 va d>0
O thi ciit try, Oy phia trén truc hoanh.

L i 6 ': 1 i
? €0Y'=0 ¢4 Nghiém trdi dfu nan a, c trél
day, Suyra c <.

P '

n hop g tuya '

; » Dghi¢m duong
*t doi cua nghién

m im nén tong 2
WY ra q,'h w4 déu, suy 18

"¢ nghigm, ding sai,

ing, ¢) Sai, d) Péng.
d nh: (0; +%).
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b) Pao ham cua ham sé da cho 1a:
@)= . Inx+ x*(Inx)’ = 2xInx +x.
c) Ta c6:
x=0g(0; + o)

2

x=e?

-1
d) Ta c6: f(Lz)b%; (ﬁ}:i;
e e 2e

f(2e)= 4e*(1+1n 2) nén suy ra:
: -1
min_f(x)=—.
[lz: Ze]f( ) 2e
Céu 2. a) Pung, b) Sai, c) Sai, d) Dung.
a) Taco: V'(r)= kAlt.

(=0 2xInx+x=0&

b) Ta co: V() = jk.ﬁdt - z—fxﬁ s

Ma ¥(0) = 50000 = V' (f) = %.z\/? +50000.

¢) Tacé:V(4) = 33’5.4\/2 +50000 = 58000

= k =1500 = V' (£) = 1000¢+/t + 50000.

Do dé suy ra: ¥ (16) = 114000 (lit).

d) Tai thoi diém 9 gid, lwgng dau con lai trong bé
chira 1a: ¥(9) —9.500 = 72500 (lit).

Ciu 3. a) Dung, b) Pung, c) Ping, d) Dung.

a) Sé hoc sinh thudng xuyén sir dung Al 13 600,
& . 600

nén ta c6: P(4)= T006 0,6.

Xac sut hoc sinh khong thudng xuyén sir dung

Alla P(4)=1-P(4)=1-0,6=0,4.

b) Ti 1é hoc sinh dat loai gioi trong nhém thudng

xuyén sir dung Al 12 40%, nén P(B| A)=0,4.

c¢) Ap dung cong thic xac suét toan phén, xdc

sudt & mot hoc sinh dat loai gioi la: -

P(B)= P(A)- P(B| A)+ P(4)- P(B| 4)

=0,6-0,4+0,4-0,2 = 0,24+0,08 = 0,32.

d) Ta can tinh x4c sudt mot hoc sinh thudng

xuyén sir dung Al voi diéu kién hoc sinh d6 dat

loai giéi. Ap dung cong thirc Bayes, ta co:

P(AnB) _P(A)-P(B|4)
P(B)  P(B)
0,6-0,4 0,24
T has 03
Ddi sang phan trdm ta dugc: 0,75-100% =75%.
Cau 4. a) Plng, b) Sai, c) Sai, d) Dung.
a) Xét duong thing MN di qua diém N (12;5;0)
c6 vecta chi phuong:
MN =(12;0;-12) =12(1;,0;-1).
Phuong trinh tham sb dudng thing MN:

P(4|B)=

=0,75.

x=12+t o
y=5 (teR).
z=—t \
5 L) > K H
Goi (P)la mdt phang

qua O va vubng goc
véi MN, khi d6 (P) cb
phuong trinh x—z=0.
Goi H 1a giao diém clia MN va (P) ta c6:
1242t =0 t=-6= H(6;5;6).
Thién thach gin Trai D4t nhat khi thién thach di
qua H. Khoang cch gan nhat cia thién thach véi
Trai Dét 1a:
d =1000.0H — 6400
=1000v6° + 5% + 6% — 6400 ~ 3449 (km).
b) Tr vi tri M thién thach d6i huéng lao xudng
Trai Dt theo phuong thing thi tai vi tri phuong
thing tiép xtc véi Trai Dt (phuong thing 1a tiép
tuyén v6i Trai Dét) 13 quing dudmg dai nhét bing
ME. Ta c6 tam gidc OME wvudng tai E, c6:
OE = 6400 km;
OM =1000v/12* + 5% =13000 (km).
Do d6 quing dudng dai nhét la:

ME =\JOM? - OE?

=13000% - 6400? ~11315 (km).

c) Ta c6 mit phing trung tryc cua doan thing
MN la: (P):x-z=0

= 0,4,Be(P).
S3 588 (6-2026) T?g?-lugg 1 1
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Do d6, cic v¢ tinh 4,
B nim trong mjt
phing (P) va nim
quay quanh cédc dudmg
tron tdim O c¢6 ban
kinh 1an lugt 1a
R =04=197,
R, = OB =+/134. Khoang cich giita 4, B lén
nhét khi 4, O, B thing hang. Do 6 khoang céch
16m nhat gitra hai vé tinh la:

AB,, =AB'=R +R,

=(\/ﬁ+\/i§)1ooo ~ 21425 (km).

d) Dé thién thach va vé tinh 4 va cham vio nhau
thi ching va cham tai diém H(6;5;6) la giao
cia MN va mit phing (P) vi vé tinh A di
chuyén trén mat phing (P). Ta co:

MH =1000/(0—6)” +(5—5)" +(12-6)’

= 60002 (km).
Thoi gian dé thién thach di hét quing duong MH
MH 60002 .
la: t, = = =3 (gid).
1 vl 2 \/_2— ’ 1 03 (gl )

Ta c6é O la trung diém cia AH nén quing dudng
vé tinh di chuyén tir 4 dén H bang ntra chu vi
dudng tron ban kinh OA4 va bang:

I = .04 =10007+/97 (km).
Théi gian @& vé tinh di chuyén tir 4 dén H:

Suy ra f, =t, =3 (gi0), do d6 thién thach va v
tinh 4 va cham véi nhau.

PHAN II1. Cau tric nghi¢m tra 1¥i ngéin.

Ciu 1. Pdp s50: 5.

Pé d& hinh dung thong qua cic yéu t& bai toan
thyc té, ta sip xép lai thong tin va dugc mdt bai
toan thudn Oxyz nhu sau:
“Trong khéng gian Oxyz,
A(-1;0;0) va B(2;3;4). Goi (P) 1a mjt phing
chira dudng tron giao tuyén cia hai mit cdu:

cho hai diém

(5): (=D +(+D* +2" =4
vi (Sl):x2+y2+zz+2y—2=0.
xét M,N 1a hai diém bét ki thugc mat phing
(P) sao cho MN =1.Tim gié tri nho nhit cia

AM + BN.”
Khi d6 ta gidi quyét bai toan nhur sau:
B

-
/ M

A|/
x-D2+(+)*+2" =4

2

Xét hé 3
X +y2+z +2y-2=0

@{xz + 3 + 2 <Igady BB oo
+y?+22+2y-2=0

Vay phuong trinh mit phang (P) 1a x=0 ((P)
chinh 1a mit phing (Oyz)).

Goi 0=C(0;0;0) va D(0;3;4) 1an lugt 13 hinh
chiéu vudng goc cia A(-1;0;0) va B(2:3;4)
trén mit phiang (P).Suy ra:

AC=1,BD=2,CD=5.
Ap dung bét ding thirc Minkowski

Va2 + 5% +3c? +d? > J(a+c) + (b +d),
ta co:

AM + BN =\ AC? + CM? +\BD? + DN?
2\/(AC+ BDY +(CM +DN)® > \[9+(CM + DN)’.

Laicdé CM +MN+ND>CD =5 nén suy ra:

CM +ND2>4,
Do 6 AM + BN > 5,

Piéng thirc xdy ra khi C,M ,N,D thing hang

theo thir ty d6 va 4€. _BD .
CM DN,tucla.

4 16
M[O;—;-— va N[o.7.28
515) ’5’15 ?
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Viy gié tri nhd nhit cla AM + BN biing 5 khi
4 16
M| 0,2 7.28
[ 5’ 15) » N(O 5 "E)
Ciu 2. Ddp s4: 81,

Khi quay bing mt géc bing 180° theo chidu
kim dong quanh tim ta c6:

« Cic 6 0 goc: @, - a, va ay — a, la anh cua
nhau qua phép quay.
» Céc 6 trén canh: a, » gy va || % | D

ag—>a, 1a anh clia nhau qua | % | % | %
phép quay, 6 & tim a, thi git | 9 | 4, | a
nguyén.
Theo d& bai: Khi quay bang, moi 6 t6 mau xam
s€ O vj tri trude diy cua cac 6 t6 mau héng.

* Xét 6 ¢ thm ag: Do ag giir nguyén khi quay
nén 6 as phai duge to bing mau hdng.

Xét46 0 goc a,a,,a4,a, theo diéu kién cua bai
toan thi hai 6 ddi ximg nhau qua § ¢ tdm thi phai
t6 khdc mau nén ta c¢6 9 cach td 4 6 & 4 goc, do
mdi cip 6 d6i dién nhau ta c6 thé t6 khac mau
nén c6 2 cach va cling mau hdng c6 1 cach.
Tuong ty ta ciing ¢6 9 cach t6 mau cho 4 6 trén

cdc canh. Viy c6 1.9.9=81 cich t6 mau thoa
yéu cau bai toan.

Céu 3. Pdp sé: 50.
Ham doanh thu R(x): La téng sé tién thu dugc
khi ban x mady tinh bang.

R(x) = x- p(x) = x(8600 —10x) = 8600x — 10x?
(nghin dong).
X4c dinh ham téng chi phi T'(x): Vi ¢(x) 1a chi
phi san xuét trén moi don vi may, nén tdng chi
phi cho x may la:

2 1000
T(x):x-c(x)=x(x —4x+500+—;—

= 33 _ 4x +500x+1000 (nghin dong). .
Ta c6 ham lgi nhuén la: f(x) = R(x)-T(x)
= (8600x —10x?) — (+* —4x* +500x +1000)
= —y3 Z6x? +8100x —1000 (v6i x>0).

Suy ra: f'(x) = —3x> —12x +8100.

Giai phuong trinh: f'(x)=0

4 x =50 (thod mén)
@ x +4x-2700=0< .

x =-54 (loai)
x |6 50 +00
J'(x) + 0 =
PO | i, S

Duya vao bang bién thién ciia ham bdc ba c6 hé s6
a = -1<0, ta thdy ham sb dat gi trj 16n nhét trén
khoang (0;+0) tai diém cyc dai x = 50.
Viy cbng ty X nén ban ra 50 may tinh bing mbi
thang dé 1¢i nhudn thu dugc 1a cao nhét.

Céu 4. Pdp so: 90°.

Chon hé tryc toa d¢
Axyz ¢cb gbe toa dp
A=(0;0;0). Céc tryc
Ax, Ay, Az lan lugt di
qua céc diém B, D, S.

Toa d¢ cic dinh day:
A(0;0;0), B(a;0;0), C(a;a;0), D(0;2a;0).

Goi chiéu cao & =S4 suyra S(0;0;4) véi h> 0.
Dién tich ddy ABCD (hinh thangvudng tai 4 va B):
(AD + BC)- AB _Qa+a)-a

2 2

SABCD =X
3
=

Thé tich khéi chép S.4ABCD :

1
V=‘3"SABCD'SA

Theo gia thiét ¥ = % ta co:

’

Viy toa d6 dinh S 13 S(0;0;a).

S3 588 (6-2026)
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Vi M 1 trung diém SB = M(%;O;-;-]-

a
ViN la trung diém SD = N(O; a;—z-).
Mgt phing (MAC) di qua cc diém A4(0;0;0),

M (E;O:g). C(a;a;0).
- REE- |

Bl A
Ta cé6: [W,AC]=(~%—;%;%‘)-
tu

Chon mét vecto phap yén cuia mp(MAC)la

m =(=LL1).
Mait phing (NAC) di qua céc diém A(0;0;0),

N(O;a;%), C(a;a;0).
- == a* a*
Ta c6: [AN,AC]= ——;=—;—a*|. Chon mét
2.2

vecto phap tuyén cia mp(NAC) la n, =(=1,1,-2).

Goi a 1a géc giita hai mit phing (MAC) va

(NAC). Ta sir dung cong thirc tinh goc gitta hai

vecto phép tuyén:

cosar = AT Pl

|7 |-| 7, |

& |EDED+ @D +M(2) | ~0
JERTTER JEAER S

Vi cosa =0 nén a=90°. S6 do goc phing nhj

dién [M,AC,N] bing 90°.

Ciu 5. Pdp sé: 3390.

yA

-14 \14
‘\

7. o

¥

Ta thiy dd thi hAm s6 f'(x)=ax® + bx +c¢ diqua
cc diém (-14;0),(14;0) va (0;%) nén ta co
h¢ phuong trinh ;

TOANHOC
14 ~crsipe sésese-2020

[ g e
(-14) a+(-14)b+c=0 "Ti%
l14%a+14b+c=0 < {b=0
02.a+0.b+c=-]l c=£
9 2

Viy thé tich cia qua bong biu dyc trén la:
2

14
V=r I ("U—xz +1_Z) dx
g 392 v

=—" 7 ~3390 (cm’).

Cau 6. Ddp sd: 273.

Goi X 14 bién cb: “Hiéu sb thu dugc 12 mét s6
bi ximg c6 4 chit s6”.

Khong gian miu n(Q)=9* -9 =6552.

Goi s 16n nhit sau khi sép xép c6 dang abcd,

suy ra sb bé nhit c6 dang dcba.
Truong hop 1: b=c.
Khi d6 hiéu sb ciia s6 16n nhét va sé nho nhat co:
Hang don vi 1a 10+ d —a, hang chuc 1a 9, hang
trim 14 9, hang nghin 12 a—d —1. Do hiéu sb 1a
s d6i ximg nén 2(a—d)=11 (vd Iy).
Truong hop 2: b>c.
Khi d6 hiéu sb cia s6 16n nhét va sé nhé nht cé:
Hang don vi 1a 10+d —q, hang chuc 1a 9+c-b,
hang trdim 1a b —c -1, hang nghinla a-d.
Do hiéu sb 1a sé d6i ximg nén a—d=b-c=5
ma azb>c2d, suyra: a=b;c=d.
Tacd: a=d+5, suyra: 1Sd+5<9<1<d <4
Suy ra ¢6 4 cip (d;a) thoa man la:

(1;6), (2:7), (3:8), (4:9).
Xét d=1, suyra a=6, c6 6 s6 c6 4 chit s6 gdm
2 chit s6 1 va 2 chir s6 6.
Tuong ty cho ba cip con lgi ta ¢6 n(.X)=24.

24 1
Viy T=P(X)=20 suyra =273,

LUONG MANH QUYEN
(GV THPT chuyén Nguyén Chi Thanh,
Lam Dcfng)
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THEO CHUONG TRINH VA SGK M1

T dién vudng 1a mét khai niém quen thuge trong Ta c6 bai toén sau
hinh hoc khéng gian. Ngodi vigc 4p dyng tinh chit NE)

. 1 I
clia n6 vdo gidi todn thi viéc khai thac sdu tinn D2 todn 1. 72; +7;+;,
chﬂt’ . TN o céc ‘bM todn méi 14 hét ste Ap dyng BDT Schwarz ta c6:
quan trong. Trong bai viet ndy téc gia khai thac B 111 »
mjt tinh chét cia ti dién vudng trong viée timra  “=2=4—t-> FRTRR RGT

bai toéin méi. Didu d6 thé hién qua ndi dung sau: b &b e atbse

Cho ti dign OABC c6 OA,0B,0B d6i myr BRI t0dn2. a+b+c=33h

vuéng goc, duong cao OH. Dt OA=a,0B=b, Goi 114 tim mat cau ndi tiép hinh chép, dat:
0C=c,0H=h Vi S, =5, Suppc=5,s

1018 = V15 Viose =Vas Viocs =Vas Viase =V
3 3, 3V 3, 3Vi+3V2+3V53+3V;4
Spocs =833 8upc =S, Goi 1 la ban kinh mdt p===lag2 273 F4

S] Sz S3 S4 S +S2 +Sg -_I'-S4

cdu ni tiép tir dién OABC, V la thé tich khéi k174 5
» —S] +S2 +S3+S4 ( ’
" 1. 1.3 73
Matkhéctacb. h—2_7+?+c—2
abe )’
o (T) =(ab)’ +(be)’ +(ca)’
&8 =8 +82 +82 @
Ap dung BDT Bunyakovsky ta c6:
S1+852+85;3
Sy 2,
NN
Ta c6 bai toan
Bay gid ta s& fim céc bai todn bt ding tht’r:: Bili todn 3. S, > S+8,+S,
(BDT) hinh hoc lién quan dén céc dai lugng da NE
néu. Ta c6 déng thic quen thudc sau: Ap dung bai todn 3 vio ding thic (1) ta cé:
1 1 1 1 k14 13w
= + 4 r2—=——=%r2 —= A
OH* 04> o0B* 0C’ V3S, +8, B+1'S, el
' - |
e o e i e e e Baitodnd. »>—— )
-~ h? az+b2 &2 . J3+1 '
3 (1.1 1)1, 1,1  Lei dung bai toin 3 vio vio ding thirc (1) theo
¢:-h—2=3(-a-2- vy ;—2-)2 -;+'I;' . chiéu nguge laitacé::w
rs
3.1 1.1 p T8 +5,
D D=t =t =, Rl R R i S
h "_‘/‘va b C - 4 \/3-
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S ROV
(VB+1)(s,+5,+5,)

: 63V
(V3+1)(25, +25, +25,)

: Vabe
(\/5 + 1)(ab +bc +ca)

©12ﬁ+1[1+1+1}
a

r s 5 ¢

Ta c¢6 bai toan.
Bai todn 5 (TH&TT, T5.2019).

1>\/§+1(1+1+1
r B ke B e

BDT trong bai toan 5 twong duong véi

1.4
_2_+l+l+L[l +1+1)
c

¥ A ch V3la b ¢
Ap dung BDT Schwarz ta c6:
1,111 343

r ab ¢ a+b+c
Ta c6 bai toan
Bai toan 6 (TH&TT, 1998).

—l-zl+l+—l-+ 3V3 ;

r a b ¢ a+b+c
Ap dung BDT Cauchy cho vé phai BDT trong bai
todn 5 ta co:
e

= g
a+b+c

> <:>a+b+c23\/§ \/§+1 r.
Ly afis (1)
Ta c6 bai todn

Bai toan 7. a+b+cz3ﬁ(ﬁ+1)r.

Lo allits sl b disasil

1
TaC6:F=a_2+b_2+;2_— T
2

ab bc ca
> 411 tacobaitosn
g

1 1 1

22—t — —

X8 8
Ap dung BDT Cauchy cho vé phai cia BDT trong
Bai toan 8 ta co:
M O 0 Bl I e 2
K28 Sp S Si+S8y+S83 Si+S83+8; 9

1 6 T?ﬂ{.“ug% S3 588 (6-2026)

- e - 4 2
Bai toan 8. h_2

Ta co bal tOén sau

Bai todn 9 (De dé nghi Olympic 30-4. 2010)

2
el
S, +85,+8, 9

Ap dung BDT trong bai todn 3 vio baj todn g ,,

obs 2 " ” .3£h @Vzﬁhl
97s, 2 2
Ta c6 bai toan sau
V3

Bai toan 10. V 2 —2—h3.

