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Ramanujan Primes
R(n) = 2"3"+1

RO) = 23 +1 =2
R()) = 23t +1 = 7 (Prime)
R(2) = B3 +1 = 37 (Prime)
R@3) = 2*3' +1 - 163 (Prime)
R(4) = 2* Pl = 757 (Prime)
R(5) = 2 33 41 = 3517 (Prime)
Re =235 16381 U'rif'nt)
R =% 31 41 = 15757 (Prime)

(Prime)
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TRUNG I

Céac dang todn lién quan dén sé chinh phuong
:_hu'(mg xuét hién tmng cdc bai kiém tra gitra ki,
cudi ki hay trong cac dé thi chon hoc sinh gioi, dé
thi vao 16p 10 THPT Chuyén ¢ mirc d9 van dung
cao. Vai Amuc dich giap cho ciac em hoc sinh (dic
biét 1a ddi tugng hoc sinh 16p 6, 7) d& dang hon
khi tiep can v&i dang todn nay, ching t6i xin trinh
bay m¢t so thi du ap dung tinh chét cua sb du dé
gidi mot sO bai todn lién quan dén s chinh
phuong.

Truéc hét, ching ta nhic lai mt s6 tinh chét co
ban sau day:

1) S6 chinh phuong chia cho 3 chi dur 0 hoc 1.

2) Sb chinh phuong chia cho 4 chi du 0 hodc 1.

3) S6 chinh phuong khi chia cho 5 chi du 0 hodc 1
hoac 4.

4) S6 chinh phwong chia cho 8 chi du 0 hodc 1
hodc 4.

Chiing ta cung xét mot s0 thi dy sau:

Thi du 1. 7im cac 50 nguyén 10 x, y thod man:
a) x> =5y° =4; b) 17x* +89 =2)7.
L& gidi. a) Ta c6 x* 1a s chinh phuong, ma s6
chinh phuong chia cho 3 chi du 0 hoic 1 nén ta

xét hai truéng hgp sau:

« THI: x? chia cho 3 du 0 hay x* i3, ma 3 Ia s0
nguyén tb nén x:3=>x=3(do x 12 sb nguyén
t6). Thay x =3 vio ding thirc -5y’ =4 athu
dugc y? =1 (loai, vi y 14 s0 nguyén td).

*» TH2: x* chia cho 3 du |=>x?=3k+1,keN.

Thay x* =3k +1 vio ding thic -5yt =4 ta

thu dugc 3 +1-5y* =4 = 5y? =3k-33, md

(3,5)=1 nén »* (3= yi3=>y=3(doy 1a 6

nguyén t§). Thay y=3 vio dang thic
x* -5y% =4 tathu dugc x* =49hay x=7.

Viy x=7 va y=3.

b) Cdch 1. Ta ¢6 x* 14 s6 chinh phuong, mi $0
chinh phuong chia cho 3 chi du 0 hojc 1 nén ta
xét hai truong hgp sau:

« THI: x* chia cho 3 du 0 hay x?:3, ma 3 14 sb
nguyén t6 nén x:3=>x=3(do x Ia s6 nguyén
t6). Thay x =3 vao ding thirc 17x* +89=2y" ta
thu duge y* =121=> y =11.

« TH2: x* chiacho 3 du 1 =x?=3k+1, keN"
Thay x? =3k+1 véo ding thirc 17x* +89= 2y°
ta  thu  dugc 17(3k +1)+89=2y°
= 2y? =51k +106 chia cho 3 du 1 (mAu thuan, vi
y? 1a sb chinh phuong chia cho 3 chi du 0 hofic 1
nén 2y chia cho 3 du 0 hoic 2).

Viy x=3 va y=11L

Céch 2. Ta ¢6 y* l1a sé chinh phuong, ma s6
chinh phuong chia cho 3 chi du 0 hodc 1 nén ta

xét hai truong hop sau:

« TH1: y* chia cho 3 du 0 hay »* 3, ma 3 1asd
nguyén td nén yi3= y=3 (do y 1a 0 nguyén
t8). Thay y =3 vio ding thirc 175 +89=2)" ta
thu dugc 17x? = =71 (logi).

« TH2: y? chiacho 3 du 1=>)* =3k+1, keN"
Thay »? =3k+1 vdo ding thirc 17x* +89=2)"
ta thu duge: 17x* +89 =2(3k +1)

=17 =6k-87i3 mA (17,3)=1 nén x* i3,
ma 3 14 s6 nguyén td nén xi3=>x=3 (do x I
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s6 nguyén td). Thay x=3 vao ding thuc
17x% +89 = 2)? ta thu duge y=121=y=1l
Viy x=3va y=11,
Nhdn xét. O ciu b) néu xét hai trudng hop cia y*
thi gidi dé dang hon. Con néu xét hai trudng hep
cia x? s& giip khé khin & chd:

“2y* =51k +106 chia cho 3 dur 17,
Vi thye té nhiéu hoc sinh giai dén day khong nhan
théy két qua *“2 y2 chia cho 3 dur 0 hoic 2”.
Thi du 2. Tim hai 56 nguyén 1o p, q sao cho:
a) 8g+1=p=: b) 179 -1=2p*; ¢) ¢* -2p* =1.
Loi gidi. a) Ta c6 p* 1a sb chinh phuong khi chia

cho 3 chi du 0 hodic 1 nén ta xét hai truong hop
sau:

* TH1: p? chia cho 3 du 0 hay p?:3, ma3lash
nguyén o nén pi3= p=3 (do p 1a sé nguyén
t6). Thay p=3 vao ding thirc 8¢ +1=p?ta thu
duge g =1 (loai, vi ¢ 14 sb nguyén t).

* TH2: p* chiacho3du 1= p* =3k +1, keN'
Thay p® =3k+1 vao ding thic 8¢+1=p? ta
8g =3k :3, (3.8)=1
9:3=49=3 (do g la s6 nguyén t6). Thay ¢ =3

thu duogc ma nén

vao déng thic 8g+1= p2 ta thu dugc
pP=25=> p=5.