Tix ding thirc (2) ta ¢6 thé sing tao ra cic BpT ,;
5,,8,,5;,5, thong qua cdc BDT dai 9, ching han
ta c6 bai todn:

Cho x,y,z>0, chirng minh rang

- WLTOT. W |
2x+y+z x+2y+x x+y+2z 4
that vay:
VTS—I-x+x+y+y+z+z
d\x+y x+z y+z y+x z+x z+y
o
4

Pat x=5',y=57,z=5?, thay vao BDT vin
chimg minh ta c6 bai toan sau

Bai ton 11 (e thi d& nghj Olympic 30-4-2010).

5 . \Y - S32 P 2

S+ S3+82 S3+57 4

Ta c6 bai toan véi 161 giai twong ty nhung & dang

tong quat:

Cho x,y,

2>0,ne N'. Chitng minh rdng:

Xy yz
("+2)x+("+1)y+nz +(n+2) y+(n+1)z+nx
+ 2 gEAE,
(n+2)z+(n+l)x+ny_ 3("“)

Thit vay:

e R xy
(n+2)x+(n+1)y+,,z",,(x+y+z)+2x+y

1
REmae \xy-+...+~—x}'——+—iy’
("+1) Xxdihz X+y+z 2x+)

n

‘
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wd oy
(n+1)2kA’+y+z X+x+y

< 1 [ )ny y l xy : xy xy
g 2] 5 i BT sy
(n41)"[X+y+z N x x y

’ nxy . 2y+x
(n+1)2 (x+y+2) ‘ 9(n+1)2.
Tuong tw cho cac trudng hop con lai ta co:
iz n(xy5+yz+zx) x+y+z
(n+1) (x+y+2) 3(n+1)’

< "(x+y+2-')2 X+y+z
3(n+1)2(x+y+z) 3(n+1)2
X+y+z
= d

3(n+1) (dpem)

Pit 52=x, $»?=y, S32=z,suy ra SZ=x+y+z,ta
co bai toan sau
Bai toan 12.

(55,)? i (52853)? (S351)?
nS? +252 +S3 nS?+282+57 nS;+25%+St
< S‘% ;
3(n+1)

Dé dang thiy ring ABON la tam gidc vudng tir d6
suy ra AOHN ~ ABHO va ta cb:
NH HO

— =Y & NH.HB=0OH’ &
HO HB

1 1
HN.HB OH*’

_ o e, |
Tuong ty ta ciing co: M HA OH®
i o —1—5- Do do6:

HP.HC OH
1 1 1 o

. 2

A HNHB  HPHC OH* W'

s gl 1+1+1)2
Tacocacd{mhglé.;z— i e

3 3 1.4 _L)=§.(_L+-!—+L)
va -1;-2—23(;1—1,"" = + = D) Sl S2 S3

Ta c6 bai toan sau
Bai to4n 13. ;
Z(_]_q-lJrlJ ,
a b c

1 1 1
+
HM HA y HN.HB HP.HC

a)

31 |
T ISR S - .>~(—--; +— 4 -TJ.
HM.HA  HN.HB  HP.HC 208, S, S,
Ap dung bai toén 4 ta c6:

I 1 1 1
P2 e ]} D e D e e
\[3-+l h2 (\/5+1)2 rZ
Ta c6 bai toan
Bai toan 14.
1 ] I NE) I
+ + z T
HM.HA HN.HB HP.HC \J3+1) r
Ta 66 sl B e W
3C0: S BMC OM® 0B 0C: B &
ong b PAPB a* b2 NCNA & a*
1
Do dé: ! .

+ +
MBMC NC.NA PAPB

N L., 4% L} 2 2
~“lo4® oB* 0C*) OH* A
Ta c6 bai toan sau
Bai toan 15.
1 1 1 2(1
+ + 22— —+ .
MBMC NCNA PAHB 3\a b ¢)
1 1 1 f 1 1
+ + S—+—+—.
MBMC NCNA PAPB S, S. S,
] 1 1 J2 ) 1
C) + + > = T
MBMC NC.NA PAPB |\ J3+1) r

a)

b)

Néu goi @, 8,7 lan luot 1a goc giira cac mit bén
(OBC),(0CA),(OAB) véi mit phing day thi lic
do ta co:
. OH? 1 1
sin@ =——=0H*| = +— |;
oM? Ry
sin’ = OH* (-1—2- + —12-),
¢ a

¢ 1 1
Sll'l2 = OHz(—,,-F——-).
r a’ b2
Tir 46 suy ra; sin’ @ +sin® #+sin’ y =2

& cos’ @ +cos’ f+cos’ y=1.
Ap dung Bunyakovsky ta cé:

TOAN HOC
* cTusitge 17
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B e Y

9 1 9

el e Gl Zcosza+coszﬂ+c°sz7.0H2 ol
Mét khéC ta co: cosqa = SAHHC - ZSAHB(* HO"n tOéﬂ trong tur nhu cac bai toan 14 2] 15 t
S . 5 Y « ; .
; AOB( be c6 b {o4n sau
twong tyr: COS f§ = ——ACt cosy = 28 yjan ' Bai toan 18.
ao l ]
D dé 28 7S 2S ) I 4 .v_ffl— o 2 - e l+ ]
0 do: —AHEC 4 TUaNce | “Oanap 8) oM E ).EN I O.FP J ‘
be g ramEyy DO.DM ~ EC a b
() |
5 4k %L
Qas C+bSAH +CSAHAB S—z—abc b) —b—()_DA/I [OEN ]‘OF‘P 2 3 .
Ta c0 bai toan sau l ]
Bai todn 16 (TH&TT R S B e [
AIETIT 0. ) SoDM  EOEN  FO.FP
aS e + [’Sw._ P - W < gahc'. Bai toan 19.

Neéu goi D,E.F lin lugt 14 hinh chiéu cua H 1én a) I 3 I i ! -5 3(1 +%+ lJ
4 = < 2 2 HFL , .
cdc mat phang (OBC),(OCA),(O4B) Iic 6 ta HE, - 5 ? C

' 1 ] 1 9( 1 1 1
T GEIZBC i GVSZQ 3 5 6?1?8’ O a0t e HE 5(3 +§—+5‘J
Tardosuyra: Vy,, +V,0,0 + Viiiea =¥, 1 | 1 i ¥ 4
Xét tich sau: HD.HE HF = 6"V ous ¥ nonc  soca " D" HE I : (\/3- " ]j ¥

i Ta c6: HD = Frosc 5= be
S%.(VHOAB + V;IZC +7V, om) _2, be HD 6VHOBC
) e ca 1 ab
Tacé ] s HE Vioca HF ™ 6VH0AB ki
Bai toan 17. HD.HE.HF <sv. oy L1 o BB -age S

HD "HE HF "V, ' 6F

HOBC 6 VHOCA

Tacé AOFH ~ AHFP, tir d6 ta co:
dtacé Ap dung BBT Cauchy cho vé phai cia (*) ta co:

OF HF
—— =" & FO.FP = HF?;
HF PF HLD+L+L21§/ a’b’c?
1 2 1 o 1 " | HE HF 2 VHOAB'VHOBC'VHOC-I
FOFP FH® OH'  HP 3,67 343
= 1 + tanz ' = ! 2 V3 2\/-—
OH®* OH* cos’ y.OH*' Ta ¢6 bai todn
I |
: = . 2 d ] a3
Tuome ™. SO.DM ~ coraOH’ " Blitodnge. — .1 , 1 , 343
1 P HD  HE " pF =597
= _ . Pdun B L 5
EO.EN ~ cos'pon® 20 9% 8 BBT Schwarzt cho vé phai cia (*) ta
Theuh ey | Ly 11 (Vab+he+vea)
DODM ~ EO.EN  FOFP G R T s e
( Hoap T Vyoyc + VHOCA)

1 | 1 05% il LY

=2 + e abe (\/a

OH’(cos’a c082ﬂ+cos’rJ el oy oy
abc =3 "h,__—f-——b—c"l':/'//'

TOAN HOC
18 ¢ q‘uﬁt;e S& 588 (6-2026)
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Ta c6 bai todn sau 13 két qua 1am chit bai toén 20

tren
Bai todn 21.

W e 1 !
e 4 B . = :::+-—’1~ A orighsas
l//) lll: Il" \/ul) \/l)( \/((—l )
Goi R 14 ban kinh dudmg trdn ngoai tiép AABC, ta
i Ja? +b? 2 Vb? +¢? Vel +q?
a 2sinC 2sind 2sin B
__\/;12+b2 +Vb2 +¢? +/c? 1 22
"~ 2sindA+2sinB+2sinC
. a+b+c >\/g(a+b+c)
\/E(sinA+sinB+sinC)_ 9 )

Ta c6 bai toan

\/a(aJrlH-C)

9
Ap dung bai toan 7: a+b+c_>.3\/§(\/§+1)r, ta

Bai todn 22. R 2

o bai toan:
Bai tosn 23. R > (Ji+ \/E)r.

\/(az +b2)(b2 +cz)(c2 +a2)

48,

hJsz +5?)(b* +¢*)(c* + a*)

" 12V

5 h.\/(a2 +b2)(b2 +c2)(c2 +a2) s B

2abc

Laico: R=

V2

S h< TR. Ta c6 bai toan

V2

Bai toin 24 (TH&TT, T3.2011). h<—R

Goi R, 1a bén kinh mit cau ngoai tiép tir dién
O4BC Tic @6 ta dB thiy: R, = —;-\/az Py

1
S, =Z=-l-abc. =
w2

+.__—-
P e

= %\/aizb2 + b2 +c'a

it K14
S +S,+8,+8,

1 abc
2

%(ab+bc+ca)+%\[a-2bz+bzcz+czaz
- abe '
ab + be + ca+Na'b? +b'c* +c'a’
Ap dyng c4c BPT:
L-Fj'gﬂsmz+bzcz+czaz A
P ab+bc+ca ’
“bc=(\/€/_zz_2__b_2—c_2_) s[ : J

(ab+bc+ca)\/a2+b2+cz _
< 1) , taco:
3

(ab+bc+ca)\/a2 +b 8¢
> 3J3

ab+bc+ca+M-+—c€
3

i W
_—————3(\/§+1)\/a2+b +c

3(V3+1)

r. Ta c6 bai toan

3(v3+1)

Bai toan 25. Rl > —"2—‘".

SR 2

’ 1 3
Ap dung bai toan 4: r > h, tacd: R >=h.
PCung V3 +1 '3

Ta c6 bai toan sau:

Bai toan 26, R, 2%11.
BAI TAP
Cho tir di¢n OABC c6 OA,0B,0B db6i mot
vuéng goéc, duong cao OH. Dit OA=a,
OB =b,0C=c,0H =h. Goi r 1a ban kinh mit
cAu ndi tiép tir dién OABC.
| B e

1) Chimg stinh: 2=d4lylyd
Foodoh e h

2) Hay xay dyung céc bai toin bit ding thirc hinh
hoc tir déng thirc trén,
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CAC LOP THCS
Bai T1/588 (Lép 6). Pit UCLN(a, b) = 4,

BCNN(a, b) = a,beN’
(a—b)d=m. Chimg minh ring m(m+2027) chia
hét cho 12.

m vGi thoa man

NGUYEN NGQC HUNG
(GV THCS Hoang Xudn Han, Birc Tho, Ha Tinh)
Bai T2/588 (Lép 7). Cho tam gidc 4BC vuong tai
A c6 AH la duong cao. M 1a trung diém cua HC.
V& HN vudng goc v&i AM tai N. Chimg minh rang
MAC=HNB.

NGUYEN PUC TAN
(TP. Ho Chi Minh)

Bai T3/588. Cho x > y > 1. Chimg minh ring

\/x+,/y+m >\/y+\/x+\/y+—\/;.

NGUYEN VAN CANH
(GV THCS Long Hiu, xa Can Giugc, Tay Ninh)

Bai T4/588. Cho tam gidc ABC nhon c6 AB < AC,
ba dudng cao AD, BE, CF; EF cit AD tai I. Trén
doan DC lay diém K sao cho DK = BD. AK cit BE
tai Q. Chimg minh /Q song song vdi BC.
BUI VAN CHI
(Quy Nhon, Binh Binh)
Bai T5/588. Cho phuong trinh x2+x-1=0 va x,,
x3 13 hai nghi¢m ctia phuong trinh (x < x;). Khéng
giai phuong trinh, tinh gi4 trj cba biéu thue

B=[xB+10x+134+2x +x,.

TA MINH HIEU
(GV THCS Yén Lac, Yén Lac, Vinh Phiic)

TOAN HOC
20 * CTudilre S4 588 (6-2026)

cAC LOP THPT

6/588. Giai hé phuong trinh
x24yt+y=5
{x3 +y?+6xy=8
PAO VAN TRUNG
GV THPT Huynh Thiic Khdng, Ngj, Pe

Bai T

n)
Bai T7/588. Tinh tich phén sau
n

2 5in? x(sinx—c0sx)2026
-([ (sinx+cosx)2028

THAN VAN Dy
GV THPT Lang Giang s6 1, Béc Giang)

Bai T8/588. Cho hinh chop déu S.4BCD o

V138
3

a, M 1a diém thay ddi trong

AB = 2a, SA=
khong gian. Tim gid tri nho nhét ciia biéu thic
T=MA+MB+MC+MD+MS theo a.
NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Nghé An)
Bai T9/588. Cho diy sé (x,) thoa min x =3 va

P
K =06 —3x,, Tinh gia tri cia lim Znt¥nil,
n—+0 x;lo

LA DAI CUONG
(GV THPT Cam Lg, Qudang Tri)

TIEN TOI OLYMPIC TOAN
Bai T10/588. Tim tit ca cac da thirc PeR[x]
théa man P(x")=(xn +1)P(x) v6i neN,n=2.

NGUYEN PUC TUONG
(Pleiku)

Bai T11/588. Tim tht c4 cdc ham sé f: R* OR’
thda man:

F@y+f())2x= £(x) £(3), v, yeR*-

HO THANH LA
(GV THPT chuyén Lé Quy Bon, Binh Dink)
Cho tt gide ngi tiép 4BCD. Tia B4
E, tia DA cét tia CB tai F. Goi KL
trye tdm tam giac EBD, FBD; 1,/ lan
dudng tron Euler cia tam giéc EBD:

Bai T12/588.
cit tia Cp tai

lan hrot 13
lugt 13 tam
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FBD. DK cit AB i P. BL cit 4D tai Q. Chimng
ninh KL, PO, EF, IJ @dng quy,
Chii thich: tim dudng tron Euler cia tam gide XYZ
ja tam dudng tron di qua ba trung diém ba canh
cua tam giéc.
NGUYEN VAN LINH
(GV THPT chuyén KHTN, DHQG Ha Ngi)
Bai L1/588. Mot lugng khi 1i tuong ludng nguyén
tir thye hign mét qué trinh bién déi trang thai trén
hé toa d6 (7, p), qué trinh ndy duge bidu didn
bang doan (1) - (2) cia mt parabol ma dinh ciia
né tring Vo1 gdc toa o nhu hinh dudi.
Ta
()

1

Biét ndi niing ctia # mol khi ludng nguyén tr duge
tinh theo cong thire U:—;—MRT. Goi AU la do bién
thién noi niing cua khi va A 1a dg 16n cong do khi
thyre hign. Ti s6 % biing bao nhiéu?

VIET CUONG (Ha Noi)

Bai 1.2/588. Mt electron chuyén dong trong mot

tlr treong déu co cam (g tir B = 0,91 T. Tai thoi
. ~ £ 5

didm ban diu electron & diém O va vin toc cia nd

vuong goc B. Tim khoang céch tir O dén electron

tai thoi diém t=1%5—.10‘12 s. Biét khoi lugng cua

clectron 1a  m,=9,1.103'kg, di¢n tich
e=—-1,6.10-19C va van téc v=4.106 m/s.
THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/588 (Grade 1). Let gcd(a, b) = d and
lem(a, b) m, where a,beN" satisfying
(a—b)d=m. Prove that m(m+2027)is divisible
by 12.

Problem T2/588 (Grade 7). Let ABC be a right
triangle with 4=90° and let 4H be the altitude.
Let M be the midpoint of HC. Draw HNLAM at N.
Prove that MAC=HNB.

Problem T3/588. Let x > y > 1. Prove that

NS Sy oy Y o i

Problem T4/588. Let ABC be an acute triangle
with AB < AC. Let AD, BE and CF be the altitudes
of the triangle. Let EF intersect AD at [. On
segment DC, take a point K such that DK = BD.
Let AK intersect BE at . Prove that IQ // BC.

il’roblcm T5/588. Given the equation x*+x-1=0
and let x,, x; be its roots with x; < X
Without solving the equation, calculate the value

iof the expression B=, /xf‘ +10x; +13+2x; +x2.

e

R R R R R SRR S S AR S

Problem T6/588. Solve the following system of

. {xz +y2+y=5
equations

x3+y3+6xy=8
FOR HIGH SCHOOL

Problem T7/588. Evaluate the following integral

Vs

j- sin2 x(sinx—cosx)2026

(sinx+cosx)2028

0
Problem T8/588. Let S.ABCD be a regular

V138
3

pyramid with 4B = 2a, S4= a, .Let M be a

variable point in space. Find the minimum value
of the expression 7=MA+MB+MC+MD+MS in
terms of a.

Problem T9/588. Let (x,) be a sequence

satisfying conditions x=3 and x,, =x}-3x,.

; s X
Find the value of lim —2=l-ndl
n-+0  xl

(Xem tiép trang 30),

TOAN H
et 2 1
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Bai T1/584 (Lép 6). Cho 340 50 fw nhién 1 33 5
7. ..., 677: 679. Hay nm so nguyen dwong n nho
wheit sao o ' ¢ 340 s0 nay luon

nhai sao cho /d\' n so phan bi¢t ti "
b+ 2024 la so

nm dwoc hai 56 a, b sao cho a +
chinh phieong? .
Lév gidi. Gia sir ldy n 6 phan biét tir 34050 1, 3;
S; 7;..; 677; 679 ta tim duge hai s 1é a, b ma
a < bdéa+ b+ 2024 la sd chinh phuong, goi s0
86 1a ¢*. Néi riéng véi b = 679 ciing thoa mén, con
a>1, lc a6 co:

¢ =2024 + 679 + a > 2024 + 680 = 2704 = 52°,
Ta ludn tim dugc cip s6 1€ a, b phan biét thoa min
a + b= 680 trong ddy sd 1; 3; 5; 7;...; 677; 679, do
1 170 cép so dang {1; 679}, {3; 677}, {5; 675},
{7; 673}, {9; 671}....,{337; 343}, {339; 341}.
Néu Ly hai s6 a; b trong tap hop gom 170 s 1a
1;677; 5; 673;9; ...; 337; 341 thi do mdi sé trong
t4p hop nay déu chia cho 4 du 1, do d6 a + b chia
cho 4 dw 2, suy ra a + b + 2024 chia cho 4 du 2,
néna+ b+ 2024 khéng thé 12 sb chinh phuong,.
Néu lay 171 56 thi chéc chén 6 hai s5 thuge cing
mot cap so néu trén, lic d6 g + p = 630 nén

a+ b+ 2024 =2024 + 680 = 2704 = 572

1a ‘56 chinh phu(mg., Vay s6 nguyén dwong n nho
nhat sao cho khi lay n sb phan bigt 6y 349 sd
15 3; 5. 677; 679 ta tim dugrc hai 56 1 a, b ma
@+ b +2024 1 56 chinh phuong, 46 13 5 = 17|,
Nhan xét. Chi c6 mjt ban giaj duge baj ndy 13

Truong Dinh Quéc Anh, TE, THCS 1 Nhj
’ ’ t
D6 Luong, Ngh¢ An, S e,

NGUYEN VIRT i
Bai T2/584. Tim (i Cap v ne nhién (x:
3 42194, |
Loi gidi. Pt x* =37
truong hop sau;

TOAN HOC
22" “Tusilpe__ 8588 (6-202)

7 : V) thia
man A

+2194 (1), Khi 4 1a ¢6 c4c

k

' ‘).'—‘0 ::.XJ :30+2194<:>x] :—_2195'

A Khgy,

tai s6 tyr nhién x thod mén. g
1

. y-_-l:>x3=3 +2194<:>x3=2197%)‘J |

oS X= 13 (thOé mﬁﬂ) ‘]3’

L y22 X =Y +2194=9.37 t439,,
Suy ra 37 +2194 chia cho 9 du 7; 13 i J
9 du 0 hodc 1 hodc 8. Pidu nay v¢ |;, Vi
trinh dd cho chi c6 mét nghiém “,I.
(x; ) = (13;1).

Nhgn xét. Mot s6 ban gi bai dén Tog g,
giai tbt va giong vai céch gidi trén cia t4c g{
ra c6 ban dua ra cach giai ding khjc, nhng g
bay hoi dai dong. Co cac ban 16p 8, 9 cling gii
tham gia, tuy nhién day 1a bai todn danh chg Céic by
16p 6, 7 nén khong néu tén & day. Xin tuyen duoﬁg
cac ban c6 tén sau: TP. Hob Chi Minh: pg, Phtrong
Thy, 6', THCS Tran Qudc Toén, Cit Léi; Ha Ny
Pham Qudc Vinh, 6C2B L§, THCS Archimedes vi,
Hoa; Nghé An: Truong Dinh Quoc Anh, Dink Ty
Ding, TE; Nguyén Tdt Tri Diing, 6A, THCS Ly Nk
Quang, P6 Luong; Nguyén Ha Vy, Dink Trin Bio
Khanh, Dang Vin Hodng, Nguyén Viét Anh, Al
THCS Quin Hanh, Nghi Loc; Cong hoa Ao: Lé
Bach Hai Dang, 3B, Qudc té Song ngit cdp 23
GIBS, TP. Graz.

]a Chf)
Y phlmng

N ¢ lUl
4 Nygi

TRAN THI KIM THANH
Bai T3/584. Cho day sq: 1, 2, ..., 9n, trong donli
SO nguyén dwong lén hon 1. Hay chia da) d
thanh 9 nhém sao cho méi nhém co diing 1}
hang ¢6 tong bdng nhau.

Y 9n+1)
Léi gidi. Taco: l+2+3+...+9n=2n’(‘2"”"
Vichia day s6 d6 thanh 9 nhém sao cho mdi thér
(4} dﬁng n sé h'qlng cé téng b?mg nhau nén mot
nhém c6 téng 13: g IO +1) g _ r_xQ%iQ

Ta chi ra cdch chia diy sé da cho thanh 9 nhdrt

nhy sau:

*THL: p =3¢,
Ta chia 18 )
18k thanh 9k g

Vi k 1a s6 nguyén duong. I
1,2,3, ..., Ok, Ok + 1, .o 185
s6 va méi b6 c6 2 sb nhur s3
(186, ; 18k - 1), ... (ok; 9k + 1)
aco: | +9.2k=2+(9_2k__ 1y=3 +(9,2k*2)
L P =9k+(9k+ )=18k+1= on+ 1.

A

e
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s chia 9 b6 ‘56 trc:en thanh 9 nhom tly ¥, mdi

gm0 K b?_ 6 d trén, khi ‘(16 m3i nhom c6 2k sb

fang hay mbi nhoém ¢6 n s6 hang va déy co l(‘)ng'

n(9n +1)

ing KOn +D =2,

TH2:nla s6 16. Khido n 1¢ va nz3,

#Xétn=3khid6c627501a1,2,3, ... 27 dygc

chia thanh 9 nhém s6, mdi nhém ¢6 3 sb ¢6 téng
3(9.3+1)

ping =42 nhu sau:

]+14+27=2+15+25=3+16+23
=4417+21=5+18 +19 =6+ 10+ 26
=7+11+24=8+12+22=9+13_4_20.
+ Xét n>3, khi d6 ta chia 9» s 1,2, 3,..., 9
thanh hai nhém:
_Nhom 1: €6 27 s6 18 1, 2, 3, ... 27 duoc chia
thanh 9 nhém s6 nhur trén.,
-Nhoém 2: ¢6 9n —27 56 13 28, 29, ... 9n. Vi n I
16n hon 3 nén 7 — 3 12 s6 chin 16n hon 0.
pit n — 3 = 2m, véi m 1a sé nguyén duong thi
9n — 27 = 9(n — 3) = 18m. Ta chia 18m s 28,
29....,9m +27,9m + 28, ..., 18m + 27 thanh 9m
nhém, mdi nhém 2 s6 hang nhu sau:

(28; 18m + 27), (29; 18m + 26), ... ,

(Om +27; 9m + 28).

Tac028+ 18m+27=29+ 18m+26=....

=9m +27+9m + 28 = 18m + 55

=9(n—3)+55=9n+ 28.

Ta chia 9m nhom s trén thanh 9 nhém tuy ¥, mdi
nhém c6 m b sb & trén, khi d6 mbi nhom c6 2m
s0 hang hay m&i nhém cé n — 3 sb hang va déu co
(9n + 28)(n - 3)

tong bing

Lic ndy ta ghép mot bo s6 & nhoém 1 va mot b sb
0 nhém 2 dé tao thanh mot nhém c63+n—-3=n
s0 hang va c6 tong bing

9 o 2_27n+28n-84+84
(n+28)l(n 3)+42___9n n+28n
2
_n(On+1)
=g

Nhgn xét. Co khong nhiéu ban doc da gui bai gidi
dén toa soan, Tuyén duong céc ban sau c0 10 gidi tot
hon ci: Lam Ddng: Ho Pai Viét, 9A10, THCS
Quang Trung, Bio Lgoc; Nghé An: Dang Van
Hodng, 7A1, THCS Quén Hanh, Nghi Loc; Thanh

Hoéa: Nguyé.n Ba Pirc Anh, 8A, TH& THCS Luong

Chi, Tinh Gia,
TRINH HOAI DUONG

Bai T4/584. Cho ne giac noi ll(':/l ABCD 6
ByC 90" va AD'=ABBC.CD.Ching minh
rang dieong tron dwcmg kinh AD tiep xic vl

dwong thang BC.

Loi gidi.
E
™D
WA = » b
(0 ‘\\ ‘.\\‘
bl

B N ¢
| H \

Goi E la giao diém cua BA va CD. Tir gia thiét ta
c6 BEC=90°. Ha EH L BC tai H, HF 1 BE tai F,
HG 1 CE tai G.Ta s& chimg mioh A= FvaD=G.
Thét vdy, ndu A#F, khong giam tinh tong quat,
gia sir F ndm giita 4, B. Trudng hop con lai hoan
toan tuong tu.

Dé thdy HGEF 14 hinh chir nhat, ta c6:

EFG=BEH=BCE ().
Mit khéc, do tir gidc ABCD ndi tiép nén
EAD=BCE (2).
Tir (1) va (2) suy ra EFG=EAD, do d6 AD // FG.
Do F nim giita 4, B nén G nim gira C, D, tir do:
BF <BA, CG< CD, AD < FG.
Ap dung cac hé thirc trong tam gidc vudng ta co:
EH'=BH® . CH* = BF.BE.CG.CE
= BF.CG.EH.BC.
Din t6i EH’ = BF.CG.BC, ma EH = FG, suy ra:
AD* < FG’ = BF.CG.BC < BA.CD.BC = AD".

Mau thufn trén 13 do ta gia st F nim giira 4, B.

Viy A= F va D = G. T d6 hién nhién dudng tron
dudng kinh 4D tiép xuc véi BC tai H.

Nhdn xét. Chi c6 ban Ho Pgi Vigr, 9A10, THCS
Quang Trung, Bio Loc, LAm Pdng cho 1di giai tdt,
ngodi ra ¢6 ban Andrea Fanchini, Canty, Italy cho i
gidi bing céch sir dung toa d¢ trong tim (barycentric
coordinates).

NGUYEN THANH HONG

S6 588 (6-2026) T?g%g% 2 3
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Bai T5/584. Dat

LRI
5 B2 i i W -

1131 2141 315

2025!

2024!.2026"

Chimg minh rang phuong trink x* = x+5* =0 ¢4

, . o Bt
hai nghi¢m x;, x> khéc - va Q< <xy, <.
y #

“~

Léi gigi. Truéc hét, chimg minh réang: Véi n la sé
tw nhién lom hon 1 thi

n! e | 1

= (*).
(n=DL(n+1)! n! (n+1)
1
Thit vy, ta cé: T,
(n=1)L(n+1)! (n+1)!
n+l -1 n+l 1 l 1
Sl (dpcm).
(n+1)! (n+l)' (n+l)' n' (n+1)!
Ap dung (*) véi n bing 2, 3, 4, ...,2025, ta dugc:
ol o 3. A 20251
1L31 214! 3151 2024!.2026!

(1 1] (1 l] (1 1 1 1
A5 ATl =S H=u s
20 31) (3t 4) L4 s 2025! 2026!
R Satll Gt Bkl

2! 2026! 2 2026'

Suy ra: 0<S<-;—:> 0<S2 <%.

Cédch 1.PT x2—x+52=0 (**)c6 A=1-452,

Vi 0<S2 <% nén A>0 (1). Do d6 PT(**) c6 hai

nghi¢ém phén biét x,,x;, gia sir x1<x2 (2). Theo hé
X1 +x7 =1

thirc Viéte, ta cé: (3).
X1X2 =52

Tir (1), (2), (3) suy ra: 0<x; <x<l;x <%;x2 >%.
Vay PT x2-x+82=0 c6 hai nghiém x1,x; khac

% va O<x<x;<l.

2
Cédch 2. Ta co: xz—x+S2=0¢>(x—%) =%—S2.
Do 0<S2 <-l- nén 0<1—S2<-1—.
4 4 4

Dit -}—SZ =g? (0<a<?lz-) ,tach: x2—x+82=(

2
1 1 1
@( _-;-) =Z—SZ<:>(x——2-—a)(x-E+aJ=0.

24 T(?ﬁwgce S48 588 (6-2026)

‘ o 1
PT(**) c6 hai nghiém phan biét X =—2-—-a Vi

1
x3 =—;—+a thoa man O<x <E<x2 <1 (dpcm).

Nhgn xét. Méu chét dé giai bai toan 12 phat hién v4
chimg minh déng thirc (*). Sau d6 déi véi hoc sinh
16p 9 da hoc dinh li Viéte thi gidi theo cach 1, con
v6i hoc sinh 16p 8 giai theo cach 2. Tuyén duong c4c
ban sau c6 15i giai tot:

Phii Tho: Nguyén Thanh Mai, Vi Tudn Minh. 9,
THCS Ly Nam D¢, Van Xuan; Hai Phong: Ngo
Minh Duy, 8A1, THCS Héng Bang; Nghé An: Ding
Ngoc Minh, 8C, THCS Ping Thai Mai; Thanh Ho4:
Mai Thién An, 9B, THCS Chu Vin An, Nga Son:
Ha Tinh: Lé Thj Thanh Binh, 8A3, THCS Lé Vin
Thiém, Thanh Sen; Vinh Long: Poan Minh Phic,
9/1, THCS Nguyén Khuyén, Tan Nghia; Lam Dong:
Hb6 Pai Vigt, 9A10, THCS Quang Trung, Bao Loc;
TP. HO Chi Minh: Xudn Nhi, 8/7, THCS Pham Vin
Chién, Go Vip; Cong hda Ao: Lé Bach Hai Dang,

3B, Trudémg Qubc té song ngir cap II, II GIBS, TP.
Graz.

PHAM THI BACH NGQC
Bai T6/584. Tim ba nghiém so thuc diung cia
phuong trinh x* -3u’x+u’ =0 (1) véi u la sd
thuc khac O cho trirée.

Cich gidi (cua tat ca céc ban). Vi u # 0 nén ta co:

0~(3f Ao o

Détt=;.Khiéy(2)tr6thénh £-3t+1=0 (3).

Xét y=f(0)=1-3t+1. Tacé:
YV=f(=3-3=01=4+1

Vay Yo =¥(=1)=3=y(2) va

Vo =y(1)=—l=y(—2). Vay (3) c6 3 nghiém

phan biét 2 <7, <0<, < t; <2 (hinh vé dudi).

Dit 1=2cosa. Khi 4y (3) tr& thanh:

8cos’ @ —6cosa +1=0 < 4cos’ a-3cosa=——

c:cosBa:coszT”¢>3a=j:2?”+2k7r
2 2krm

ca=t—+ " (4
Vil (4).
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Vé6i t =2cosa thi
14rr

sty =2co

’1=2°°S E sh —2c058
9

2
X, =llll = 2uCOS?ﬂ-, X, = t2u = 2uc05§9£;

147
x, =tu=2u cos—9—.

Nhén xét. Bai nay tuong d6i d& nén nhiéu ban tham
gia gidi va gidi dung. Tuy nhién c6 ban khéng d4p s6
du6i dang luong gidc ma chi tinh gin dung (khong
dep vé mit toan hoc). Hodc c6 ban khong vé d6 thi
(8 dang v& trén GeoGebra) d& nhan xét
-2<t,<0<¢, <t; <2 va chon nghiém cho ding
(c6 ban ra dap s 3 nghiém duong).

An Giang: Huynh Duc Chi, 10T1, THPT chuyén
Thia Khoa Nghia; Pa Ning: Lé Nguyén Khdnh
Triéu, 12/5, THPT Thai Phién; Ha Noi: Nguyén
Thanh Nam, 9A1, THCS Linh Pam, Phuong Hoang
Liét; Nguyén Vin Pic Thang, 11A3, THPT Hoang
Mai; Ha Tinh: Pdng Si Phuéc Dic, 10 Toan 1,
Nguyén Ting Duy, Lé Minh Manh, Nguyén Viét Thé
Tai, 11T1, THPT chuyén Ha Tinh; Hung Yén: Trén
Gia Phi, 10 Toan 1, B6 Quang Anh, 11 Toan 1,
THPT chuyén Hung Yén; Lao Cai: Tran Tién Dat,
10 Toan, THPT chuyén Lao Cai; Lam DPdng: Ho
Dgi Vigt, 9A10, THCS Quang Trung, Bao Lic;
Quéng Trj: Hodng Ha Uyén Nhi, Nguyén Trdn Bao
Ngoc, 10 Toan 1, THPT chuyén V& Nguyén Giép;
Tay Ninh: Thi Tién Thanh, 11T1, THPT chuyén
Tran Vin Giiu; Thanh Héa: Nguyén Ba Pitc Anh,
8A, THCS Luong Chi, Tinh Gia; TP. Hb Chi Minh:
Nguyén Ngoc Gia Hdn, 10E2, THPT Lé Thénh
Téng; Vinh Long: Lé Duy Minh, Thdi Minh Phic,
Nguyén Thanh Tric, 11T1, THPT chuyén Nguyén

Binh Khiém. Va 2 ban khong ghi tén.
TA DUY PHUQNG

Bai T7/584. Tim gid tri cia tham s6 m dé phuong
trinh 3" " 430 W~ (4~ x) ¢6 nghiém duy
nhat.

Lo gidi. Ky higu: 307" 43¢ = x(4-x)m (1).
Diéu kién cdn: Gia sir xo 1a mot nghi¢m cia PT(1).
Khi d6: 309" 4300 = x (4~ x,)m. Thay x boi

4 — x, vao PT(1) ta co:

2 g

3(4-;0.-1) 2 3(4-10 L) (4_xo)xom
2

& 3R 43070 = (4= x5)xm

Do d6 néu x, 12 mdt nghiém cua PT(1) thi 4 — x
ciing 1a nghiém cta PT(1). Viay dé (1) c6 nghiém
duy nhét thi x,=4-x, < x,=2. Thay x,=2
vao (1) ta dugc:
30 4300 224 -2m > 6=dm > m=>
Diéu kién di: V&i m =% thi PT(1) tré thanh:
30’

+30 22x(4-0) @

Theo BDT Cauchy ta co:
3(;—1)2 a4 '3(,:—3.)2 >2 /3(;:—1)"3(;:—3)1 e 2@1-1)&(:-3)1
= 2y326-2%2 5932 — 6,

Két hop véi (2) ta co: %x(4—x) >6ox(4-x)>4

Sxl-4x+4<0 (x-2) ' <0=>x=2.
; 3 i
Vay véi m=5 thi PT(1) c6 nghiém duy nhat

x=2.
Két lugn: Pé PT(1) c6 nghiém duy nhit thi
m=—.

2
Nh@n xét. 1) Thyc chit bai toan tim didu kién cua
tham sé d¢é phuong trinh thoa min diéu kién nao d6
chinh 12 bai todn diéu ki¢n cin va du: didu kién cin
1a gid thiét phuong trinh théa man didu ki¢n, ta tim
gi4 trj tham s6; diéu ki¢n & 14 véi gid trj tham sd tim
duge kiém tra lai phuong trinh ¢6 théa man didu kién
khong! Mot s6 ban 1am thiéu didu kién du cin chi ¥
tdi logi todn nay.
2) Ngoai céch gidi trén, mdt sé ban dua ra mot sb
cdch giai khic nhu ding phuong phap ham sé,

S 588 (6-2026)
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phuong phap tam thirc bic hai, .

.. ciing cho két qua
ding.

3) Céc ban sau 6 181 gidi dng: Hung Yén: Tran
Gia Phi, 10 Toan 1, THPT chuyén Hung Yén; Pha
Tho: Vi Tuén Minh, 9A, THCS Ly Nam D¢, Van
Xudn: Ha Ngi: Nguvén Thanh Nam, 9A1, THCS
Linh Bam, phudng Hoang Li¢t; Thanh Héa: Mai
Thi¢n An, 9B, THCS Chu Vin An, Nga Son; Ngh¢
An: Lé Vi Quynh Niue, 9A, THCS Phung Chi Kién,
X3 Hing Chau, Neuyén Vin Pire Thang, 11A3,
THPT Hoang Mai; HA Tinh: By Tung Lam, Lé
Minh Manh, 11 Toan 1, Phan Viét Lé Huy, 11 Toan
2, THPT chuyén Ha Tinh; Quang Tri: Hoang Ha
Uvén Nhi, 10 Toan 1, THPT chuyén V5 Nguyén
Giap: TP. Hd Chi Minh: Nguyén Thanh Hgu, 10A1,
Bui Khanh Thi, 10E1, TH, THCS&THPT Lé Thanh
Tong; Vinh Long: Nguyén Trieomg Duy, 9/5, THCS
My Héa, phudng Bén Tre, Lé Duy Mink, Nguyén
Thanh Tric, Thai Minh Phiic, 11T1, THPT chuyén
Nguyén Binh Khiém.