Viy g=3 va p=5.

b) Tacé p? 14 sb chinh phuong khi chia cho 3 chj
du 0 hodc 1 nén ta xét hai trudng hop sau:

« THI1: p* chia cho 3 dur 0 hay p? 3, ma31a b
nguyén té nén p:3= p=3 (do p lasb nguyén
t8). Thay p=3 vao ding thirc 179 -1=2p?* ta
thu dugc 17 =19 (loai, vi ¢ 1 6 nguyén (8).

« TH2: p? chia cho 3 du | = p* =3k +1, keN"

Thay p?=3k+1 vio 17g~1=2p* ta thy dugc

17 =6k+3:3, ma (3,17)=1nén ¢i3 = 4=3

2
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4o ¢ 1a sb nguyén 0). Thay 4= 3 VAo dang
(do ¢

2225 hay p=5
l7q*l=2p2 ta thu dugc p '

Viy ¢=3 va p=3. o
¢)Taco p’ 12 s6 chinh phuo‘ng khi chia cho 3
dur 0 hoic 1 nén ta xét hai truong hzqP sau:

« THI: [72 chia cho 3 du 0 hay p”:3, ma3 |y ”

nguyén ténén pi3=>p=3 e g o Nguyen

A . 3 3
t6). Thay p =3 vao ding thirc ¢° —2p° =1 tat,

dugc ¢* =19 (logi).

« TH2: p*chiacho3 dul = p* =3k +1, kel

Thay p’=3k+1 vio ding thic ¢° —2p> =1 g

thu dugc ¢° =6k+3:3 ma3la s6 nguyén 6 nén

g:3=>qg=3(dogla s6 nguyén té). Thay ¢ =3

vio ding thirc q2 —2p2 =1 ta thu dug

P =4= p=l

Viy g=3 va p=2.

Thidy 3. 7im 3 56 nguyén 16 p, q, r sao cho:
PP+q? =r

Loi gigi. Vi p? +¢” 2= r>2, r1a sé nguyén

t6 1é nén trong hai s6 p?, g7 c6 1 sé 16 va 1 s6

chin. Gia st p? 14 s§ chin = p chin = p=2

(Vi p 12 56 nguyén t§ )= 27 & sy,

"Néu g=3 thitaco r=2 432 _ 17 (thoa man).

"Néw g>3 473 (do

g 13 s6 nguyén té) thi ¢°
chia cho 3 qir 1.

Mt Khic g 13 56 16 pen ¢ o g2t =22
(keN'), vi 2135 (2*)? chia cho 3 du 1 hay
2.(21( )2
» M3 7>3 nén » 14 hop sé (loai).

Viy (p,q,r)e{(2,3,17);(3,2,17)}

.
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Léi gidi. Néu 3 s6 chn tim déu 1a s6 1¢ thi tdng
binh phuong cia ching 1 1 6 18 trong khi 5070 1a
s0 chan (khong thod man). Vay 3 sb phai c6 it
nhét 1 56 13 s6 chiin, hay it nhét 1 trong 3 s6 bing
2. Goi 2 56 cdn lai lan lugt1a p va g, ta co:
22+ p* +¢* =5070 = p* + ¢* = 5066.
Mot s6 chinh phuong chia 5 chi ¢6 cac sb du 0, 1,
4 nén néu p va g déu khéng chia hét cho 5 thi
p* +q°chia 5 chi ¢6 cac sé du 0,2, 3 trong khi
5066 chia 5 dur 1 (khong thoa man).
Véay phai c6 1 50 p hodic g chia hét cho 5. Gia
sit pi5= p=5 (vi p 1a s nguyén td), khi do ta
6 52 +q* =5066=>q*> =5041=71> = g ="71.
Viy ba s6 nguyén t can tim 13 2; 5; 71.
Thi du 5. Chirng minh rang khéng ton tai bon so
nguyen 16 a, b, c,d thoa man a* =b* +c* +d*.
Loi gigi. Tir gia thiét a®> =b”>+c*>+d* suy ra
a>2 nén a 1a sb 1, do d6 tong b +c* +d* 1&
nén co6 hai truong hgp xay ra:
« THI: b,c,d déulasé1é =a®=b"+c*+d?
chia cho 4 du 3 (loai, vi a® chia cho 4 du 1).
« TH2: Trong ba sé b, ¢, d c6 hai sb chin va c6
mdt sb 1¢, gia st b=c =2 = a? =8+d>.
+Néu d =3 thi a*> =8+ 3% =17 (loai).
+ Néu d>3=d? chia cho 3 du 1 hay
P2 =8+d*3=a:3 (vi3 la sb nguyén t6) nén
a=3. Khidé tacé d> =a* —8=3"-8=1 (logi).
Vay khong ton tai bén sd nguyén tb a, b, c, d thod
man a® =b? +c* +d>.
Thi du 6. Cho p la s6 nguyén 16 lém hon 3. Chimg
minh rang (p* —1): 24.
XE . weE W s oA én tb 3 nén
Léi gidgi. Vi p 1a so nguyén tO 16n hon
pl3 = p*chiacho3dul =(p*-Di3 ().
Vi p 12 sb nguyén t6 16n hon 3 nén p 1 56 1¢, do
d6 p? chiacho 8 du1 = (p> -1 i8 (2
Tir (1), (2) va (3,8)=1 suy ra:

(p* -Di(38)=24

Thi du 7. Cho n la so nguyén dwong sao cho
. ) ’ £ ’ ’
2n+1 va In+ 1 la cac s6 chinh phwong. Chimng

minh rang n chia hét cho 40.
Loi gigi. Do 2n+1 va 3n+1 la céc s6 chinh
phuong nén tdn tai céc s6 nguyén duong x va y

thod mn 2n+1=x? va 3n+1=y".

2 chia cho

Vi 2n+1= x*1a sé chinh phuong I¢, x
8dul=2n:8=>n:4=>y*=3n+1 la sb chinh

phuong 1¢ chia cho 8 du 1=3n:8=>n:8 ().
Mit khac x% + y* =5n+2 chia cho 5 du 2 nén o

va y* chia cho 5 déu du 1. Suy ra 2n+1=2x’ chia
cho5dul=2n:5=>n:5 (2).

Tur (1) va (2) suy ra n : 40.