TRAN HU'U NAM
Bai T8/584. Cho tam giac ABC v&i AB

= ¢,
BC =a.CA = bva P la mét diém bt ky bén trong
tam giac. Ki hiéu R,. R,, R v S8, S, twong irng
la ban kinh dwomg tron ngoai tiép va dién tich ciia
cac tam giac BPC, CPA, APB. Chirng minh r(?ng

abc

R.S,+R,S,+R.S. > =

Loi gigi. Cach 1. Xuét phat tr mot diéu hién nhién

la (x—ﬂ + yﬁ + 27’6)2 > 0, khai trién ra ta dugc:

x’PA* + y*PB* + 2* PC?

+2xym-1_3§+2yzF§-Fé+22x7’E-7’EZO.

Chu ¥ ring: 2PA- PB = PA* + PB* — AB?,
2PB-PC = PB* + PC* - BC?,
2PC:PA=PC? + PA* - CA*.

Do dé: (x+ y+2z)(xPA* + yPB* + zPC?)

2 a’yz + b*zx + c*xy.

y=—b—,z=i thi thu
PC

Tir ddy ta cho: x=— =

PA’
b c

a
| — 4+ —+— (a.PA+b.PB+ c.PC
duogc: (PA+PB ch( )

2 6 T?g%‘ug% S6 588 (6-2026)

Y

iy iy *)
PB.PC PC.PA PApg/|
Pidu nay tuong duong:

a.PB.PC +b.PC.PA+c.PAPB > gbe.
Tré lai bai toan chinh, sir dung cdng thac ¢o bin
v& dién tich, chang ta c6: 4(R,S, + R,S, + RS,)

> abc(

= BC.PB.PC + CA.PC.PA+ AB.PA.PR
=a.PB.PC +b.PC.PA+c.PA.PB > gp.
nhu yéu cau.
Cdch 2 (dya theo ban Vii Duy Manh, 10T1, THPT

chuyén Lam Son, Thanh Héa)
A

<

D

C
Bit déng thic cin chitng minh hoan toan cé thé
dua trd lai vé dang:

PB.PC.BC +PC.PA.AC + PA.PB.AB > AB.BC.CA.
VE& céc hinh binh hanh PCBD va APDE. Nhu vy
ACBE ciing 12 hinh binh hanh.

Ap dung bat dang thirc Ptolemy cho tir gidc ABDE
ta co: AB.DE + BD.AE > AD.BE
< AB.PA+ PC.BC2 AD.CA ().
Tuong tu, d6i véi tir gidc APBD:
AD.PB + PA.DB > AB.DP
< AD.PB+ PA.PC > AB.BC (2).
Tu (1) va (2) suy ra:
PA.PB.AB + PB.PC.BC + PC.PA.CA
2 AD.CA.PB + PC.PA.CA
=CA(AD.PB + PC.P4) > AB.BC.CA.
thirc xdy ra < cac gidc ABDE va
APBD nsi tiép < P1a tryrc tam tam giac ABC.
Viy ta c6 diéu phai chimg minh.
Nhin xét. Lbi giai 1 1 cua tac gia bai toan, 161 giai
2 1a mot céch chimg minh rét gon gang, chi sir dung
bit déng thirc Ptolemy quen thudc. Ngoai ra Toa
soan cling nhdn dugc mdt sé huémg giai khéc, trong
d6 mdt s6 ban sir dung phép nghich dio hoic 6
phirc. Ngoai ban Manh, cac ban sau day ciing c6 101
gidi tot: Ngh¢ An: Nguyén Van Pruc Thang, 11A3,
THPT Hodng Mai; Quang Tri: Hoang Ha Uyén
Nhi, 10T1, THPT chuyén V3 Nguyén Giap; Hung

Ping
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yén: Trdn Gia Phii, 10T1, THPT chuyén Hung Yén;
7p. Hb Chi Minh: Neuyén Thanh Hgu, 10A1, TH,
THCS&THPT L¢& Thénh Téng; HA Tinh: Nguyén
fing Duy, Nguyén Viét Thé Tai, 11T1, THPT
chuyén Ha Tinh.

NGUYEN VAN LINH
Bai T9/584. Cho x, v, = la cac 5o thuc théa man
AFEERY
vt yie4z --A;—l(,\.\' +yz+2x+1).

Tim gia tri lon nhat va gia tri nho nhdt ciia bicu
i P=(a+y* +23)(xy) + 9322 4+ 234,
Loi gigi. Ta cé:
IPHG+°)03 +23)(23 +x3) +x3 323

< I(x3 +y3)(33 +23)(23 +x3 )‘+|x3y3z3 |

vi (2 +33)()3 +23)(23 +x3))|
=[x+ $)y+ )z +0)

x(x +y* —x0)(»* + 2% = yz)(2* + x* - zx).

Tir gia thiét suy ra:
x24+y2+z2 =§;—(Jt’y+yz+zx+l)S%(x2 +y?+22+1)

hay x2+y2+22<3.

Do d6: 33/x2y222 <x2+y2+22<3.

Suyra: x2y2z2<1 hay |xyz|<1 (1).

Ap dung BDT Bunyakovsky ta c6:

(Ix+y|+| y+z|+|z+x])? S3[(x+y)2 +(y+2)2 +(z+x)?]
=6(x2 +y2 +22)+6(xy+yz+2zx)<36.

Suy ra: |x+y|+|y+z|+|z+x|<6 .

Ap dyng BPT Cauchy ta c6:

|x+y|+| y+2z|+|z+x]|

3
|(X+y)(y+z)(z+x)|S( ) <8 (2).

Mit khac ciing tir gi thiét ta co:
2x242y2 4222 —xy—yz—2zx
=3~(x-y)?=(y-2)*-(z-x)? <3.
Ap dyng BDT Cauchy ta cé:
(x2+y2 - xy)(y? +22 - yz)(2* +x2 -2x)

2x242y? +22% —xy—-yz—2X a
s( yaey w4 JSI Q).
3

T (1), 2) va (3) suy ra:
|P|c8+1=9 hay -9SP<09.

Véi x=y=z=1 thi P=9.
Véi x=y=z=~1thi P==9.
Viy maxP = 9 va minP = -9.
Nh@n xét. Diy 14 mdt bai toan khé nén cé rAt it ban
giri 10 gidi vé toa soan, Piém mau chég clia ‘ba. to4n
ld viéc chuyén tr biéu thac P ve bieu thic
(x3+y3)(y3 +23)(23 +x3)+x3y3z3 aé déanh gid bang
cach sir dung hing ding thirc va gia thiét da cho:
Viéc tim gi4 trj 16n nhét va gié trj nho nhat trong b}z’u
toan ndy 1a twong duong v6i nhau, vi vdy ta chi can
dénh gi4 |P|. Chi c6 duy nhdt mjt ban gidi ding
nhung quén ghi tén va dia chi.

HOANG NGQC MINH

Bai T10/584. Cho day so (a,),n=0.1.2,... thoa

man ag 22; ay, =djy —d, +1,Yn20.
a) Dt S, :L+l+,,.+l,\mzo. Chirng minh

a, a, a,
rang day (S,) ¢o gici han hitu han khi n dan dén
vo cung va tinh gioi han do.
b) Chimg minh ring

log, (a, -1).log, (a,=1)...log, (a,-1)=n".¥n>1.
Loi gidi (theo da sb céc ban).
a) Tr day da cho ta c6:
a,,=a,+(a,~1) 2a_,Vn.

Do d6 (a,) la ddy khéng giam. Néu day (a,) bi
chin trén thi ton tai lima, =7 (7 hiru han). Ma
a,22 véi mei n nén />2. Mit khac, nr
4,,=a,-a,+1, ta cho n—oo thi thy dugc
[=1-1+1. Din dén I=1. Thé nhung diéu nay
méu thudn véi 1> 2. Chimg t6 day (a,) khéng bj
chin trén. Néi céch khac i lima, =, Tiép theo,

H—x

ta s& bién déi dity 43 cho nh say:
LY =-1= a, (an b l)
Liy nghich ddo hai vé ta duge:
1 1

R SR 1 1

aml —l ~a’!(an_l)=au _1 ~Z
hay L:—.L._ 1
an an‘l

W T diy suy ra:

TOAN HOC
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Sn=ii=§":[ .2 11)2 W

i=0 a, i=0 (1, "l a“| o (ln "'l

Do d6: lim S, =lim( ! R | = : ;
g sy (10 _l aml —l a() —]

b) T phan truge ching ta ¢6: a = T T - ;
" oa, -1

“ml =

Suy ra:

ana.‘-~an_1=a"1.“2‘l... G, =“n“l.
: aG-1a-1 a,,-1 q;-1
Lay 16garit hai vé:

log(a, -1)= loga, +loga, +...

+loga,_ , +log(a, —1)
2 loga, +loga, +...+loga,_

> n{/logao.loga, ...loga,_,.
(log(a,1 - 1))"

loga,.loga, ...loga, |

Diéu nay twong dwong véi két qua cin chuing
minh.

Nhén xét. Pay la bai toan diy sb dang co ban. Mot

s6 ban lap luan ring a, 2a,,Vn di di dén két luan

Heé qua la:

>n".

day sb (an) tang la chua chinh xac, dung phai la
day (a,) khong giam. Mt s6 ban ching minh ¥ thi
hai bang phuong phép quy nap nén 101 giai hoi dai va
phirc tap. Céac ban sau day co6 loi giai dung: Nghé
An: Lé Vii Quynh Nhu, 9A, THCS Phing Chi Kién,
Hung Chau; Ha Tinh: Lé Minh Manh, Ngé Bui Anh
Khoa, 11T1, Phan Viét Lé Huy, 11T2, THPT chuyén
Ha Tinh; Lao Cai: Trdn Tién Pat, 10T, THPT
chuyén Lao Cai; Pa Ning: Lé Nguyén Khanh Triéu,
12/5, THPT Thai Phién; Lam Ddng: Ho Pai Viét,
9A10, THCS Quang Trung, Bao Ljc; Hung Yén:
Pé Quang Anh, 11T1, THPT chuyén Hung Yén;
Vinh Long: Lé Hoang Khang, Lé Duy Minh, Nguyén
Thanh Tric, 11T1, THPT chuyén Nguyén Binh
Khiém; Tay Ninh: Trdn Lé Trong Phic, 11TI,
THPT chuyén Trin Van Gidu, V6 Tién Phat, THPT
Nguyén Théng; An Giang: Nguyén Hoai Nhanh,
1172, THPT chuyén Huynh Man Pat.

NGUYEN VIET HUNG

Bai T11/584. Tim tdt ca cac ham so [ >R

thoa mdn:
f(x=f»)-y)=3/(x),Vx,y el ().

TOAN HOC
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Loi giai (theo da 56 chc ban). Gid sit 1) thy, -
(1). Thay y = x vio (1) ta dugc:

f(~_/'(x)):3f(x)’vx€R (2).

']'hﬂy y b(’i ‘_/(V) V‘]O (l)’ ta duqc.'

Lx=fLONHSON=3S(X),Vx,yeR,
Két hgp vai (2) ta thu duge:
f(x=3f(+SN=3]/(x),Vx,yeR
hay f(x=2f(yN=3S(x),Yx,yeR (3.
Thay tiép x boi x=2/f(y), ta thu dugc:
fx=4f(YN=3f(x=2/(¥)),Vx,yecR
hay f(x—=4f(y)=9f(x),Yx,yeR.
Tuong tu, thay tiép x bdi x—21(y), ta thu dugc;
f(x=6f(y)=271(x),Vx,yeR (4).
Tir (3) thay y bdi —f(») va st dung (2), ta dugc:
f(x—6f(y))=3f(x)1vx’yER (5)
Tir (4) va (5) suy ra:
27 f(x)=3f(x),YxeR hay f(x)=0.
Thir lai, ta thdy ham s f(¢)=0 thoa min diéu
kién bai ra.
Nhén xét. 1) Day 1a dang toan don gian va co ban vé
phuong trinh ham trong 16p ham hop véi cip bién tr
do nén c6 nhiéu ban tham gia giai. Pa sd cac ban déu
gii theo cach trén va cac bién ddi twong tr dé quy
vé ham tudn hoan va gidi ndi. Theo cach giai trén, s6
3 & ve phai c6 thé thay béng mot s6 tiy ¥ khac 1, ta
van thu dugc két qua nhu trén.
2) Cac ban sau ddy c6 16i giai ding: An Giang:
Huynh Dic Chi, 10T1, THPT chuyén Thu Khoa
Nghia; Binh Phwéc: Ho Dwong Pirc Pat, THPT
chuyén Binh Long; Ha Tinh: Dang Sy Phudc Duec,
Bui Tung Lam, 110T1 THPT chuyén Ha Tinh; Tdy
Ninh: Vil Tien Phat, 11T1, Huynh Phan Kim Ngan,
CT2, THPT chuyén Tridn Vin Giau; Vinh Long:
Duy Minh, 11T1, THPT chuyén Nguyén Binh
Khiém,

NGUYEN VAN MAU
Bai T12/584, Cho tam gidc nhon ABC. Diém M
thay déi trong tam giac. H, K, L theo thir tie It
hinh chiéu vuong géc ciia M rén BC, CA, AB. Tin
quy tich nhitng diém M sao cho:

BH + CK + 4], = CH + AK + BL.
Ldi gidi, Ta cin cé mét bd dé.
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§ aé. Cho diém O c6 (3‘;';1]1, vecto a#0 xdc dinh
v 56 thiee Kk khé_'ﬁ fm‘.‘ Khi do quy tich nhirng
diém M sao c‘ho OM.a=k la mét dwong thing.
b dé tré{\ rat‘quen thude (xem vi dy 6.18, trang
¢5, Bai tdp ndng cao va mgt 50 chuyén dé phan
ninh hoc, NXBGD Vi¢t Nam nam 2022).
- BC — CA — 4B
Goi ¢, =%’E§ ) =a'; e =—=
vecto dinh hudng cua cac dudng thing BC, CA,
4B: X, Y, Z theo thy ty 1a trung diém cua BC, C4,
AB.
:/éy, chi y ring OX, OY, OZ theo thir ty vudng
goc vai Z,E;,a , cac didu kién sau twong duong:
1) BH+CK+AL=CH+AK+BL
) BH+CK+AL=-CH - AK~BL
3) BH+CK+AL +CH +AK+BL=0
4) BM 2,+CM .+ AM .ec+CM 5+ AM e+ BM e, =0
5) (W+W).Z+(W+W)EE+(W+W).Z=O
6) XM eq+YM ey +ZM . =0
7 (,?5+5H).Z+(Y—O+5_A?).a+(z_é+m).?c =0
8) XO.ea +OM 2,+Y0.c5+OM 25+Z0.e;+OM .e.=0
9) O+D—A7.Z+O+W.E+O+W.EZ=O
10) OM (es +e5+ec)=0

theo the ty 1a

C6 hai truong hop xay ra. o
¢+ TH1: Tam gidc ABC déu. D& thiy e,+ep+ec=0.
Do d6 51\7(;,; +EZ+Z)=O voi moi diém M nam
¢ ~ <A
trong tam gidc ABC. Vay quy tl(ih nhimg dlcm.M
théa man didu kién @& bai 13 mién trong tam gidc
d8C, : 3 X ik
¢ TH2: Tam gisc ABC khong dédu. D@ thay

a+51;+é:¢6. Theo bd dé trén, quy tich nhimg

didm M thoa man didu kiégn dé bai 1a giao cua
midn trong tam gic ABC va mot dudng thang ( 1)
Goi 0, 1 theo thir ty 1a tim dudong tron ngoai UCK?
vA tam dudng tron ndi tiép; P, Q theo thir W la
giao clia Of vA bién ctia tam gidc ABC (?)- _
Puong nhién O, I théa min diéu ki¢n d& bai (3).
Tir (1), (2) va (3) suy ra quy tich nhimg diém M
theo man didu ki¢n dé bai 12 dogn PQ.
Chit y. C6 thé md rong bai toan bang cach thay
gia thiét BH+CK+AL=CH+AK+BL boi gial
thiét BH+CK+AL—CH—-AK—BL=m (m 13 mot
s6 cho trudc). ’ BT
Nhn xét. 1) Bai toan nay khong kho, no la bfll toan
dién hinh vé dinh 1i hinh chiéu, nhung chi c6 4 ban
tham gia giai, 10i gidi cia ca 5 ban qua dai, tham chi
2 ban phai dung phuong phap toa do. 3
2) Xin néu tén ca 5 ban: Humg Yén: Do Quan’g Anh:
11T1, THPT chuyén Hung Yén; Thanh Héa: Vi
Duy Manh, 10T1, THPT chuyén Lam Som; Ha 'I'inhf
Bui Ting Lam, 11T1, THPT ghuyén Ha Tinh; Dﬁ
Ning: Lé Nguyén Khanh Triéu, 12/5, THPT Thai
Phién; Lam D(‘mg: Ho Pai Viét, THCS Quang
Trung, Bao Lgc. i ‘
3) Hoan nghénh em Hé Pai Viét, hoc sinh 16p 9 ma
di cb ghng giai bai toan nay, tuy nhién 161 giai cia
em chua két luin dugc cu the: khi tam gié‘c ABC
khong déu, quy tich cic diém M théa man dicu kién
dé bai 12 phin doan thang OI nam trong tam giac
ABC.

NGUYEN MINH HA
Bai L1/584. Mot xi-lanh cach nhiét dwoc dat
thang ding, chira mot heong khi Ii twong. Xi-lanh
dwoc ddy kin bang mét pit-téng mong, dan nhiét
161, ¢6 khdi lwong M va dién tich S. Ban dau. hé
dang o trang thai can bang, pit-téng cach day xi-
lanh m¢t doan hy va nhiét d¢ cua khi la To. Ap
sudt khi quyén bén ngoai la po. Gia su pit-tong bi
ket khong thé di chuyé'n. Néu nhi¢t do khoi khi
tang lén mot leong At thi ap sudt ctia khoi khi sé
ting thém mot lwong Ap. Biéu thirc Ap phu thugc
nhi¢t @ ban dau Ty nhie thé nao?

Loi giai. Ban diu: pit-tdng can bing, p sudt khi

trong xilanh: p= po-%g-; thé tich khi ¥, = Shq;

nhit 3 T,
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Trang thai khi sau khi ting nhiét d¢:
V= hfing s6 = Sho; Tp = To + At

-

Ta co: _1)_1:2_3_: _nh ~( H_Mg}Tomr

)y = =\ p
D P2 T Po T

Mg At
(” i )( Tn)
D¢ tang dp sudt:;
Ap=pr-p =(po +%](1+£J—po+£g—

{2
5 1T

Nh@n xét. Chuc mlmg cac ban da co 10i gidi dung
cho dé ra ki nay: Dong Thap: Thanh Ngé Bao Long,
Pham Tung Lam, 11 Ly, THPT chuyén Nguyén
Quang Digu; Ha Tinh: Nguyén Lé Khanh Ha,
Triwong Khanh Toan, 11 Ly, Dang Van Lé Manh, 11
Toan, THPT chuyen Ha Tinh; TP. Hd Chi Minh:
Lé Nguyén T uyét Minh, 8A6, THPT chuyén Tran Pai

Nghia; Lim Péng: Hj Dai Vigt, 9A10, THCS
Quang Trung, Bao Lic.

DINH THI THAI QUYNH

Bai 1.2/584. Uul khung day hinh chir nhdt co dién
o 002 Q. chieu dai 2 dm, chicu rong 1,14 dm.

Khung day dar mrong tir tr- wong deu ¢é vecto B
vuong goc 1r'r1‘ mat phang khung, voi B = 0,1 T.
Newoi 1a uon nhanh khung day noi trén thanh mot
vong day hinh tron ngay trong tr trirong déu noi
ren. Dien luomg di chuyén trong khung /mnr’ bao
nhicu mC? (Két qua lam tron dén phan nguyven).

Léi gidgi. Ta c6 suit dién dong cam ung:

PROBLEMS . (Tiép theo rang 21)
TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/588. Find all polynomials PeR[x]
satisfying condition P(x")=(x"+1)P(x), where

nelN,n22,
T11/588. Find all

J: R* > R* satisfying the following condition:
S(2y+ 1 () +2x=f(x) f(y),Vx,yeR*.

112/588. Let ABCD be a cyclic
quadrilateral. The ray BA intersects the ray CD at

TOAN HQC
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Problem functions

Problem

R R R e s g o L R R R R SO S RO OIS o ol ot ok sk ot ot o

culy s (1)
m At

Lai ¢6 chu vi cia khung day hinh chir nhyg "
vong day hinh tron la bing nhau:

ec|=

314
Cu-bn i Cchﬁ- nhjt <:>2ﬂl‘=2(2+],14):>r=7 (dm)

Do bién thién dién tich: AS = Syen —

=AS= 7r(£‘1 0,1)2-2.1,14.0,12,

Ichir nhat

Dong digén cam tng xuat hién trong khung:
. _e_Aq it

=—=—">Agq=i At= LR 2).

Ie= R Ab q=1c R (2)

Thay (1) vao (2) ta dugc:

Bl==
Ag= cht—E At =——

AS

Al psopAS
R

o 31 g

0,17[( ’” .0,
=0,17. 0.02
~0,043C=43mC.
Nhén xét. Cic ban sau da c6 10i giai diang: Hung
Yén: Tran Gia Phi, 10 Toan 1, Tran Mai Anh, 11
Ly, THPT chuyén Hung Yén; Pong Thap: Nguyén
Phuc Thinh, Pham Ting Lam, Thanh Ngé Bao Long,
11 Ly, THPT chuyén Nguyén Quang Diéu Ha Tinh:
Nguyén Lé Khanh Ha, 11 Ly, THPT chuyen Ha
Tinh; TP. H6 Chi Minh: Lé Nguyén Ti uyét Minh,
8A6, THPT chuyén Tran Dai Nghia; Lam Bong. Ho
Dai Viét, 9A10, THCS Quang Trung, Bao Loc.

NGUYEN XUAN QUANG

-2.1,14.0,12

T Y R e S T P
PIWAR TR LR b dr bkt d

E, and the ray DA intersects the ray CBat F. Let K
and L be the orthocenters of triangles EBD and
FBD, respectively. Let 7 and J be the centers of
the Euler circles (nine-point circles) of triangles
EBD and FBD, respectively. Let DK intersect AB
at P, and let BL intersect 4D at Q. Prove that the
lines KL, PQ, EF, and IJ are concurrent.

Note: The Euler circle (nine-point circle) of
triangle XYZ is the circle passing through the
midpoints of the three sides of the triangle.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)
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4 T \‘ F:':‘( X

GV Ve "o DE GIAI C

PHUONG PHAP

GIXI TORXR

X gl \1OT S0 GQ] Y XAC DINH SO HANG TONG QUAT

CUADAYSOT HU UV(: GAP
CAC BAI TOAN LIEN QUAN

i NGUYENANH VO
(GV THPT chuyén Chu Vén An, Gia L@

& 3
Cép s cong (CSC), cép s6 nhén (CSN) 1a hai day
6 dic bnet viéc xéc dinh s6 hang tong quat cua
nai day sb ndy di dugc trinh bay trong Chuong
trinh Toan THPT. Thyc té, trong cac ky thi hoc
sinh gioi cdc cap, céac ki thi Olympic 30/4, ... thi
chc bai toan vé diy sé cho duéi dang truy hoi
phung khong 1a CSC, CSN c¢6 yéu cu cin xic
dinh s6 hang tong quat thi viéc x4c dinh sé hang
tong quat khong hé dé. Thong thuong, vide xdc
dinh s hang tong quat cia mét diy sb nguoi ta
ding cic cong cu vugt khoéi chwong trinh phd
thong hodc dua ra cac két qua s6 hang tdng quat,
rdi ching minh quy nap, diéu nay khong tu nhién.
Véi mong mudn, trén co sé kién thuc ma ddi
tuong hoc sinh phé thong dugc hoc, b?mg cac
phép bién dbi co ban, ta ciing dé dang tim dugc s6
hang tdng quat cua diy sé. Chung t6i hy vong bai
viét nay s& cung cip cho ban doc mot sb goi y xac
dinh s6 hang tong quat ciia mot s6 ddy sb thuong
gap trong cac ky thi.
1.1. CAP SO CONG (CSC)
1) Dinh nghia: (u,)1a CSC & upy=up+d,Vn2l,
rong d6 d 14 sb khong abi. ‘
») S6 hang téng quét: (u,)1a CSC c6 sb hang
tau u; va cong sai d thi s6 hang téng quat cua day
8 u, =u+(n-1)d, Vn2l.
jhlf’ng minh: Ta co: Upy =Up +d,Vn21. Do d6:
Un= thyy +d = Uy +2d =...= uy +(n=1)d.
/8y u, =u+(n-1)d, (n=1).
) Téng n s6 hang dAu tién: Néu ()12 CSC c6

0 hang ddu u; va cong sai d thi

n(n-1 n(u +uy)
Sn=ul+u2+.__+un=nu1+ (2 )d=—-———2 L

1.2. CAP SO NHAN (CSN)
a) Pinh nghia (uy)1a CSN S upp =Un-g; vn2l,

trong d6 ¢ la sb khong dbi.
b) S6 hang tdng quat: (u,)1a CSN co s6 hang

dau 1, va cong bdi g thi sé hang tong quat cua
day 12 u, =u;.q"',Vn2l..
Chirng minh: Ta c6: 4 =u,.q,vn=l
=Sty =ty =Un2.G% = =1

Vay u, =u.q"1, Vn2l.
c) Tong n s6 hang dau tién: Néu (u,)1a CSN c6
s6 hang diu u; va cong bdi g#1 thi
Sy =uy+uz +...Fup =1 L e :

1-q
Nhgn xét. Cach chung minh s6 hang téng quat
ctiia CSC, CSN ¢ trén c6 y nghia dinh huéng tu
duy trong bai toan xac dinh so hang tong quat ¢
THPT.

3. MQT SO KET QUA CO Y NGHIA GQI Y

(1)

=auy +b, Yn2l, trong dé a, b la hang so, a=1

A > £ i~ < . ~
Keét qua 1: Neu day so thoa man

Ups1
7 voi (v,) la CSN co so
a-

b

hang dau vy =u + . cong boi a va

'3 G

b
\‘nz(llﬁ a1, Vn=12,....
a-—1

Dac bi¢t a =
b =0 thi (u,) la CSN cong bgi a.

I thi (u,) la CSC cong sai b va

Chirng minh: Dit v, =u, + D

yn=125.
a-1
b He
T VD —a_—. Khi d6: upy =au,+b,Vn>1
: TOAN
S6588 (6-2026) 1 cl'uggg 31
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S - ] Z .,

S Vpal = b =a(v,,— 2 )+b bit x,=—, n=1,2,..., ta co:
a- a-— Uy
x1=1, Xnu =2x,+1,Vn=1,2,..,
S Vpa =av, --(—11—)—+—b—+b<$ Vps1 =avy,,Vn2l . Lk =
a-1 a-l i ; : A
b Theo két qua 1, ta co: x,=v, ——=y,
=() 12 CSN ¢6 v =1 +—1 va cdng bji a. a-1
a—.

Nh@n xét. 1) T¢ biu thic truy hdi  n=12,., véi vn=(x1+£—])2”‘1=2",Vn=1,2,._.
Uns =aup+b,Vn21ta mong mudn khéng con s6
b, nén muén tinh tién wu, dén v, sao cho Khi dé: x,,=2"—1=>un=‘2"”]T1,V”=1,2’---Véy sé
Vel =@Vy, Vn21. Do @6, ta diit Vp=u,+a va d6ng

hang téng quat ciia day sé 14 u, =

Vn=]
nhat thirc ta tim dugc a=i_ R Tk 25...

a-l r r 2 3 .
o Lk Thi du 1.3 (HSG 16p 11, Quing Binh, vong 2,
2) Day s6 dang trén 1a day sé to AR : : :
aby VIRINERE R i hye B014:2015), o Wy 8 G nie dink
THI DU AP DUNG u =3
Thi du 1.1. Cho day sé de di : nhir sau: :
1 10 day so (uy,) xac dinh nhwr sau: i :-ziu,, __1_, (neN")
uy =2 n+l n+l
Uy =31, +1 Vn>1 a) Tim s6 hang té)zg quat u, cua day.

b) Tim n dé nu,, la sé chink phuong.

Xac dinh so hang t(frzg quat cua day so (uy)

g . Loi gidi. a) Ta co:
Loi gidgi. Theo két qua 1, ta ¢ L=L=l . Bat i )
a-l 3-1 2 Upp1= Uy — = (n+Dupyy =2nu, —1.

1 . 5 1 n+l n+l
Va=Up+—,Vn=12...Khi d6: V==, U,=V,——. 3

2 2 2 bat v, =nu,,Vn2l, ta c6: v =3 va Vi1 =2v, —1.

3 1 1 ;
Taco: upy=3u,+1v,, —5=3(vn —2)+1 Theo ket qua 1 ta c6: v, =w,, —ab T vGi il=-1
— a-_
« , A A 5
S Vpy1=3v, =>(v,) 12 CSN c6 sb hang dau w =5 va w, =(V1 e bljan—l =(3_1)2n—1 =2" n=1.2
e B
vacong bdig=3 =, e | I-l=y =2 3=l AL 2" +1
n=7 n=_. 2 S =2"+1,n=1,2,.... Vay u, = »yn=1,2, ...

5 1 : ;

Vay u, =5.3"‘l —5,n=1,2,... b) Ta c6: nu,=2"+1; nu, 1a sé chinh phuong khi

SN vk 5
Thi dy 1.2. Cho day s6 (u,) xdc dinh nhe sau va chi khi ton tai 6 nguyén duong m sao cho

i ot 2"+1=m? & (m-1)(m+1)=2n (1.
{4 = by : o ¢ <l
/ u .. Tim 56 hang téng quart u, Tir (1) suy ra ton tai hai sé tw nhién A, £ sao cho
(U1 = nelN™) m+1=2h
n =2k —1=2k 412k =2k 42
cua day. m—1=2k
U =] = b=
L&i gidi. Ta c6 u =u, #0,vn2l. <>2M1 =2kl +1<»{k'l‘°@{"l
Uny =—— (neN") h-1=1 h=2
Up+2
1 | =>m=3=>n=3,
A Up
Kh d : = Lot =2'—‘+l- A A { 1 = 3.
1d6: upy e v T Viy nu, 1a so chinh phuong khi n

; 2 T?gpug% S3& 588 (6-2026)
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Thi du 1.4 (HSG lép 11, Binh Djnh, nim hoc
2015-2016). Cho day s6 (u,) xdc dinh nhu sau

{ 10

(6=t )(16+11541)=96 (neN')
a) Tim 56 hang tdng quat u, va tinh limu,,.
1

u2016

§ 1
b) Tinh tong S=—+—+.+
ul u2

Lai gidi. Ta co:

(6-tn )(16+1n11) =96 6ups —16u, = upuny (1).
Néu tdn tai k sao cho u;=0 thi tir (1) suy ra:
g1 =0=>...=>u; =0, mau thufn véi u =10. Do d6
u, #20,Vn21. Khi d6:

(l)w6 19 =l L8 l_
Up Upyl Up4l 8 Uy 16

bat v, il ta co: v1—i Vil =—V, _1 Theo
"W I ™M T8 16

két qua 1 ta co: v, =w, _Ll voi
a—.

ol 6
Wn=| N+ ar=| —+— || — =—| = ;
a-1 10 10 A8 5\8

n-1
i - —1—, n=12,..
5\8 10

Tacé: limu,=lim———=
il
z(_j 4

8

b) Ta c6: S, 2l Mg ple s Ay
U uz Up

L 3t

Lal A ol 1_(3)2‘“6 2016
ul'llzT'.'—ru2015 25 8

=>5= 10

Thi du 1.5. Cho day s6 (un) xdc dinh nhw sau

u=2016
. Tim s6 hang tong quat u,

1+u
Upy= 1 n EN‘
T

Cua dgy,

Phén tich. Ta c6:

Lysp S Upy (24uy)=1+uy,

Upsl =
n

S Updns) +2Ups1 —Un -1=0.
Ta mong muén dat dugc dang thirc (1) & thi di
1.4, do d6, ta bién ddi: Uy ps1 +2Uns —tén—]
=(ty +@).(Ups1 +@)+A(Un +0)+b(Un +Q), Vn2l.

a+a=2
Dong nhit thirc ta duge: {b+a=-1
a’+a(a+b)=-1
1—/5
a=T
=sal+a(1-2a)=-1-a?+a+l=0< .
a‘+a(l-2a) _1+J§
2
- —-3-/5
Ta chon: a=l+;/§:a=3 2\/§,b= 2\/_.

u
L up (2+u,)=1+u,

n
<:>u" Upyl +2u,,+1 —u,, —1=0

Rt asibe 4 1+
Loi giai, Ta cO: up4 =

1++4/5 1 =
| Upt+= J— | Uns1 +\/§\%3 \/g( Upil 1+J_
2 2 ) 2 k 2
3+J§(u 11+~/§ o
B
41’3-\/5 1 3+/5 1 F
2 115 ¥ 1+/5
Up+ ) n+l
2
1 o3l 08 35
+1+1+\F 3+J’ 1+J§ T T
2
1
bat v, = ,Vn=1,2,... Tacé:
u,,+l+\/g
2
1 L3 s
' 1+J’ 4033 g \/5.%_3 5
2016+ + 3+J§ 2
Theo két qua 1, tacd v,=w, - véi

a—

Wy = 9 7 Lig 2 1 3—\[5— A
(w*a—lj ‘ (4033+J§ Jg)(3+ Jg]
=( V5-4033 ) 3=y5)""
5+4033/5 3+J§) »7=1,2,...

TOAN H
: q.umg
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n-1
el J5-4033 \(3-5 ol v
5+4033v/5 | 3445 J5

g (5+40335)(3+/5)" 1445
(V5-4033)3—V5)y 1 4 (5+4033)3+5)" 1 2
Thi dy 1.6 (Olympic 30/04/2003). Cho day sé

(u4y,) dicge xac dinh hoi

Uy =

m (nelN7)
Phan tich. Ta co: 4, =_tn*V2-1
1+(1=v/2)u,
S Unsitty ~(N2 + 1)1ty +(v2 1), +1=0 Q).
Ta mubn dat dugc ding thirc (1) & thi du 1.4, do
d6 ta bi€n doi: nyitn ~(V2+ 1)y + (V2 +1)u, +1

=(Unu +@)(Un +a)+a(u,, +a)+b(u, +a), Vn>1.

|
|
11 U, ++2-1 .- Tim s0 hang u-yo3.
]
\

Déng nhit thic ta dugc:
a+a=-(\2+1)

b+a=VJ2+1 =al+a(-2a)=1qa? =—l<:|:a=i 2
a?+a(a+b)=1 o
Chon a=i=a=—(\2+1)—i, b=(v2+1)-i.
Up $42=1
1+(1—2)u,
SDUpUp —(\/—2_+l)u,,+1 +(\/§+1)u,, +1=0
S (s +0) (0 +1) (N2 +1+0) (e +)
+(N2+1-i)(up +i)=0, V21
1 V24140 1 1
U+ A241—itg+i 2+1—i

1 5 1 %
bat v,= -,Vn2l, ta c6: y= va
Uy +1i \/§+i

P
M= o

1, ta cé: —b—=li va v, =w, —li,‘v’nzl, trong d6
a-1 2 2

-1
% _(Wr b )an_l_ 1 Lli) 241+
g a-1 V3+i 2 J\V2+1-i

_\/§+i (ﬁ+l+i}n_l _\/3+i[\/§+l+i)"—l 1.

Loi gidi. Ta c6: u,, =

R—

Vn2l1.

,Vn>1. Theo két qua

; Vp =———| ————
4 (V2+1-i "4 2

\/5 +1-i

34 T?g?uggcé S6 588 (6-2026)

D |

o (J§+i)(ﬁ+l+i)"“ —2i(\/§+1-i)n~1

4(N2 +1+i)n

R

4(V2+1-i)m!

= B2 +1+) " —2i(2 41y

& A2 +1-i) —i[(NB3+i) (2 +14i) 1 =2i(2 =iy
e (V3+i)(2 +1+i)y =2i(/2 +1=-iyr]
CiR2(N2 4140+ (1-NBi) (N2 +1+i)m1]

2(N2 4140 = (1=3i)(N2 414y
Ta co: \/5+1+i=\/4+2«/§{ V2+1 . 1 ]

Ja+22 r\/4+2\/§l

=/ 4+2\/5 (cos£+sin£i)
8, %
va 2+1—i=\/4+2«/5[ 2+l 1 J

Vo2l areds

=\/4+2x/5(cos£—sin£i 1
8 8
Ap dung cong thirc Moirve, ta c6:
i[z(msgn_si—smg%)ﬁ"}'(l—ﬁ!)(cos“(n_sl)” +sin—("-sl)”i ]
Un

2(008(n_%—sin(n_ﬁiJ—(l—\ﬁi)(msL_l)’r +sin—("_l)”i)
8 8 8

Sin(n—%+\/—3- cos(n—% sin((n‘_l)—”+£)

8 3

cosgn—Sﬁ—\E sin

% tan((n—l)ﬂ'
8

Do d6: uzq03 =tan(

T
+—

3 ) Vay

(n—81)7r % Cos((n—l)n i z)
8

3

Uy, =tan((n_81) ”%),Vnzl.

20027 7«

+§)=—(2+\/§).

Nhdn xét. I:Igoz‘li cach giai trén (sur dung két qua
1) ta c6 thé gidi bai nay nhu sau: D3 tinh duoc

tan%=\/§—l. Tir dé: u,,, = 8

T
u, +tan—

(™). Do
l-u, tan =
8

uy=y3 va (*), bing quy nap ta chimg minh dugc

= Uy = tan[

u, = tan[—;[— +w]

V4
—+
3

20027

8

:l: tan[%+-;£]= —-(2+\/§).
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Thi du 1.7. Cho ddy 56 (u,) diege xde dink

ool
i =2

| B »
| Su, —4 Tim s0
(3R ey 0 heng ws.
T
v 5u —4
Phin tich. Ta co: upy=—=
up+1

ettt (Un +1)=5uy —4 Sty Upiy Uy ~5u, +4=0.
Ta muén dat dugc déng thirc (1) & thi du 1.4, do
4o, ta bién ddi: wp.tnsy +itpiy —5u; +4

=(p+@)-(Uns1 +@)+a(Unp +a@)+b(u, +a), Vn21.

a+a=1 »

pdng nhit thirc ta dugc: {b+a=-5
a’+a(a+b)=4
sal+a(—4-2a)=4<a?+4a+4=0a=-2
=a=3,b=-3.
Su,—4

u,+1

Loi gidi. Ta co: upy=

Sy (U +1)=5uy =4S Uy Upyy Hipy —Su, +4=0
& (n =2)(thns1 =2)+3 (U1 —2)~3(un ~2)=0 (*).
Tir (*) ta suy ra u, #2,Vn,vi néu 3u;=2 thi tir
() suy 1a; up_y =2=>...=>u; =2, trdi véi gia thiét.