Thi du 8. Tim cac SO nguyén 16 p, q thoa man
p+q, p+ g, p+ q,p+ g la cac 50 nguyén 1.
Léi gidi. D& thdy néu p vi g cing la s nguyén
t6 1¢, khi @6 p + g 1 s6 chén 16m hon 2 (v6 Li). Do
d6 mot trong hai s6 nguyén t6 p va ¢ phai co
mot sb 12 2. Ta xét hai trudng hop sau day:

« TH1: Néu p=2, khi do ta c6 g°+2 1a sd
nguyén tova ¢ >3.

Pé ¢ 13 g* chia 3 c6 s6 du 0 hodc 1, tir do
q* +2 chia 3 c6s6 du 2 hoic 0. Do ¢° +2 lasd
nguyén td nén bét budc ta phai cé g*> +2 chia 3
6 s6 du 2, tir 46 ta duge ¢ i3 nén ¢=3.

« TH2: Néu g =2, khi d6 ta cin tim sé nguyén t6
pd&p+2, p+4, p+8 p+16 1a cic s6 nguyén
td. Xét cac kha ning p=3, p=3k+1; p=3k+2
v&i ke N taduge p =3 thoa min.

Viy (p3q)=(23) va (piq)=(32) thod man
yéu cdu bai todn, ‘

Thi du 9. Tim tdt ca cdc s6 nguyén 16 p thoa man
A=2p* — p* +16 ld 56 chinh phwong.

Loi gidi. Vi p?, p*1a cdc s6 chinh phuong nén
chia 3 ¢6 sd du 12 0 hojic 1. Ta xét hai TH sau:

TOAN HOC
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* THIL: p* va p* chia cho 3 ¢6 cing s6 du 13 0
=p=3 (vi p 1a s6 nguyén t8). Khi do6 ta co

A=23"-34+16=169=13%1a sb chinh phuong
(thoa man).

* TH2: Véi p#3, khidé tacé p va p* chia 3
cung cé sd du la 1.

Do viy A=2p* - p*+16 chia 3 c6 sé du 1a 2,
diéu nay mau thuin véi s chinh phuong khi chia
cho 3 thicé s6 dw 1a 0 hoic 1.

Vay p =3 thoa man yéu cAu bai toan.

Thi du 10. 7im tdt ca céc cp s6 nguyén t8 (p;q)
thod man p* -¢*-11la mét s6 chinh phuong.
Léi gidi. Gia st p* —g* ~1=0a® véi a 12 mét s
tu nhién. Khidé taco p* —g* =a® +1 nén p>q.
Ta xét cac trudng hop sau:

* TH1: V6i g=2. Khi 86 p>-4=4> +1, suy ra
a® = p° —5, ta xét hai kha nang sau:

+ Néu p2 chia cho 3 du 0 = p=3 (vi p lash

nguyén t6). Khi d6 ta ¢6 o> =3%-5=2 (thoa
man).

+ Néu p® chia cho 3 du 1, khi d6
a’ =(3k+1)-5=(3k—6)+2 véi kN (loai, vi
s6 chinh phuong chia cho 3 chi du 0 hodc 1).

« TH2: Véi g=3. Khi d6 p*-9=4°+]
= a® = p® — 10, ta xét hai kha niing sau:

+ Néu p® chiacho4du 0 =p=2 (vi p l1ash
nguyén t6). Khi d6 ta c6 a* =27 -5 =1 (logi),
khi do6
a’ =(4k +1)-10=(4k-12)+3 véi keN"(loi,
vi s6 chinh phuong chia cho 4 chi dur 0 hoic 1).

+ Néu p* chia cho 4 du I,

* TH3: Véi p>3.Khidé p>g>3 nén p? vy
g® chia 3 c6 cung s6 du 1d 1. Suy ra p? - 42

chia hét cho 3, thé thi @ +1 chia hét cho 3, didy

2

nay din dén a” chia 3 c6 sd du 1a 2, v6 li vi s§

Tc&)g'rquggce S6 589 (7-2026)
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chir

hoic 1. :
Viy cac sO ngu

(pa)=(32)- A

Thi du 11. Tim tdt cd cdc s0 nguyen o p sao cj,,
A=2P +7p* ciingla 50 nguyén to.

Loi gidgi. Ta xét cac trudong hop sau:

« TH1: Xét p=2, khido ta duoc:

2 A £
hh phuong chia cho 3 chi nhdn so du 13 0

yén té thOé man bél tOén ]é

A=27 +7p* =22 +7.2% =32 1a hop sb (loai).
« TH2: Xét p =3, khi d¢ ta dugc:

A=27 + 7p2 =224+73*=711asb nguyén to.
» TH3: Xét p >3, khi d6 p khong chia hét cho 3
vaplasé le.
Ta c6 27 =2 =22% =2,(2¥)%, ma 2%713 nén
(2*)? chia cho 3 dur 1 nén 27 chia cho 3 du 2.
Mat khac do p khéng chia hét cho 3 nén P’
chia cho 3 ¢6 s§ du 1a 1. Pén day ta co
A=2" +7p* chia hét cho 3 nén A 1a hop sé. Do
dé cac sb nguyén té P >3 khéng thoa man yéu
céu bai toan.
Vay p=3 1a s6 nguyén té cin tim.
Thi du 12. Tim 14t ¢4 cae 58 nguyén to p, q, 1, s
sao cho p° + g9
nguyén to.
L’o“i gidl. D& thiy p° 4 g9
$0 nguyén 4 1¢. Tq Xét cac
* THI: Véi s 13 s nguy
P=q=r=

o 4 2 \ . 3
G +5", 7 +5P déu la cdc s6

sq° +5", rf +5P la cac
trudng hop sau:

€n 6 1¢, khi d6 ta co:
2. Do s 1 s8 1¢ nen d3 thiy 2° chia

cho 3 dy 2, Lai thdy 2 chia cho 3 ¢6 sé duw la 0
hofic 1. Thé thj o+

5 gt ) i
+5° chia cho 3 ¢¢ sé du la 2
hodc 0, do ¢4 ¢4

2" +5% 1a 56 nguyén to thi bt

0 88 (pygiris)=(2:2:2:3)
thoa man, (B3gir;s)=(2;

* TH2: V6 13 o4 ,
. On 8N tA RS SRS N
Slly ra Pq,r | % guyen to Chan, khi @6 s= 2

5 % 50 nguyén t§ 1¢. Do ¢ 1a 56 16
nen 29

hi
chia chq 3du 2, Lai théy p2 chia cho 3
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c6 56 du 1a 0 hodic 1. Thé thi P*+27 chia cho 3

c6 s6 du 13 2 hodc 0, do do aé p* +29 14 sé
nguyén t0 thi bit budc p? chia cho 3 ¢6 s6 du 1a
0, tir d6 ta dugc p =3,
Lép lugn tuong tw tim duge ¢ =r =3, Kiém tra lai
ta thdy bd s6 (p;g; r35)=(3;3;3;2) thoa man. '
Viy cic b3 & (pigiris)=(22,2,3) va
(p:q:735) =(3;3;3;2) thoa min bai toan.
Thi du 13. Tim tdt cd cac sé nguyén x, y khéng
am thod man A=2"+5"4+21a mét sé chink
phwong.
Loi gidi. Ta xét cac trudng hop sau:
« TH1: V6i x=0, khid6 tacé 4=5"+3 1a mot
s6 chinh phwong. Pé ¥ ring véi y>1 thi ta c6
A= 5”+3 chia cho 5 c6 s du 13 3, diéu nay mau
thuan véi so Chil}h phuong khi chia cho 5 chi c6
mot trong cac s6 du 1a 0;1;4.Do vy y=0 va
lic ndy A=4=2 1a s6 chinh phuong.
* TH2: V&1 x=1,khi d6 ta co 4=5"+4 1a mét
s6 chinh phwong. Pt 5° +4=k* véi keN". Ta
c0: ¥ =k*-4=k>-2k+2k-4
=k(k-2)+2(k-2) =(k—-2)(k+2).

Do 5 1a sb nguyén té nén k—2; k+2 1a cac luy
thira cia 5. Dat k—2="5% k+2=5"v6i a,beN’
vi a<b; a+b=y. Tir do ta dugc 5" -5% =4
hay 5°(5*=-1)=4. Nhu vdy budc phii co
5°=1; 5°* —1=4 nén a=0;b=1.Do viy y=1
va lic ndy A =9 =3 1a mot s chinh phuong.
*TH3: Véi x> 2, ta co:

A=2" +5 +2=42""2 +(4+1) +2
chia cho 4 c6 sé du 1a 3, diéu nay mau thudn véi
s0 chinh phuong chia cho 4 ¢6 s6 du 1a 0 hodc 1.
Viy cac sb (x;y)e{(O;O); (1;1)} thoa man yéu
céu bai to4n.
Thi du 14. Gia sir ton tai cdc 56 nguyén thod man
i* ~4y va x*+4y @éu la sé chinh phwong.

Chitng minh rang y chia hét cho 6.

Loi gidi. Ta chia bai toan thanh cic budc nhu sau:
e Chirng minh y chia hét cho 2.

Gia sit y 12 mot sb nguyén 1é, khi d6 dé thay 4y
chia cho 8 ¢6 b du 12 4. Ta c6 s6 chinh phuong
x? khi chia cho 8 ¢6 mjt trong céc sb du 0; 1; 4.

T d6 x* +4y chia cho 8 c6 mdt trong cac sb du
12 0;4;5.Ma x?+4y 14 sb chinh phuong nén
x? +4y chia cho 8 khong cé s6 du la 5, diéu nay
bit budc x phai la mdt s chin.

Dit x=2k v6i keZ. Tacod x> —4y=4K"-y)
va x*+4y=4(k*+y) déu l1a cic s6 chinh

phuong, nén k> -y va k*+y cing 1a céc s6
chinh phuong. Ta c6 bang xét s6 du khi chia cho 4
nhu sau:

k? 0 1 0 1
4 1 v
-y | 3]0 | 1|2
K+y | 1 [ 2|3 |0

Tir bang xét s§ du trén cho thiy trong ca bdn

~ trudng hop ludn co két qua k> —y hodac k* +y

chia cho 4 nhan s6 du 12 2 hodc 3, diéu nay mau
thuan vai gia thi€t s chinh phuong khi chia cho 4
c6 mdt trong céc so du 0 va 1. Do vy, y chia het
cho 2.

e Chimg minh y chia hét cho 3.

Gia str y khong chia hét cho 3, diéu ny c6 nghia
12 y chia cho 3 nhin mét trong hai s du 1 va 2.

Ta c6 bang xét sé du khi chia cho 3 nhu sau:

x? 0 1 0 1
y 1 1 2 2
-4y | 2 |0 [ 1 | 2

¥4y | 1 2 2| ®

Tir bang xét s6 du trén cho thdy, trong ca bén
trudmg hop ludn ¢6 két qua x* -4y hodc x* +4y
chia cho 3 nhn s6 du 13 2, didu ndy mau thudn
v6i $0 chinh phuong khi chia cho 3 chi ¢6 s§ du 0
va 1. Do vdy, y chia hét cho 3.
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Ma ta c6 (2,3)=1 nén y chia hét cho 6. Vay bai
todn dugc chimg minh hoan tat.

Thi dy 15. Tim cdc sé nguyén dwong n sao cho so
5,=123..7+n(n+1)..(n+7) cé thé viét dudi
dang t1ong céc binh phwong ciia hai s6 nguyén
dwong.
Loi gigi. Gia st ton tai sb nguyén dwong n dé
S, =a>+b> v&i a va b 1a céc sb nguyén duong.
D& thdy n(n+1)..(n+7):64 va 1.2.3..7:4 nén
S, 4.

Ta c6 a®, b* khi chia cho 4 nhan mdt trong céc
s6 du 0, 1. D& S, =a® +b bugc phai cb a va b
1a cac s chin. Pt a=2a;;b=2b, v6i a, b, la
cac sb nguyén duong. Khi d6, ton tai sb nguyén
duong k d€ n(n+1)...(n + 7)= 64k.

Tir d6 dan dén a] +b7 =2.3.5.6.7+16k chia hét
cho 4. Do d6 a,, b, cling 1a cac s§ chin

bat a, =2a,; b =2b, V6i a,, b, 12 cic s6 nguyén
duong. Tiép tuc thay vao

al +b} =2.3.5.6.7+16k

ta lai c6 a2 +bf =9.5.7+4k chia cho 4 c6 sb du
14 3, diéu nay v6 li vi a? +b? chia cho 4 nhan
mdt trong cac sb du 0; 1; 2.