Do d6: 14 = 2 =0 L = 1 +1
Up—=2 Up—2 Ups1—2 Up—=2 3
1 2
u,-2 u -2 AL 3
A 2n+7 4039
Vay u, = ,Vn=1 =—
Y U n21=uzo16 2018

Nhgn xét. Céc thi dy 1.2, 1.5, 1.6 va 1.7 la céc
treomg hop c6 thé, gap cta dy sb cho dudi dang

u=
truy hoi au, +b
cup+d

(neN*)

Up1 =

thoa man

Ket qua 2. Cho day s6 - (ty)

Ups =au, +x,,vnzl, trong do a la hang SO va X,
Ta c6 s6 hang tong quat
trong

la ham sé theo bién n .
cia day (u,)la u,=c.a"+vapa", vn=1,2,..

+-———j vn=23,...va v,
a a- it

¢ la hing 56 sé dwoe xdc dinh dwa vao gid thiét

. | X
do Vp = +— (——-+~—"+
a

Cua baj toan.

boi

- Chitng minh. Dat u,,=c.a"+v,,.a”,‘v’n=1,2,...

trong do c 1a hing sb va (v,) la ddy sb dugc xac
dinh sao cho (u,) thoa mén yéu cAu bai toan. Khi
d0,ta cOd upy =aup+Xxp, Vn2l

eca +v,y.at =a(ca” +vp.a" )+ Xn

SV =Vp+— Xn=12,..
X X2 Xn-1
Suy ra: v2=v1+—1,V3=V2+—,---,Vn=Vn—1+ 7
02 a a
1 Xn-1 A
Vp =W +— _1+-—§—+ 'ﬂj,‘ ,vn=2,3,..,0 day
a\a a a"

hai s ¢ va v dugc xéc dinh dya vao gia thiét ctia
bai toan. Viy u,=c.a"+v,.a”, vn=l,2,... trong
d6 c 1 hing sb va (v,) 1a ddy s6 dd dugc xdc
dinh nhu trén.

Nhin xét. 1) Néu a = 1 thi viéc xac dinh u, glong
nhu xac dinh v, & trén (logi ndy thuong gap
nhiéu trong cdc ki thi hoc sinh gioi, Olympic
30004, ...).

2) Néu (x,) 1a CSN c6 sb hang dau la x va cong

boi g, q #a thi up=v,— Xn, n=1,2,... vai

a—q
(vn) 12 CSN c6 cong bdi a.
Chirng minh. it v, =u,+——x,, n=1,2,...
a—q
1 )
U, =V, ——Ex,,. Khi @6, ta c6: u,, =au, +x,
1
P Vnel— Xn+1 =4| Vp— Xn [+Xn
a-q a-q
a 1
S Vp1 =AYV ——— X+ Xn4l +Xp
a-q a-q
& Vp =av L
] =V == +—— X, + =t
a—q n a—q n+Xn < Vpy) =avy
3 X
=(v,) 1a CSN ¢c6 v =y +— va cong boi a
a-q
hay v, = u1+ a™l, vn=l,2,...
a-q

3) Néu (x,) 12 CSN c6 s6 hang diu 1a x, va cong
boi a thi ta c6 thé xéc dinh sb hang tdng quét cua

TOAN HOC
' CTusilreé 35
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ddy s6 (u,) thod man un, =auy,+x,,VYn2l nhu
sau: Ta ¢6: upy =au, +x.a""
DUy =AUy +x7.a"2 =a(au,,_2 +x1a"‘3)+x1a"‘2
=a%u,_»+2xa" 2 =...=a"lu +(n-1)xa"2,
Vay u, =a"luy +(n-)xa"2,Vn=1,2,...
CAC Vi DU AP DUNG
Thi du 2.1. Cho day 50 (un) dwoc xdc dinh boi
[ u =5 7 i F k
1“"”:3“"_2" (neN'y im so hang tong qudadt
u, cua day.

Loi gidi. Theo két qua 2, ta cé a = 3, x, =—2" , do

1({x x X
34 vy=naa 222, I
a\la a2 an-l

—-— +1 _21—22 1 4‘2"-1 — _l Z+£+ +2n__1
V] 3 3 T 32 - e 3"—1 _vl 3 3 32 b 3"_1
o T 2 [y
=w— 1< =W =S A VRs1,2,3;...
3[ (3) J"' 3(3) N
n
U, =c.a"+v,.a"=c.3" +[v1 —%+(§) J3"

=(c+w _%)3'- +2" Vn=1,2,...

V6i uj=5=(c+y —2)31 +2l=5&c4y —%:1,

Vay u,=3"+2",Vn=1,2,...
Thi dy 2.2. Cho day s6 (u,) dwoc xdc dinh boi

ll1=4 ‘
. Chirng minh ra .
{un+1=u,,+2n+3 (neN") g minh rang véi

moi 56 tw nhién n thi u, la sé chinh phuong.

Loi gidi. Theo két qua 2 trudng hgp a = 1, ta c6:

Uny) =Up+2n+3=uy =u+5,u3 =uy +7, u, =u3+9, ...,
Up=Up_1+2n+1.

Cong vé theo vé n — 1 déing thirc trén ta dugc:

Un =t +5+T +.. 420 +1=4+3+5+.. 4+ 2n+1)=3=(n+1)2,

Viy u,=(n+1)? 14 sb chinh phuong véi moi n.

Thi dy 2.3 ( Olympic Toén Sinh vién, 2013).

Cho (xn)

(n+1)? xp4 =nx,+2n+1, Vn=1,2, ... Tim lim x,.

n=»40

- £ X
day so nhw  sau: xy=a vq

3 6 T?g'rw% S3 588 (6-2026)

- Loi gigi. Ta dat y,=nx,,Yn=1,2,..Tacé: y=q
VA Yuit =Yn+2n+1= y2 =143, y3=y2 45,
Va=u3+7,...,Vn =Yp-1+2n-1.
Cong vé theo vé n — 1 ding thirc trén ta dugc:
Yn=1+3+5+.. +2n=1=a+3+5+...42n-1
3+2n-1
2

2
n“+a-1
=>xn =y_;=_._
n

=a+ (n-1)=a+n?-1

Vn=l],2,... Do dé:

(1+a—;1)=1.
n—+co n

= lim
Thi dy 2.4 (Olympic Todn Sinh vién Toan
qudc, 2004). Cho day sé (x,)nhu sau: x1=0 va

b
)
n?+a-1

lim x,= lim

n—+wo n—>+<0 'n2

ML=, V=13, .. i dim 22,
2004 Xirth

Loi gidi. Ta dit y, =—(-1)",Vn=1,2,... Khidé:

Xn4l =

Xn
= =10,
Xn+l 2004 Vn

Ta c6 (y,) la cép sé nhan cé n=1va cong boi
g = —1. Theo nhan xét 2 cua két qua 2, ta cé:

1
¥n =(xl+ A )an-] -_'I_-yn
a—q a—q a—gq

Xpn=V,—

1 |V
g (m) N
| =i
2004 2004

=2004( 1 )”“+2oo4 1y = 2004+(=2004)"
2005\2004) 2005 2005.20047

n-1 2
50 @( 1 +2004.(_l)”
2005\ 2004 2005

_20042( 1 )2"‘2 20042 (1 \"' 2004
20052 { 2004 20052\ 2004) 20052
2
Suyra: lim x2= “2004) .

n—r+c0 2005

Thi dy 2.5 (Olympic Todn Sinh vién Toan
A ~ £ » - s oa
quoc, 2012). Cho day so (an) thoa man diéu kién
n+1 2
Ant) S——@p ~—, @ =@ Nn=l, 2, ...
n n
Tim a dé ddy so (a,) cé &idl han hitu han,

Ldi gidi. Ta c6:
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n+1 2 Any _a 2
/e g . Bt o, ol )
n n n+1 n n(n+1)’ y Loy ans
a ’
pat un=" " n=12,.., ta cé:
L. i
W= Uy =Up—2| ————
1 n+ n (n +1),n 12

L. I 1§
=y =2| ——— | uz = 41
U =U) (1 2) Uz =uz— 2(2 3}.._,

Up=Up —2(#_1) 3
n-1 n

Congn— 1 da‘ing thirc trén ta c6:
11 =
Up =4 —2( )=a 2(n 1)
1 n n
Do d6, ddy s6 (a,) c6 giéi han hiru han khi va chi
khi a-2=0=a=2.

=ap=(a-2)n+2.

Két qua 3. Néu day so (u,) thod mén
u =a,uy =, upi2—(a+buy, +abu, =0, Vn>1,

trong do a, b la h&ng s6 va a#b (ké cd a, b la s6
phirc) thi ta co thé xdc dinh s6 hang tong qudt ciia
no nhu sau: Ta co: upr—(a+b)up +abu, =0

S utpy2 —buy =a(unpn —buy).
Dt v, =tips —bu,,n=1,2,..., khi do ta co:
w=p-ba, vy =avy, n=1,2,..suy ra (v.) ld
CSN va v, =(f-ba)a™1,Vn=1,2,...
Pén ddy, ta co: u=a,un4 =buy, +vp ,n=12,...,
theo nhdn xét 2 cua két qua 2 ta xdc dinh duoc:

_Bea ., B0 poy..
b-a b—a.
Nhin xét. Néu a = b thi xac dinh s6 hang tong

quét ciia diy (u,) thod man =@, ns =btin+Vn
v6i v, =(f-ba)a™!,Vn=12,.. nhu & nhin xét 3
clia két qua 2. Va ta xac dinh dugc:
Uy =a.a™ +(n-1)(f-a.a)a"2,vn=12,...
CAC vi DU AP DUNG
Thi du 3.1. Cho déy sé (un) xdc dinh nhu sau

n. ..

(day Fibonacci). Tim 50

{ul uy =]
Unid =Up o+t , 021
hang téng qudt u, cia day.
Phin tich. Ta cé:

Unya =Upy) +Hiln < Uns2 ~Unsl ~Hn =0.

T

Ta muén dua déng thic  Upe2 —Und ~Un =0 ve

dang up. —(a+b)upsy +abu, =0. Do 46:
—ty =Upyy —(@+D)ns +abu,, Vn21

Upy2 —Upy
a+b=1 e b .
= B’ Suy ra a, b 12 nghi¢m cua phu g
ab=-
- 1++/5
trinh: t2—t—1=0wt=————1 \/5’1_:___\/—'
2 2
& 5
Ta chon a:1 ;/g,b=lig/_—_.

Loi gidi. Ta co:
Upi) =Upy) HUp S Upt2 —Untl —Upn =0

13 145 15145 o
P Uns+— - Hy =2
2 2 2 2

Theo két quia 3, voi

1—\/3 1+~/§
a= , b= 5

2

S Uny2 '—(

a=l, =],

ta xac dinh dugc:

14+5) (1=v5 i 5
w28 {58 Tnera

Thi du 3.2. Cho ddy s6 (uy) dugc xdc dinh boi

uy =1 i 2 :
{ ? . Tim 50 hang tong quat u,
Ups2 =2Upy) —2Up ,n21

cua day.
Phdn tich. Ta c6:
Uns2 =2Un41 —2Up <> Upsa —2Upy +2u, =0.
Ta muén dua déng thitc  up2 —2upy +2u, =0 vé
dang up.2—(a+b)uyy +abu, =0. Do do:

Upy2 —2Un4 +2Uy =Upi2 —(a+b)upy +abuy,, Vn21

a+b=2 X ;

= . Suy ra a, b la nghi¢m cia phuong
ab=2

trinh:  12-2t+2=0<>¢t=1-i,t=14i. Ta chon:

a=1-i, b=1+i. Khi d0, ta c6 thé giai nhu sau
Loi gidi.: Ta c6:
Uny2 =2Up4] —2Up S Upin =2y +2u, =0
Sttya —(1=i+1+) g +(1=1)1+i)u, =0, Vn21.
Theo két qua 3, véi a=1,8=1, a=1-i, b=1+i, ta

; 1 R .
xac dinh dugc: u, =-?:[(1+z)" l+(1—1) l]

_(‘/— )""cos 41) ,Vn=1,2,..

N HOC
‘Crumge37
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Thi d!_l 3.3. Cho day 50 (x,) depe xéc dinh boi:
],\'(, =0
14\',, i =5%, +\53 \,T,; I .
a) (“(Jz?itg minh rang moi so hang ciia day so déu
la 50 nguyeén.
b)Y Tim so hang tong guat cua dav so.
Loi gidi. a) T
Xny1 =5Xp +4/24x2 +1 =x2,,-10x,41x, +x2 -1=0 (1)
thay n béi n — 1 ta dugc:
x2 | =10x,_1x, +x2 —1=0 ().
Tu (1) va (2), suy ra x,, »Xy-1 13 nghiém cua
phuong trinh #2-10x,.4+x2-1=0. Khi d6, theo
dinh i Viéte ta c6 x4y +x,.1 =1 Ox, . Tir day suy ra
tit ca s hang cla day déu 1a sé nguyen.
b) Ta c6: xp4 +x,=10x, S Xp41—10x, +x,1=0
& X1 —(5-23/6+5+2/6)x,

+(5-26).(5+2/6)x,1 =0.
Ta ¢6: x=0=a, x;=1=f,a=5-26,b=5+2+/6.
Theo két qua 3 ta xé4c dinh duoc:

X =ﬁ((5+2\/3)" —(5—2J3)"), n=0,,...

Thi du 3.4 (HSG Bungari, 2000). Cho day s6

xi=lx>=a
(x,) dwoc xdc dinh boi: s . a
Xpe2 =3 X X VR21

la hang so duong. Chitng minh day so (x,) hoi tu
va tinh gidgi han cua day.

Léi gigi. D& thiy x,>0,Vn2>1. Khi d6:

=(x2 3
Xn4+2 = 3 x'?_._l .x’, @xn.f-z —(xn+l .xn )3

1
<lInx, =—§—1n p A +§1nx,,

2 1
<lInx, ——3-1nx,,+1 —glnx,, =0.
Pit u,=Inx, Vn21, taco:
=0,uz =1 ——2-u ~=u, =0
w1 =V,up =Ina, un42 3 n+l s

P
Uni2 "_3'un+l —ZUp=

3

Ta co:

3 8 T?@'uy.% S6 588 (6-2026)

1 -1
S Un+2 "(1 ‘g)unﬂ +(1 ‘3‘) u,=0.

Theo két qua 3, ta xéc dinh dugc:
—9lna :—1]n+zlna Vn21
WS gy TRt M

9 (- )” 3 3
~Ina{ — | +=Ina i U 5
Vay x,=e4 \3/ 4, Vn2lva lim x,=qa4,
n—y+oo
Két qua 4. Neu day so (u,) thod man
Uil =Xply + VY021, trong do x,.,y, la cic ham
5o theo bién n, X, #0,0 't up=2z,.x.%3..%, 3,
Vn22, trong do (z,) la ddy so thoa man
4

Tl Vn=1,2,....
X{:X9 55X

- D e
“n+l Tén—

Chieng minh. Dat u,=z,.x.x3...%,-1,Vn=23, ...,
khi d6 ta c6: w4 =X,up+ Y,
< Zp4] - X1-X2... Xp =Xy Zp X1 . X2 ... X + Yy

Yn
X1.X2...X,

SZp—2Z,= ,Vn=>2.
CAC Vi DU AP DUNG
Thi du 4.1 (Olympic Todn Sinh vién Toan
quaoc, 2012). Cho day sé (a, ) thoa man diéu kien
n+l 2
apy =—a,——,a=a,n=1.2, ...
n n

Tim a déday so (a,) cé giéi han hiru han.

n+l 2
»Yn =—;, n=1,2,.. Xét day

Loi gidi. Dat x, =
n
sb (z,) thoa man:

=
Yn n -2
b4 —Zp= = = >
n+l n x1|x2".xn _2-‘3".”_‘_1 n(n+1),vn_l.
12 n
Ta xéc dinh dugc:

2(n-1
z,,=zl—2(l 1)=zl (n ),n=l,2,...
1 n n

Theo két qua 4, ta c6: a, =2,.X.X2..Xp-]
2(n-1)
n

=(z— )n=nz -2(n-1), Vn22.

Tu a,=nz;—2(n-1) tacd ay=z nén z =a.
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Viy Gn=na- 2(n~1), Vn21. Do ds, day sb (ay)

o gioi han hitu han khi vj chi khi
g-2=0a= 2.

7hi du 4.2 (HSG Gia Lai, nam hoc 2012-2013,
ping A)- Cho day 50 (ay) xdc dinh nhir sau:

(n+2)a,+2013
n

ay =a, Aps) =

s Vn=12,...
a) Tim s0 hang tong quat cua day 56 (a,).

p) Tim « dé day so (a,) co gioi han hiru han va

iinh gici han trong triuong hop do.

Loi gidi. a) Ta co:
(n+2)a,+2013 n+2 2013
apy1 = . an+ .
n n n
Pit x, =n—+—2,y,, =2013, n=1,2,..., ta c6:
n n
2013
Yn n 4026
X} X2...Xp g 45 n+ln+2 nt2 n(n+l)(n+2)’
123721 n
Xét ddy sé (z,) thoa man:
SRRCRCDIE. . SR
D (m+2)
DE dang x4c dinh duoc:

1 1 1 J
2, =21+4026 + +...+ ,Vn2>2
sl (1.2.3 234 (n=Dyn(n+)

g eid =l( L L ) do dé:
(n-Dn(n+1) 2\ (n—Dn n(n+1)

e 1 __1_(_}___1_]
1237234 " (—Dn(n+D) 2\1.2 n(n+D)
_(n2+n-2 2013( n?+n— 2} —
4\ n(n+1) 2 \ n(n+l)
Theo két qua 4, ta co:
( 2013 n2+n—2] n(n+1)
Uy =| z14 T I ¥

" n(n+l) 2
M+_29_1—§(n2 +n—2), Vn=2.
5 4
Tir gia thiét ¢, =« ta x4c dinh duge z1=a.

a.n(n+l)+2013(n2 +n__2), vn=>l.
2 4

) =>z,=2z1t

Vay a,=

2a+2013)n(n+D) 2013 /5y,

b) Ta C('): ay= 4 2

Do d6 diy sé (a,) 6 gi¢i han hitu han khi va chi

-2013
khi 2a+2013=0=a= 2 :

-2013

Khidé lim a,=

n—+00

Thi du 4.3. Cho day s6 (a,) xdc dinh nhie sau:
2(n+1) n n+1
L =l,a; =1 Ape2 =———Qusl — 5 Gn +——‘;‘
n+2 n+2 n+2
Vn=1,2,... Tim tdt ca cdc gid tri n sao cho a,=n
2(n+1) n n+l
Lai gidi. Ta co: apyp = Apy) ———an+——
4 M HEL T Ak n+2

& (n4+2)ap . —(n+1)ans =(n+1)az —nay +n+1.
Pit u, =(n+1)a,,—na,,vn=12,..., ta co:
U =1 upy =ty +n+1,Yn=1,2,...
Theo nhin xét 1 cua két qua 2, ta xé4c dinh dugc:

+1
u,,=u1+2+3+...+n=———n(n ).