Viy khong ton tai s6 tu nhién »n thoa man yéu ciu
bai toan. ‘ ’

Thi du 16. Ton rai hay khong cdc so6 nguyén x, y, z
thoa man z° =(x* =1)()° =1)+ 20267

Léi gidi. Do mdt s6 chinh phwong khi chia cho 8
thi nhan mét trong cac s6 du 13 0;1;4.Do a6
x2; y2 khi chia cho 8 thi nhin mét trong cac s
du 1a 0;1; 4, din dén x* —1; y* —1 khi chia cho
8 thi nhin mét trong cac sb du 1a —1; 0; 3.

Nhu vay (x* —1)(y* ~1) khi chia cho 8 thi nhn
mdt trong cac sb6 du 1a 1; 0; 5.

Miit khac dé thiy 2026 chia cho 8 ¢6 sé du 1 2.
Do vy (x* —1)(»* —1)+2026 chia cho 8 s& nhgn
mét trong cac sé du 3;2;7.

NH
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46 z* chia cho 8 nhén mot trong ¢4,

Trong khi 46 méu thuan.

% .1- 4. do
soduléo,l’ ’ Y a S e
Vay khong tdn tai cAC SO NGUYEN X; Y; 2 thod may
i 2
a1y cAu bai ton. i | : :
Yl‘el:l' :ia: 17. Tén tai hay khong cac so nguyen thog
idul/. A

man day ddng thirc sau?
: N 2 '
2+ =(x+l)~ +u’ =("“+2) .+‘ ' “:3) .
Loi gidgi. Gia su ton tai .cac SO nguyép
¢ Y disad sn diy ding e én,
(xo;yo;uoWo”O) thoa mén ddy dang thirc trén
Boan. 2 ol & 2_ 2
Diéu nay c6 nghiala: X5 +Yo = (% +1)" +ug
2 2 2
=(x+2) +v =(xo +3)" +22.
Véi moi a 1a sé nguyén thi ta c6 a® chia cho 8
c6 sb du thudc {0; 1 4}. Xét cac truong hop sau:
« Néu x,i4 thi x}+y; chia cho 8 c6 sb du
thuge {0; 1; 4}. Khi d6 ta co:
+ xp+1 chia 8 c6 56 du 1 1 nén (xp +1)" +4
chia cho 8 c6 sb du thudc {1,2;5}.
* X% +2 chia 8 c6 s6 dula 2 nén (x,+2) +7
chia cho 8 ¢6 s6 dir thugc {0;4;5}.
X +3 chia 8 c6 56 du 1a 3 nén (x+3) +13
chia cho 8 ¢6 sé dur thude {1; 2; 5}_
Tix cde tip hop s6 du trén cho they x2 + %
¥ 08
(%0 +1)" +u2; (% +2)° +v55 (% +3)” +12 khong
the ¢6 cing sé dir khj chia cho 8.
Vay trudng hop nay khon

g tOn tai cac so nguyén
(xo;yo;uo;vo;to)

thod man y&u ciu baj toan.
* Céc truomg hop chia
{1,2;3)
két qua

cho 4 ¢ sé du thude
ta 18p luan hoan toan tuong ty va déu cho

két qua 13 kharo o2 ; °
( qua 1a khéng 3y tai cdc so nguyen
X, : U £ > ~ A
05 Y03 o,vo,to) thoa man Y&u cau bai toan.
Vay khéng t3n ta;

R 8 10n tai cac g§ nguyén (x; y;u;v;t) thod
man baj togn.

Thi dy 18, Tim

: 1t cd cge of i §.3” 15
la 56 chinpy pht a¢ 50 tw nhién n d@é 2" +1°

tong, )
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Loi gidi. Do 2" +15 13 s6 chinh phuong nén ton
tai sb nguyén duong & dé 2" +15=j2,
péy rang 2" khong chia hét cho 3 nén suy ra
n A 1 A
2" +15 khong chia hét cho 3. Suy ra k2 khéng
chia hét cho 3 hay k* chia cho 3 c6 s§ dulal.
Nhu vy, tr 2" +15=4? ta dugc 2" chia cho 3
c6sddula 1 nén n 1a sb tu nhién chin.
+Néu n=0, tacod 2" +15=16 =42 13 sb chinh
phuong (thoa mén).
+Néu n>2,khi d6 ta cé 2" 14 nén 2" +15 chia
cho 4 c6 sb du 12 3. Tir d6 suy ra k? chia cho 4
c6 sb du 1a 3, diéu nay méu thudn véi sé chinh
phuong chia cho 4 ¢6s6 du1a 0, 1.
Viy sb tu nhién thoa nin yéu ciu bai toan la
n=0.
Thi du 19. Chitng minh rang véi m la mét s6
nguyen thi it nhdt mét trong cdc biéu thire 2m—1;
Sm—1; 13m—1 khéng phai la s6 chinh phuong.
Loi gidgi. Gia su ca ba sb 2m—1;5m—1;13m -1
déu 1 sé chinh phuong. Khi do, tdn tai cic sé
nguyén duong a, b, c thod man 2m—1=a’;
Sm—1=5b%; 13m —1=c*. Suy ra:
@ +b +c* =(2m—-1)+(5m—1)+(13m~1)
=20m -3. ’
D thiy 20m—3=>5(4m~1)+2 chia 5 c6 sb du
14 2. Do d6 a? +b* +c* chia 5 c6 s6 dula2. Ma
ta biét ring a?,b%,c” khi chia cho 5 nhén mot
trong céc sé du 0; I; 4. Kbt hop véi a® +b” +c*
chia 5 cb s6 du 1a 2 nén bo ba sb a*,b>,¢* khi
chia cho 5 cé cac sb du thudc tap hop {0;1}-TUY
nhién Sm—1=(5m—5)+4 chia 5 c6 s6 du 12 4,

do d6 ta c6 méu thuan.

Viy it nhit mot trong c4c biéu thic 2m-—1;
Sm-1; 13m-1 kh6ng phai s6 chinh phuong.

Thi du 20 (Trich dé thi chgn hgc sinh gioi mon
Toén 9, tinh Bic Giang, nim hoc 2015-2016).

Tim tdt ca cac cap so tw nhién (x;y) sao cho

§F 4125 =y,

P— e R

Loi giai. D& thdy x =1 khong thoa man yéu cau
bai toan, do d6 ta xét x = 2. :

Tir déing thirc clia bai toan ta c6 y 1a so 1¢, do do
y? chiacho 8 cos6dulal.

Mit khdc véi x>2 thi 12* 8, do d6 budc phai
¢ 5% chia cho 8 c6 s6 du 1 1. Nhu vdy x phaila
s chin. Pt x =2k v6i ke N, thu dugc:

5% _ 2 _12Fy 4128y 127

=y —125)+ 125 (y—12%) = (- 125)(y +12°).
Do 5 14 s6 nguyén t6 nén tdn tai me N,m <k sao
cho y—12F =5" va y+12F =5%".

Suy ra: 2.12% =5™ (52’"2"' -1).

Do (2,5)=(5,12)=1 va 2.12* chia hét cho 5"
nén m=0, khi d6 ta dugc y=12* +1. Thé thi

2

52k 119 =(12" +1) hay 2.12F =25* 1.

+ Voi k22 thi 25F —1>24F =2F12% >2.12*
(loai).

+ V6i k=1, ta thdy 2.12F =25 —1 (thoa man).
Tir do ta tim dugec x=2;y =13.

Vay (x; y)=(2;13) thoa min yéu cau bai toan.

Thi du 21. Cho m, n la cac $6 nguyén dwong thoa
man m, n nguyén t6 cing nhau va m—n la mét so
nguyén le. Chirng minh rﬁng (m+3n)(5m +7n)
khéng thé la mét s6 chinh phweong.
Loi  gidgi. Nhan thdy m+3n=(m-n)+4n va
5m+7Tn=5(m—-n)+12n. Khi d6 véi gia thiét

m-n la sO nguyén lé¢ nén ta ¢c6 m+3n va
5m+ 7n 1a cac sO nguyén lé.

Goi d=(m+3n,5m+7n), khi 46 d 1a mét sé

m+3n:d

nguyén duong lé. Suy ra:
ot 5 ’ {Sm +7n:d

5(m+3n)—(5m+7n) 'd 8n:d

= = :
7(m+3n)—3(5m+7n )id {—Sm id

Do d 1a s6 1¢ nén ta c6 (8, d)=(-8,d)=1, nén

tadugec m:d va nid.

TOAN HOC
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Suy ra d 13 mét wéc nguyén duong cia m va n.

Mi ta ¢6 (m,n)=1 nén d=1. Tir d6 ta c6

(m+3n, 5m+ 7n)=1. Gia sit (m+3n)(5m+ n)
1a mt s6 chinh phuong va 14 sé chinh phuong lé.
Do (m+3n, 5m+7n)=1 nén m+3n va Sm+7n
14 c4c s6 chinh phuong 1é.

Khi @6 m+3n va 5m+7n chia cho 8 cé sd dula
1, taco (5m+7n)—(m+3n) :8 hay 4(m+n):8
nén m+n: 2, didu ndy mau thudn véi m—n 1a sb
1é. Vay diéu gia sir 1a sai hay (m+3n)(5m+7Tn)
khong thé 13 s chinh phuong.

Thi du 22 (Trich d@ thi hoc sinh giéi mén To4n

9, tinh Ngh¢ An, nim hoc 2022-2023). Tim tdt cd
cdc s6 nguyén 6 p, q, r théa man:
pn’ & 14¢% +2/2 = 6pqr.

Loi gigi. DE thiy 14¢* +2r® va 6pgr 1a céc sb
chin, do 46 p* budc phai 1a sé chin. Vi p 1a sb
nguyén td nén p =2.

Gia st g va r khong chia hét cho 3, khi d6 ta c6
2

g* va r* chia cho 3 ciung c6 sé du 1a 1. Nén

14g* +2r* chia cho 3 c6 s6 du 1a 1. Ma véi
p=2 thi p*+14¢® +2r* chiacho 3 c6 sé du la
2, diéu nay mau thuin véi 6 pgr : 3.
Nhu va_‘iy trong hai s6 ¢ va r phai c6 mot sé bing
3. Ta xét hai truong hop sau:
« TH1: V&i g =3, khi d6 ta co:

2% +14.3> +2r* =6.2.3r hay r(18-r)=65.
Do r
re{2;3;5;7;11;13;17}. Thir tryc tiép ta duoc

lA sO nguyén t0 va r<18 nén

r=5 va r =13 thoa man.
« TH2: Vi r =3, khi d6 ta co:

2% +14.4> +2.3* =6.2.3g hay q(18-7¢)=11.
Do g la sé nguyén té va 7¢ <18 nén g =2. Thi
truc tiép ta thiy g =2 khong thoa man.

8
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VIﬁY (p;q;r)=(2;3;5) hogc (P;q;r)=(2;3;l3)

thoa min yeu cAu bai toan. : -
Thi du 23 (Trich dé thi hoc sinh gioi mdn Togy
9 tinh. Quang Tri, nim hoc 2022-2023). Cho ¢4,

2 2 i )
s6 nguyén X, Y thog man 2x" —y =1 C/'lmg

minh .\'y(x2 —y*) chia hét cho 40.

Léi gigi. » Chimg minh (x*-y%) 8.

Ta 2x2—y*=1tacé y la s& nguyén 18, do ¢4
y? chia cho 4 c6 sbdulal.

Ciing tir 2x*—y*=1tacd 2x? = »* +1 chia cho

4 ¢6 b dula 2 hay x* chiacho 4 c6sddulal,

diéu nay budc x la ) nguyén lé.
Doxvaylaséléenén x*—1:8 va y* 118,
Ma x* -y* =(x* =1)=(»* =1) nén x* - % :8

e Chimg minh xy(x* —y*)i5. Xét cic truong
hop sau:

+Néu x5 thitacod xp(x? - y?):5.

+ Néu x* chia cho 5 c6 sé du la 1, khi d6
" =2x" -1 chia cho 5 ¢6 sb du 1a 1. Khi d6 ta
cd x? -y? 15 nén xp(x? -—y2) ;5.