Khi d6, ta co:
n(n+1)

a1 =1,a;=1,(n+1)ays —na, = , Vn=1,2,...

n(n+1)

Tu (n+l)a,4 —na, = ,Vn=1,2,...

Sy gy, Yn=1,2, ...
n+l 2
Pat x, =L, y=£, ta co:
n+l
1 +1
g e v Fn =L ), Vn=1,2,...
n+l x1.x3...xp 2
Xét day s6 (z,) thoa man:
n(n+l1
Znil —Zp = (@ ), Vn2l1.
Ta xac dinh dugc:

2
Zp =2 +%[l.2+2.3+...+(n—1)n]=zl +@,Vn>l

Theo két qua 4, ta c6:

Ap =2Z5.X1.X2...Xp-1 =(Zl +

("2_1)J Vn>2.

Tir gia thiét @=1,a;=1 ta xac dinh dugc z =1,

3o
iy 4, =228 vio 1 Ta oy =
S3 588 (6-2026) M& 39
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n=1

3_6n2-—
qu_6.=()<_—_>(n2 _])(n_6)=0¢:[n=6 ‘

6n
Két qua 5. thoa man

(xn)
va Xp +0,Vn.

Cho KYe)

N =@, X2 =P, 2%, =x2, +a,Vn=12,...

day

Ta c6 thé xdc dinh sé hang téng qudt cua ddy

(xp) nhuw sau: Tie xpy2.X%, =x2,, +a,Vn=1,2,..

co: Xn+2-Xn _\n+] +a (1), Xp+1 - Xn-1 -——X,, +a (2)

Trir (1) cho (2) Vvé theo vé ta duoc:

Xn42 - Xp —=Xp - Xp-1 =X ,3.,.1 —x2

=Xy (xn+2 +Xy )=xn+l (xn+l +Xp-1 )

= Xn+l = Xn .
Xp+2+Xp  Xpyl +Xp-
v X, % Xy
Do do: n+l — n - n—1
Xpi2+Xp Xyl tXp-1 Xp+HXp-2
_ R S e
P -y BTTRY FEiede
X3 X +a a‘+0f“+a
3 1 ﬂ +o /B
a

Suy ra m(xpi3+Xp)=Xp41, Vn2l. Pén day, ta tié’p
tuc dwa vé két qud 3 dé xdc dinh sé hang tong
qudt.

X
—zx,,_l ,Vn2>3.
X1

,,H,Vn Lo
. Nhan theo vé

Nhan xét. Néua=0thi x,=

ta co:

n-3

That vay, tr Xp2.X,=
X Kipe2 =X giins 3N =

=x—2x,,_1 3 Vn23.
X1
Thi du 5.1 (Spain Mathematical Olympiad

2012). Cho day s6 (xa) dinh  boi

ding thirc trén ta c6: x,

xdc

2
- +4 ’ " :
2l Wnz3. Chimg minh ring
Xn-2

X] =]:x2 =5’x” £

x, nguyén vai moi nelN va tim $6 hang tong qudt
cua day 56 ().

Loi gidgi. Tir gia thiét, ta c6: x,#0,Vn21 va
X, Xnz =X2_,+4,Yn23. Theo két qui 5, ta c6:

-é-(x,wz +Xp )= X4l € Xpa2 =6Xp 41— X, =0,Vn 2],

Suy ra x, nguyén v6i moi neN, Ta cé:
Xn42 —6Xns1—Xn =0

<$x,,+2—(3—\/1_6+3+\/1_6)xn+1 +(3-J1—0)(3+J13)xn =0,

40 T(??:'[!ug% S3 588 (6-2026)

Pén déy theo két qua 3, ta xéc dinh dugc:
[@+V10 0)(3+/10)*1-(2-v10)3- \/‘),,\,]

i _2\/1'0
vn=12,..
Thi dy 5.2 (HSG Quoc gia, ndm 1997, bang 4)

Héi c¢6 bao nhiéu ham s6 [:N">N* thog mén

déng thoi hai diéu ki¢n sau:

1)/f(M)=1

2)f(11).f(n+2)=(f(n+l))2 +1997 VneN",
Loi giagi. Ta dat f(2)=ﬂ,ﬁ€N‘ va X, =f(n). Khi
d6: x1 =132 =b, Xns2Xn =X +1997,Vn=1.2,..

Theo két qua 5, ta co: (X2 X )=2pay

P S
1998+ 32

1998
&> Xn+2 —(7+ﬂJx"+l +x, =0,Vn2l.

Do x,eN*,Vn nén B 1a udc tu nhién cia 1998.

1998

1998=2.33.37; —ﬂ—+ﬂ>2 suy ra

Ta lai co:

phuong trinh tz—(%w)m:o c6 hai nghiém

1998 1998
¥
duong phén biét ¢= 5 =a,
1998 1998
g \/( B ]
1= :=b. Taco:

2
9
Xn+2 ‘(I%hﬁ]xm +x,=0
S Xn42 —(a+b)xn+1 +ab.xy =0

S Xn42 =41 =b(Xp41 —AXn)-
Dén day, theo ket qua 3, ta xac dinh dugc:

I 279 pnt wp=1,2,..
a—b a— b

Ung v6i mi £ 13 uge tw nhién cua 1998 @ %
mot him /* thda mén yéu ciu bai toan.

Xn =

Viy ta co 16 Kiin s  danf

B=b - Bg )
f(”)*;_ja"‘ o5 et vn=12,... théa ma?
y&u cdu bai toan,

y
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rhi dy 5.3 (Bulgaria 1978). Cho day 56 (a,) xe

=L, 0, 20 ~ N *
At n?20,VneN

finh nhe sau  ay,as,

"
Anil +a

\ £
v ni2= » @ la so cho trude. Chimne mi
12 minh

n
ring day so da cho gd‘m toan so nguyén.
i g, TY  gid  thid, w6
Oy Gns2 = 2 ,+a,Vn2l. Theo két qua 5, ta co:
a)az

———(ans2+ay)=ap,,Vn>
alz+a]2+a n n) n+l» 1

2442
af +af +a

Sap2= an+1—a, =0,Vn21.

aa
Suyra @, lasdnguyén véimoi neN".
BAI TAP REN LUYEN
1. Cho diy s6 (u,) dugc x4c dinh bdi
=2

2u, +1 Tim sb hang tng quét u,

1 (neN*)

Up) =
Un
cua day.
2. (HSG TP. Ha Ngi nam hoc 2011-2012) Cho day
U =1

s0 (u,) dugc xac dinh boi s
Ups1 =Up+n (neN)

Tim lim—2-
. u‘n+l "
3. (Pé dé nghi Olympic 30/04/2013).Cho ddy so
(xa) dugc x4c dinh bai:
x =1
~14x, — ... Tim s6 hang X013 va
+1=—-—————-14x" 21 (neN")
5x,+18
tinh limx,, .

4. (HSG Toan I6p 12 Binh Dinh, ndm hoc 2015-
2016) X4c dinh cong thirc tong quét cua day s6
(4,) duge x4c dinh boi:

uy =1 .
5. (Dé dé nghj Olympic 30/04/2013) Tim gidi han
cla ddy sé (x,) xac dinh bdi

X1 >0
3(n+2)x2 =2(n+])x,% +n+4,nzl

n+l
6. (HSG Qudc gia, nim hoc 2000-2001, bing B)
dinh  boi

Cho day sb (x,) duge Xdc

2
xl e
’ . Hay tinh tong cua

=_._.__£'L__._ (n:l’z,.,,)
2(2n+1)x, +1

2001 sb hang dAu tién cua day s0 (x,).

7. (HSG Quéc gia, bing A, ndm 2004) Cho day

s6 (x,) dugc x4c dinh bi:
(2+c082a)x, +c082 X

(2-2cos2a)x, +2—cos2a

trong d6 o 1a s thyc. Tim tat ca céc giéd tri dé

|
day sb VOl yp=
y (n) Yn k=l Txg 41

Xn4l

; Vn=1,2, ...,

X1=1xp1=

,Vn=1,2,... cb giéi

han hiru han khi n—»+c . Hay tim gi6i han caa
ddy trong c4c trudmg hop do.

8. (HSG Qudc gia,1984) Cho ddy sb (u,) dugc
xac  dinh
Vn=2,3,... Xét day sé (v,) nhu sau:

v, = arccotu’ +arccotu; +...+arccotu,,Vn=12,...

bai uy =Luy=2,unn =3up —lip1,

Tim gidi han cia day (v,) .

9. (Dé dé nghi Olympic 30/04/2000) Cho diy s6 (un)
dugc xdc dinh boi: ) =2,up =8,upsy =4Un —Uny,
Vn=2,3,... Xét ddy s (S,)nhu sau:

S = arccotu +arccotu; +...+arccotu],Van=12,...

Tim gidi han cia day (S,) .

10. (Pé dé nghij vé dich Sinh vién Moskva, 1982)

Cho day sb (xn) dugc xac dinh béi:
)C0=1982

.Hay tim lim x,.
g (ks TR

11, (HSG Quéc gia, nam hoc 2002-2003, bing B)

Cho sb thyc a#0 va diy s6 (x,) duge xdc dinh

boi: {xl i ;
Xnat (nt@)=a+1 (Vn=1,2,..)

a) Hiy tim s6 hang tdng quét cua dily sé di cho.

b) Chimg minh dily s6 (x,)cé giéi han hiru han

va tinh gidi han do.

12. (Dé dé nghi Olympic 30/04/2011) Cho day sb

_ Q) +]-tan2 ¢

(ay) xéc dinh bdi ay=
cos2a.x,+1

cos2a’

TOAN HOC
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‘£<‘1<£, Vn=1,2,... Tim s6 hang téng quat cua
2

ddy va xdc dinh gi¢i han cua diy. "
13. (Dé vé djch Kiev) Cho ddy sb (ay) dugc X

Q) =2 h
: b . Chimg min
dinh boi: o =4_é (Vn=12,.)
dn
diy (a,)c6 giéi han hiru han va tinh gi¢i han do.
14. (Dé HSG Gia Lai, nam hoc 2008-2009) Cho
X0 =2

diy s0 (x,,) thoa man 2x,+1

Xn4l =

,Vn=0,l,...'

Xn

a) Hiy tim lim x,.
n—>+0

b) Chimng minh x; +x3 +...4+ X005 <2009 .
I5. (Dé thi Olympic Todn Sinh vién Toan quoc
nam 2001) Cho truéc p > 0, ¢ > 0, p + g <1 va day
s0 khéng 4m (x, ) thoa man diu kién sau:
Xns2 S PXpi1 +qxn,Vn=12,...
Chimg minh diy s6 (x,) héi tu va tim gii han
cua dé)f do. :
16. (Dé dé nghi Olympic 30/04/2003) Cho diy sb
(un) duge xéc dinh b 1o =2003,2" 14, 211,
Vn=0,1,... Chimg minh diy s6 da cho hdi tu va
tim gi¢i han cua day do.
17. (HSG Quoc gia, nam 1998, bang B) Cho céc
sb nguyén a, b. Xét diy s nguyén (a,) dugc xac
dinh boi: ay=a,a=b,a, =2b-a+2,
Ans3=30p42~30p +a,,n=0,1,2,...
a) Tim cong thirc tong quét cia g, .
b) Tim tét ca cac sé nguyén dé a, 13 s chinh
phuong véi moi n>1998.
18. (HSG Quéc gia, nam 1997, bing B) Cho day
sb nguyén (a,) dugc x4c dinh bai: ap=l,a,=45,
@ns2 =45a,,~7a,,n=0,1,2,...
a) Tinh s6 cac u6c duong cia al, =y, theo n,
b). Chirmg minh réing 199742 +7 4 13 g4 chinh
phuong véi mbi n.
19. (HSG Quoc gia, 1999, bing A) Cho hai day sé
(xx1), (¥») x4c djnh nhu sau:

2 = —
<o minh rang: x? ——5)2,, +4_01vn_0,1’2‘.“
LyOREI8 = 1 it o nguyén duong
2) (}5'[{12:3,0’ Ching minh rang ton taj gf .
il =h. !
nhién k sa0 cho xx =Yk

Cho ddy s6 (xn) s duoc xac dinh nhu say:
20.

2
= ) +— *
x| =X2 =1,X3=2axn+3 =Xn+2 3x”+| zx"’v"EN d
| =

Xéc dinh s6 hang téng quat cfxa dﬁy:
21. Cho day (un ) duge xac dinh boi:

up=0 _

Tim sb hang tong quat ciia day so. , |
22. Cho diy (un) dugc xac dinh bg;.

s =3tup +2n3—9n? +9n—3: Vn21
ring v6i moi sd nguyén té‘ p thi d?y céc tong
twong Ung uy+uz+...+upy déu chia hét cho p.
23. (HSG Quéc gia, 2011) Cho day sé (u,) x4c
dinh boi: ug=Lu=-1, u, =6u,_1+5u, 5, VYn>2.
Chirg minh rang: u30;,—2010 chia hét cho 2011,
24. Cho diy sb (a,) thoa man cac didu kién:
a, €(0;1)

{"Fz Chimg. minh

1,VneZ*,
apy) (l_an)=—
4
. g o SN 1.«
a) Chimng minh ring: g, >———
2 2n

b) Chimg minh ring day sé (a,) c6 gi6i han va
tim gioi han do.
25. (Dé dé nghj thi Olympic 30/4/2012) Cho day
$0 (xn) dugc Xac dinh bai:
{x1_=l,x2=2012

Xns2 =2 %, V]

Chimg minh day sb

X,) hoi i i1 han
ci day, (x») héi ty va tinh gi6i

i =(n+1)x,, —-2(n-1), VneN". Biét
g .1799217;000. Tim s8 # nhg nhét sa0 x, 2000, n22.
. 3 A )

© diy 8 (a,) xac dinh boi g =ay=1 va

X0 =121 =4,%1,2 =3%,,1~x,, Yn=0,1,2, ... g =31 1 IRt
Y0=L=2,yn2=3yu1~y,, Vn=0,1,2, .. a, ' 8¢ dinh 5§ hang téng quat cua day
s6 do,
TOAN HOC :
42 * Clubilpé___Sa 588 (6-2026)
T .

Dugc quét bang CamScanner

4


https://v3.camscanner.com/user/download

TIENG ANH QUA CAC BAI TOAN
BAL SO 129

3LEM. Choosing erti

PROI g 4 vertics of a regular
Jodecagon randomly. Compute the probability
that these 4 vertics make a restangle.

Solution: Inscibing this regular dodecagon in a
circle.

The number of restangle is equal to 6 x 5 : 2
since:

(i) there are 6 ways to choose the diagonal
which must be a diameter of the circle.

(ii) for each diameter we have 5 ways choose
the remaining diagonal.

(iii) 2 diagonal have equal role.
Therefore the required probability is 6x5:2
Comment: more generally

Choosing 4 (3) vertics of a regular 2n - sides
polygon (n > 2). Compute the probability that
these 4 (3) vertics make a restangle (right
triangle).
Answer: C2:Cs (4C::Cy,).
Remark: This problem is based on problem
114,
TU VUNG/KI HIEU
dodecagon ion - da gidac 12 canh
diagonal - dirong chéo
regular 2n-sides polygon : da giac déu 2n canh
TRAN TRONG THUYET
(GV THPT Nguyén Du, Bdc Ninh)

BAI DICH SO 127

BAI TOAN. Cho mot luéi 6 vuong m > 1
(m < n). Hay tim s6 cac hinh vuong dwoc tao
bai hai diweong nam ngang va hai duong thang
dimg cua lwoi.
Léi gigi. Chtng ta dém sb hinh vuéng dua trén
d¢ dai cua chung.
88 c4c hinh vuéng c& 1x1 1a mxn.
$6 céc hinh vuong ¢& 2x2 1a (m—1)x(n-1).
(Ban c6 thé giai thich tai sao khong?)
S8 cac hinh vudng cd mxm 1a 1x(n—m+1).
Téng tit ca cac hinh vuong la:
S =m><n+(m—1)x(n—1)+...+lx(n——m+l).
Ta cg:
Sems{ms r-m o r- oL

+1x[l+(n—m)]-

Vi vay:
.S’:[m2 +(m—l)2 + ...+12]
+|:m+(m—l)+ ot l]x(n—m).
e m(m+1)(2m+1)
6
m(m+l).
2

(Céc tong nay di dugc tinh trong céc s§ bao
trudec).

Ma  m?+(m=1)" + .41

va m+(m—1)+ ..+1=

Tir day ta cé thé d& dang suy ra:
b m(m+l)(3n—m+1).
6
Nhdn xét. Hoan nghénh ban Dwong Truong Giang,

11 Toan 1, THPT chuyén Hung Yén, Hung Yén di
giri bai sém va cé bai dich tét.

NHU HOANG (Ha Néi)
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BAl TOAN

108. Giai phuong trinh nghiém
nguvén squ: 32

tx-2y51=0,
Loi gig,

Cach 1. Pug g Phwong trinh 16 50
Véi XeZ,yeZ ta co:

xz+Jty—2y+1=0¢:>x2—4+y(x—2)=—5

S -2 (xty+2)=5 (),
Vier,yeZ nénx-2eZ,x+y+2&Z.
Két hop véi (*) ta thdy chj x

xX-2=-]
sau:
X+y+2=5

ay ra 4 truong hop

x—2=]1
1) hoi 2
M e {x+y+2=—5()

hozc {* (3) hoge {¥ 745 ).
X+y+2=1 X+y+2=-]
Giai he (1) ta duge nghiém (x; ¥)=(1;2).

Giai he (2) ta dugc nghiém (x; »)=(; -10).

5 2).
-10).
trinh @3 cho

Gidi hé (3) ta dugc nghiém (5 9)=(=3
Gidi hé (4) ta dugc nghiém () =(7;
Viéy cac nghiém nguyén cna phuong
la:
(12); (=3;2); (3;-10); (7;~10).
Cach 2. Puq vé Phuong trinh wéc s
Véi xeZ,yeZ taco:
X 42 =0 4= 0> 42 +4xy -8y + 4=

<=‘:»(4.7c2 +4ch+y2)—(y2 +8y+16)=—-20

< Q2x+y) ~(y+4)2 =20

< (x=2)(x+y+2)=-5,
Dén day giai tiép nhw cach 1.