+ Néu x* chia cho 5 ¢6 s& du Ia 4, khi do6
»* =2x* -1 chia cho 5 ¢6 s6 du 1a 2, diéu nay
méu thun véi sé chinh phuong chia cho 5 thi c6
S0 dula ;15 4. vay truong hop nay khéng xay ra.
Vay trong moi trudmg hop déu 6 xy(x? — 2} 5.

Do (8,5)=1 neén suy ra ch(x2 - y2) : 40 (dpem).

Thi Ay 24. Tim 1d¢ cg chp o4 nguyén 6 p va 4
thod man p? -q° =(p+ q)2
Lo"i * > .y » « ’ 3 - A
gu:t. Gid str p v3 q 1a cac sb nguyén to thoa
oS il 2
TP =4 =(p+q)’. Knids P -q >0

Tlf do ta duoc p3 > qS > 99 nén ta dugc p > 3.
Viyp khéng chia hét '
* TH1: Néy q=

—6p-252=0
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Q(P-7)(p2+6p+36)=0.

do p* +6p+36>0taduge p—7=0 hay p=7.
e TH2: Néu ¢+3 khi dé p=3mtlg=3n+l
véi m, n 12 cde s6 nguyén duong, Khi d6 ta c6 :
+V6i p=3m+1 vd g=3n+1thi p°-¢*i3 va
(p+q)’ chia 3 dur 1, nén khéng thoa man yéu ciu
bai todn.
+ Véi p=3m+1 va g=3n-1thi p° -¢> chia 3
du2va (p+ q)2 chia hét cho 3, nén khong thoa
man yéu cau bai toan.
+V6&i p=3m—1va g=3n+1 thi p®—¢° chia 3
du 1 va (p+g)* chia hét cho 3, nén khong thoa
mén yéu cau bai toan.
+Véi p=3m—1 va g=3n-1 thi p°—¢*3 va
(p+ q)2 chia 3 dur 1, nén khong thoa man yéu ciu
bai toan.
Viy cip s6 nguyén td ( p;q) thoa méan yéu cau bai
toan 1a (7;3).
MOT SO BAI TAP TU LUYEN
Bai 1. Tim cac sb nguyén td p thod min
A=2P +5.37 1a mét s6 chinh phuong.
Bai 2. Tim tit cac cac by sau s6 nguyén to p;
P35 Py; Ps; Ps; P thod mén ding thirc:
2
p,2 +p§ +p§ +pz +P§ = Pe-
Bai 3. Tim tAt ca cac sb nguyén td nguyén td p;;
P2i Pyi Pas Ps; Pe; Py 530 c0 tong binh phuong
clia bay sb nguyén td d6 1a binh phuong cia mft
56 nguyén té.
Bai 4. Cho ba sb ty nhién x,y,z thod mén
** +y? =72 Chimg minh ring xy chia hét cho
12.
Bai 5. Tim tht ca cac sb nguyén t6 p sao cho

P +11 ¢b dtng 6 wdc phén biét (ké ca 1 va chinh
ng).

Bai 6. Tim ba sé nguyén td lién tiép nhau sao cho
tdng binh phuong ciia ba s6 d6 ciing 12 mt s6
nguyén td. ,

BAi 7. Tim céc 6 ty nhién x;y thod min dang

thirc x* +3” =3026.

Bai 8. Tim tdt ca c4c sd tw nhién (m; n) sao cho
2™ 3" —1 14 sb chinh phuong.

Bai 9. Tim tAt ca cac s nguyén duong (m; n)
thoa midn A =6" +2" +2 la s6 chinh phuong.

Bai 10. Tim t4t ca cac sé tw nhién n sao cho
7" +147 14 s6 chinh phuong.

Bai 11. Tim céc s6 nguyén duong x dé 3" -32 Ia
s0 chinh phuong.

Bai 12. Cho p,q,r,sla cac sb nguyén td 16n hon
3. Chimg minh ring (p2 —g*+r*—s)i24.

Bai 13. Tdn tai hay khéng cac s6 nguyén td

a,m,n thoa man diéu kién @’ = m? + n®.

Bai 14. Tén tai hay khong cac sé nguyén td

a,b,m,n, p thod man a’ +b* =m* +n* +p2.

Bai 15. Tim cac sb nguyén t§ p, g, r thoa man

p+q+r khéng chia hét cho 3, dong thoi cac sé

p+q+r vi pg+qr+rp+3 déu la cac sb chinh
phuong.

Bai 16. Ton tai hay khong cic sé nguyén a,b,c
thoa min ab’c+ 2, bc’a+2, ca’b+2 1a cic sb
chinh phuong.

Bai 17. Tim s6 nguyén té bé nhét sao cho p viét
dugc thanh 10 tdng c6 dang:

p=xt+ wW=x2+ 2y3 = X+ E ==X & 10y,

trong d6 x;3x,5.5X0 VA }idaiedy, 1A cde sb
nguyén duong,.

Bai 18. Cho s6 nguyén duong a,. Ta l§p cic sb
nguyén duong a,;a,;a,3..;a,,,; thod min didu
kign a,, =a, +2013, véi n=1;2;3;...; 2014.

Hoi 2015 s nguyén duong
ay3dy3ay5...3ay,5 €6 bao nhiéu sé chinh phuong?

trong
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g e N TiNH NINH BiNg
HUGNG DAN GIAI D THI VAO LOP 10 THPT CHUYE
Nim hoe 2026 - 2027

28w 1. 1) Cho X,z la cdc s6 the dwong thoa
nan x+y+z=3, Chieng minh
1 |

+N+“—l = J ’
3x+yz 3y+az 3z4xy (x+p)(y+z)(z+x)

2) Xét da thirc P(x)=x3

) \ " £
—mx+1, vai m la mét so
thee. Gia su da thire P(x) c6 ba nghi¢m thyc la
a,b.c.

a) Chirng minh abc=—1.
b) Tim '

a®+b%+c6=19.

tar ca cac gia i cia m dé

Loi giai. 1) Ta cé:
1 1 1

3x+yz=(x+y+z)x+yz =(x+y)(x+z)'
Ching minh tuong tu, ta duge:
1 1
3y+xz=(y+x)(y+z)
. 1 1
= 3z+xy=(z+x)(z+y)'
Vay: el e .
3x+yz 3y+xz 3z+xy
1 1 I

- (x+y)(x+z)+ (y+x)(y+z)+(z+x)(z+y)