Cdch 3. Sir dyng dieu kign chinh phiong cia bigy
thirc Delta

44 TOAN HOC

mena & 6-2026)
& crublme So6 588 (

Xétphuongtrinh:x2+xy—2y+]=0 o
Véi xeZ,y € Z xem phuong trinh o

trinh bac hai theo 4n x. Ta cé:

g
A=y2+8y—4.
Phuong trinh (1) ¢6 nghiém nguyén kh; chi kg
A=y’ +8y—4 1a 56 chinh phuong g, Ia:
y'+8y—-4=k* (keN)
S +4)° -k =20
S @-k+4)(y+k+4)=20 (*).
Vi yeZ,keN nén Y-k+4eZ7, Y+k+4ey

Do (y—k+4)+(y+k+4)=2(y+4)lé

s6
nguyén chin va do (*)

nén Y=k+4
Y+k+4 cing 1a sb nguyén chin. Hop nita

Y=k+4<y+k+4 pey chi xay ra c4c

trugng
hop sau;
THI. y—k+4=—10© y=—10.
Y+k+4=2) k=4

Véi y=_19 Phuong trinh (1) tré thanh:

x2-10x+21=0

Q(x—3)(x—7)=0<:>[x=3.

Y+k+4= k=4

V6i y=2 phuong ttinh (1) tr than

x2+2x—3=0

A
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yéi x= 2, phuong trinh (*) tr¢ thanh;

X —2= X =3
2 +1=0 (v6 nghig TH2: {™
x“+1 ‘0 (v6 nghigm), {xz B {xz i
y6i x # 2, phuong trinh (*) tr¢ thanh:
2 Suyra y=-10.
x"+1 5 :
SR v e =R . Thay lai phuong trinh ta thiy tht ca céc cdp soO
= %
e 1;2); (=3;2); (3;-10); (7;-10 déu théa min
DoxeZ nén —x—2€Z. Vivdy yeZ khi va chi (1;2); (=3;2); (3;-10); ( )
5 phuong trinh (1).
kb x=2 €Z, dodd x-2 laudc cia 5. Vay tht ca céc nghiém nguyén cua phuong trinh

da cho 1a: (1;2); (-3;2); (3;-10); (7;-10).
Do dd6 xe{-3;1;3;7}. Suy ra tit ca cac nghiém SE

i R e A (GV THCS thr:r ﬁfiﬁfvﬁ' 53? 33:;3
(1;2); (=3;2); (3;-10); (7;-10). Nhin xét. Ky ndy chi co ban Vii Pic Duy,
Cich 5. Van dung dinh li Viéte phutmg Binh Loi Trung, TP. H6 Chi Minh tham
Xét phuong trinh x* + xy—=2y+1=0 (1). gia gidi va déng gop 2 cach giai gibng véi tac gia
Véi xeZ,y € Z xem phuong trinh (1) la phuong bai toan. Xin hoan nghénh ban..
trinh bac hai theo 4n x. Gia sir phuong trinh (1) c6 KHANH BINH (Ha Noi)
hai nghiém x,, x,. Khi d6, theo dinh li Viéte ta | guri 101 '
co: '
XX, ==2y+1 5
DoyeZ va(*)néntasuyra x, €Z,x, €Z.

{xl EF R 4

Tir (*) suy ra: x,x, —2(% + %) =1
o (5 —2)(x;—2)=5.
Do d6 chi xay ra hai truong hop sau:

THI: A @{xl G
xZ- =—5 x2=—3

Suyra y=2.
.‘*“*‘***;*************#*****‘********f***************************#***‘******‘****
SAILAM. .. (Tidp theo trang 47) 12 (1,9;81),(7:21;63),(13;26;52). C6 3 két qua thugn

Néu ba s a,b,c co tong bing 91 va lap thanh cip lgi cho bién c¢6 M, |M|=3.
s6 nhan c6 cong boi g nguyén duong thi Viy:
a+aq+aq? =91 =1+g+¢2eUOD P(M) |M|_ 2. . :
={l;7;l3;9l}=qe{233;9}' lq 3870 1290
Cdc ban cé tim ra két qua
Tir d6 tim ra céc tap con gom 3 phén tir ctia 4 sao ’ A qya nhi viy khong?
¢ho 3 phin tir 46 c6 téng bing 91 va chting 1dp NGUYEN VAN XA
thanh c4p s nhan c6 cong b6i 1a s6 nguyén duong (GV THPT Yén Phong s6 2, Bdc Ninh)
TOAN HQC
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BAI TOAN 116 (IMO 1969). Cho 1 diém trong

mai phang, voi n > 4, trong so do khong co ba

diém nao thang hang. Chirng minh rang o it nhat

(n-3Nn-4 , i o X
T 5w giac loi tgo thanh c¢o dinh nam

rong so n diém d6,
Lai gigi. Trudc tién ta xét 5 diém bét ky, khong c6
3 diém nao thing hang. Ta vach mot bao 13i tir 5
diém nay. Néu bao 13i nay c6 hon 3 diém thi hién
hién nhién c6 it nhit mét tir gisc 16i. Néu chi c6 3
diém, ch?mg han 1a 4, B, C thi 2 diém D, E con lai
4t phai nim trong tam giac ABC. Khi d6 ¢6 2 dinh
cia tam giac ABC n3m cing phia ddi véi duong
thing DE va cing vé6i D, E tao thanh mét t&r giac
16i. Nhu vay ménh @& cn chimg minh ding véi
6] —3)2(5-4) 5
Xét n diém v6i n > 5. Vi khong c6 3 diém nio
théng hang nén sb tht ca céc cach chon 5 didm
trong 7 diém la:
b = n(n =1)(n = 2)(n - 3)(n - 4) .
d 120

Mbi cach chon ndy lai cho ta it nhit mét tr gidc
16i, tuy nhién bit ky tir gidc 18i ndo trong sb a4
cling ¢6 thé dugc 13p tir (1 ~ 4) tap hgp khéc nhay
gbm 5 diém noi trén, do viy c6 it nhét;

—I—C,f " n(n=1)(n-2)(n-3)

n—4 : 120
s6 it ca cée tir gidc 16i duoc 13p tir n diém da cho,

n=5.(Déy ring

H
46 T@m&i S8 588 (6-2026)

Dé két thic chimg minh ta & chimg t6 ring;

an=-Dip=B0=8 PN ., 0
120 ol |

That vdy, bt ddng thirc (1) tuong duong ve;:

n(n-1)(n- 2) 2 60(n—4)

o n(n-)n-2)-60(n-4)20 (2).
D3 thiy ring n = 5 v n = 6 1a céc nghiém ¢y,
phuong trinh (2), do d6 ta c6 thé phan tich vé trg
ciia (2) thanh nhén tir nhu sau:
n(n—1)(n—2) - 60(n —4) = (n = 5)(n~ 6)(n +8)

Pit f(n)=(n—>5)(n—6)(n+8),Vn=S5.
Taco: f(n)=(n-5)(n—6)(n+8)=0

[n=5
=N

n=6
Ta c6 bang xét ddu cua f(n):
n S 6
Sn) 0 — @ +
Tir bang xét dau trén suy ra: f(n) >0 khin>6.
Do d6 (2) dugce chirmg minh.

Két luan: Vay c6 it nhat (nL)z(n—i) tr gidc

10i tao thanh ¢6 dinh nim trong sé » diém da cho.

Nhén xét. Hoan nghénh ban Vi Purc Duy, phuong

Binh Loi Trung, TP, H3 Chj Minh d3 c6 1oi gia
diing cho bai toén nay.

NHU HOANG (Ha Néi)
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GIAI DAP: SAO KHONG CO PIEM ?

(Dé ding trén TH&TT 56 584, thang 2 nim 2026)
Phin tich sai lam. Bai giai cia Hung khéng co
diém cho du dap sd bai toan bing % song 10 giai

bai toan khong ding. Trong méi truomg hop, véi
cich lay diém, ching han “c6 4 cach liy dugc
diém mau xanh thir nhit; c6 3 cach ldy dugc diém
mau xanh thir 2” c6 tam gidc dugc tinh hai lan.
That vay: Goi 4 diém mau xanh 13 4, B, C, D. Lay
diém thir nhét 13 4, diém thir hai 13 B va ldy diém
méu d6 M dugc tam gidc ABM; LAy diém thir nhét
I B, 1y diém thir hai 13 4 va ldy diém mau do 1a
M dugc tam giac BAM khi d6 hai tam gidc ABM
va BAM 12 mot (tam gidc ndy dwoc tinh hai lan)
Léi giagi ding.

Truimg hop 1: Lay 2 diém thuGc duong thing d>,
lay 1 diém thudc duong thing d. '

Léy 2 diém mau xanh thujc duong thing dz c6

C? cich; Jhy 1 diém mau do thude dudmg thing
d, b 6 cich. Trudng hgp ndy co 6CF (tam gidc)

Truimg hgp 2: Lhy 2 diém thudc duong thiing dy,

lhy 1 diém thue duong thing d>. LAy 2 diém mau

86 thupe dudmg thing dy c6 CF cheh; iy 1 diém

mau xaph thudc dudng thiing d2 €6 4 chch. Trudng
hop nay c6 4C? (tam gidc)
Do d¢ s phén tir khong gian mau la:

n(Q)=6C] +4C =96

Goi bién ¢b 4: “Chon dugc tam gidc co hfzi d{nh
mau dé”. Do 46 sb két qua thujn lgi cho bién co A4
la: n(A)=4C2 =60,

n(d)_60_5

A A ': P A S s ==,
X4c suat can tim la: P( w96 8

Nhgn xét. Rét tiéc 1a khong c6 ban nao phat hi¢n dugc

sai |Am trong bai nay.

KIHIVI

KET QUA NAO?

P& bai. Cho tip A=1{1:2:3:4:5:...:100]. Chon niy
Y mot tap con gom 3 phan ti ciia A sao cho tong
3 phan te do bang 91. Tinh xdc suat dé chon dicoc
tap con cua A gom 3 phan tir lap thanh cép 56
nhdn co cong boi la 56 nguven dwong.

Sau day la loi gidi cua ban Giang:

Goi M 1a bién cé cin tinh xac suat. Ta thiy ring,
phuong trinh a+b+c=91 c6 Cg, nghiém nguyén
dwong. Trong sb cac nghiém nguyén duong
(a;b;c) @6, khong c6 nghiém nao thoéa man

a=b=c.
Néu a=b#c a#c th
o s oo
aibai <01 Bakenst ™ W 6 cheh

chon @ (1a s6 nguyén duong tr 1 dén 45) va mdi
cich chon a ¢6 mdt cach chon b va ¢. Do dé, trong
sd céie nghiém nguyén dwong (a;6;¢) cua phuong
trinh  a+b+e=91, ¢6 45 nghiém thoa min
a=h#c. Tuong ty, clng s& ¢6 45 nghiém théa
min a#b=c, c6 45 nghi¢m théa min bza=c. T
d6 suy ra sd nghi¢m nguyén dwong (aibic) cua
phuong trinh a+b+c=91 sao cho a.b.c d6i mgt

phin bift 10 C§,-45:3. Viy s6 phin nr khong
gian miu A |OQ]=CF, -45.3=3870.

(Nem ticp rang 45)

TOAN H
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) mdi 10N HOC va TUDI TRE
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XUAT BAN TU 1964
S6 588 (6.2026)

Toa soan : 1878, Gling V4, Béng Da, yy Nol
PTBiéntdp: 024.35121607,

BT Phat hanh: 024.35142649, 0243568279,
Emall: lnanhoctuoltreviemam@gmall com

Bl s
BAN €6 VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS.TSKH. TRAN VAN NHUNG Téng Gigm d6c NXBGD Viét Nam
TS.NGUYEN VAN VONG an(;UYEN TIEN EH‘?:};
A ién NXBG 1¢t Nam
PGS.TS. TRAN VAN HAO b pmx:vmn'ru/u
Vién truomg Vién nghién ciu Sich vi HLGD
LE HONG SON

HOI DPONG BIEN TAP

Tdng bién tap: NGUYEN HOU BAC

7S. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN N
TS. NGUYEN VIET HAL

Thu ki Toa soan: VO THI HONG THU

AM DONG. 75. NGUYEN MINH DU, TS. NGUYEN MINH HA,
PGS. Ts. LE QUOC HAN, Ths. PHAM VAN HUNG. PGS. 75. VU THANH KHIET,

GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS, TRAN HOU NAM, 5. PHAM THI BACH NGOC, PGS. TS, TA

DUY PHUUNG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN

PGS.Ts. VO DUONG THUY, GS. TSKH. NGO VIET TRUNG.

DOAN THOAIL ThS. VU KIM THUY,

TRONG SO NAY

o Danh cho Trung hoc Co s&
For Lower Secondary School
Duwong Vin Son - Mot sb phuong phip giai
phuong trinh béc cao.

@ Husng dan giai d& thi vao 16p 10 THPT chuyén
Biéc Giang, nim hoc 2025 — 2026.

@ ot thi vio 16p 10 THPT chuyén tich Ninh Bin,
nim hoc 2026 — 2027.

@ 1hi sire trwée ky thi THPTQG 2026
Hudng dan giai d& s6 2.

G Dién dan day hoc Todn
Pham Duy Khéanh, Nguyén Thj Thiiy Linh — Khaj
thac mot tinh chét cia t& dién vudng trong viée
xdy dung bai tip bat ding thirc hinh hoc.

@ D2 ra ky nay

Problems in This [ssye

T1/588, ..., T12/588, L1/588, L2/588.

@ Giii bai ki truse

Solutions to Previous Problems
T1/584, ..., T12/584, L1/584,1.2/584
@ Phuong phip giii todn
Nguyén Anh Vi — Mot sb ggi ¥ x4c dinh s

hang tong quit cia day sé thuémg gap dé gidi
cdc bai toan lien quan.

@ Tiéng Anh qua cac bai todn — Bai sb 129 -
Bai dich 5§ 127,

Q Nhitu cich gidi cho m§t bai todn — Gii W
toan 108 — P& bai toan 110.

@ Du lich thé gig qua céc bai toan hay — Gi#!
bai toan 116, D¢ bai toan 118,
Q Sai lim ¢ day?

A
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NXBGDVN TRIEN KHAI TAP HUAN BOI DUONG GIAO VIEN
SU DUNG B) SACH GIAO KHOA THONG NHAT

Nha xudt ban Gido dyc Viét Nam
(NXBGDVN) 6 chiic tap hudn si dung bé
sach gido khoa thong nhat cho gido vién
va can bd quan ly gido dyc trén toan quéc
ti ngay 01/6/2026 dén ngay 24/7/2026
bdng ca hai hinh thic tryc tuyén va tryc
tiép.

Nham trién khai hiéu qua viéc sit dung bd
sach gido khoa (SGK) théng nhét theo chi
dao clia B6 Gido duc va Dao tao tai cong
van s6 8060/BGDDT-GDTH ngay 31/12/2025
va céng van s6 737/BGDDPT-GDTH ngay
11/02/2026, NXBGDVN trién khai t6 chuc
tdp hudn, bdi dudng gido vién va can bd
quan ly gido duc tai cac dja phuong trén ca
nudc; BAm bdo dap Ung nhu cau tham gia
tdp huén clia gido vién, can bd quan ly gido
duc.

Hoat dong tap hudn dugc trién khai trén
cd sd thyc hién cac nhiém vy theo cac van
ban chl dao clia Bé Gi4o duc va Bao tao vé
nhu cau béi dudng gido vién st dung SGK
théng nhat, huéng téi muc tiéu hd trg doi
ngil gi4o vién tiép can ddy da ndi dung, cau
tric va dinh hudng trién khai cac bo sach
trong qua trinh day hoc. ’

Theo k& hoach, chuong trinh tap huan
dugc t8 chiic nham hd trg gido vién va can
bod quan ly gido duc nam ving ndi dung,
phuong phap va dinh huéng st dung SGK
théng nhat; Dam béo viéc trién khai SGK tai
cac dia phuong dugc déng bo, hiéu qué va
phu hgp vdi yéu cau déi mai giao dyc; Tao
diéu kien dé giao vién trao ddi chuyén mén,
ti€p can tryc ti€p voi doi ngd tac gia, chi
bién va giang vién tap huén; Bap dng nhu

cau bodi dudng chuyén mon cho gido vién
trén pham vi toan qudc, bdo ddm moi doi
tugng c6 nhu cau déu c6 thé tham gia.

Chuong trinh tap hudn dugc 16 chiic bang
ca hai hinh thuc tryc tuyén va tryc tiép. Vi
hinh thic tap huédn tryc tuyén, NXBGDVN
xay dung k€& hoach t6 chuc ti ngay
01/6/2026 dén ngay 24/7/2026 vdi thdi lugng
1 ngay cho mdi tén sach. Cac budi tap huén
dugc t8 chuc theo khung gid ¢é dinh: budi
sang tu 8h00 dén 11h30, bubi chiéu: tu
13h30 dén 17h00.

Tu 16p 1 dén 16p 12 sé co day du 152 tén
SGK dugc 18 chirc tap huén tryc tuyén trong
8 dot, chia thanh 2 vong. Vong 1 (Dot 1 dén
Dot 4): 18 chuc tiu ngay 01/6/2026 dén ngay
26/6/2026; Vong 2 (Dot 5 dén Dot 8): t6
chuc tif ngay 29/6/2026 dén ngay 24/7/2026.

Viéc t8 chuc 2 vong tap hudn sé gitp cac
dia phuong linh hoat Iya chon thdgi gian phu
hgp, dong thai tao diu kién dé gido vién cé
thé tham gia ddy di theo nhu cdu thyc té
mét cdch thudn Igi nhat. Trong mbi dot,
NXBGDVN sé td chic ddng thdi khoang 8 -
9 phong tap huan tryc tuyén, méi phong
danh riéng cho mot tén SGK. Can cd vao
lich tap hudn chung, céc dia phudng chi
dong phan cong ddi tugng tham gia va sap
xép thoi gian phu hop.

Vé hinh thic tap huan tryc tiép, can cu
nhu cdu va dé xudt tif cac dia phuong,
NXBGDVN sé c6é k& hoach, hinh thic té
chirc tap huan riéng nhim dap ung yéu cau
tu dia phuong mot cach cé hiéu qua, thiét
thuc, toi uu héa ngudn Iyc va tranh lang phi.

(Xem tiép bia 4)
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NXBGDVN TRIEN KHAI TAP HUAN ...

NXBGDVN ciing da chuén bi day du, da
dang ngudn tai liéu, du lidu phuc vy coéng
tac boi dudng gom: Phién ban dién ti SGK,
SGV, VBT; Tai liéu bdi dudng GV su dung
SGK; k& hoach bai day cac mén hoc... Tat
ca cac tai liéu, di liéu néu trén dugc dang
tai mién phi trén nén tang taphuan.nxbgd.vn
dé can bd quan ly, gido vién cé thé chi

(Tiép theo bia 3)
dong tim hiéu, nghién clu vé SGK cac mén
hoc.

Théng qua chudng trinh tap huédn,
NXBGDVN mong muén gop phan nang cao
chat lugng trién khai chuong trinh gido duc
phd thong, dong thai hé trg gido vién chi
déng hon trong qué trinh 1§ chdc day hoc
va st dung SGK tai cd sd.

Mat s& hinh-anh fai chuané trinh tap huan

TAP EUAN, 861 DUONG GLAO VIEN
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= TipHUAN, BOIDUONG
NGB SACH GIAO KHOA THO

BAN TRUYEN THONG VA DOI NGOAI
(Nha xuat ban Gigo dyc Viét Nam)

Gé hé trg gldo vién, can b§ quan ly tron
phan hé trg ky thuat nén tdng Tap huan
- Thong tin lién hé: 0911008610 - 091
tht Hai dén thir Sau)

- Email: taphuan@nxbgd.vn
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