_ yt+zHx+z+x+y
o (x+y)(y+2)(z+x)

2(x+y+2z) i 6
(x+y)(y+2)(z+x) (x+y)(y+z)(z+x)

Vay dang thirc duge chirng minh.
2) a) Theo dinh |y Bezout, ta c6:

2~ +1=(x-a) (x-b)(x~0)

=x —-(a+b+c)x2 +(ab+bc+ca)x—-abc.
Béng nhét hé sd, suy ra:
a+b+c=0
ab+bc+ca=—-m(I).
abc =-1

TOAN HOC
10 " crusie
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Vayabc=-1.
b) Tur hé (I) ta co: @’ =ma —1
6 1 2
= g% =(ma-1)
= g% =m?*a® -2ma +1.
Tuong tu, ta co: b® = m*b? - 2mb +1,
c® =m*c® - 2mc+1.
Do do:

a® +b° +c° =m2(a2 +b? +c2)—2m(a+b+c)+3
=m? [(a+b+c)2 —2(ab+bc+ca)}

—2m(a+b+c)+3
=m?(0+2m)+3=2m>+3.

Két hop véi gia thiét co 2m> +3 =19, suy ra
m =2, thir lai thay thod man. Vay gi4 trj cin tim
la m=2.

Cau 2. 1) Giai hé phuong trinh
4x3 (y2 +1)+\/2x—2=0

2)«:2y(1+\/yz +3):x+, [3x2 +%.

2) Mot doan thién nguyén di dinh ch 48 tén
hang dé hwong img phong trao “Hiromg ve Micn
Trung than yeéy». Khi chuan bj khei hanh thi so
hang hoa tang thém 7 tin so voi die dinh, do do
doan thi¢n nguyén phai bé sung thém 3 xe, hic
Xe cho it hon diw dinh

ban dau, doan thién nguyen daw

nay moi 1 tdn hang. Hoi

dinh dung bao
nhiéu chide ve dé cho hang, biét

; cac xe cho so
tan hang bang nhay?

Loi gidi, 1) pidy kién xédc dinh: x> 0.
453 (y2 +1)+\f2?—2=0

1
Dit M
¢ “"(”m)=x+,/3x2+l @
4
Ta théy x=( khon ,
th 3 1)
G & thoa man phuong trinh (
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t o . A o
Chia ca hai vé ctia phuong trinh (2) cho 2x2, ta

duoc: y(1+\/3+y2)=$(x+MJ

2x 4x*
2
@y(l+,/3+y2)=_1_ Vo dasl Lo 3)
2x Ix
T (3) suyray > 0.
Xét hai trudng hop sau:
& 1 1 o
TH1: N >—>0 thi y*>|—
éu y . hi y >(2x) :
2
Dodé 1443+ 3% >1+ 3+(?1—j :
X
2
Suy ra y(1+\/3+y2)>L 1+ 3+(L)
2x )5

Khéng thoa man (3).

2
TH2: Néu —l—>y>0 Y > y%. Do d6
2% 2x

2
1+ 3+(51—) >14+43+1%.
X

, 2
Suyrai 1+ 3+(——1—] >y(1+‘/3+y2).
2x 2x

Khéng thoa man (3).

Do d6 suy ra y=§1;.

Thay y = -2—1x- vio phuong trinh (1), ta duoge:

4x3(—1—2—+1)+\/—2—;—2=0
4x

o453 +x+~2x—2=0

S 4x° +x+2x =2 4).
Cdch 1. Xét ba kha nang sau:

: T~ 1 X6 b s
* Neéu x>-;— thi VT(4)>5+§-+1—2nen

khéng thoa mén (4).

£ 1 1. d

. = VI(4)<—+—+1=2,
Néu O<x<:2 thi 4) "3
khéong thod mén (4).

« Néu x=%,thoé min phuong trinh (4) nén

= % 12 nghiém duy nhat ciia (4).
Cach 2.

(4)<:>(x—%)(4x2+2x+2+J2_§+1)=0

<:>x=—;:(vi x>0).

Do d6 x = -;- 1a nghiém duy nhét cua (4).

Vay hé da cho c6 nghiém duy nhét la:

1
(%) =(5;1].
2) Goi x la sb xe du dinh ctia doan thién nguyén,
don vi 12 chiéc (xeN").
S6 xe tham gia vén chuyénla x+3 (chiéc).
Sé tin hang trén mdi chiéc xe theo dy dinh 1a
48

x
PO S sl /A 1 95
S6 tan hang trén moi chiéc xe thuc té 1a ——.
x+3
Theo bai ra ta c6 phuong trinh: L g
x x+3

o 48(x+3)—55x=x(x+3)

< x*+10x-144=0
x=8 (thoa man)
= ) .
x=-18 (loai)
Vay luc déu doan thién nguyén dy dinh dung 8
chiéc xe.
Céu 3. Cho tam giac ABC (AB<AC) ngi tiép
dwong tron (();R) dwong kinh BC. Lay diém H
nam trén doan thang OC (H khong tring véi O
va C). Pwong thang di qua H va vuong goc vaoi
dwong thang BC cat dwong thang AC tqi E va cdt
duong thang AB tai F. Goi D la giao diém cua

TOAN HOC
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dwong thing BE véi duwong tron (O;R) (D

khéng tring véi B). Goi I la giao diém cuia hai
dwong thang AD va BC. Tiép tuyén tai A ciia
dwong tron (O;R) cat dwong théng EF tgi G.

1) Chieng minh ba diém F. DB C thd'ng hang va
tam gidc FAD dong dang véi tam gidc FCB.

2) Chitng minh G la trung diém ciia EF va tim Vi
tri cua diém H trén doan thang OC sao cho
Ol + 40H dat gia tri nhé nhét.

3) Duong thang qua B song song véi duong
thing FC cdt duong thang CA tai S. Goi K la
giao diém ciua hai dwong thing FH va AD.
Chitng minh duwong thing OS song song voi
duong thang CK.

Loi giai.

s F

1) Xét duong tron (0) c6 BAC =90° (g6 noi
tiép chén nira dudng tron).

Tam gidc FBC c6 hai dudng cao CA, FH cit
nhau tai £ nén £ 14 tryc tm tam giac d6. Do vy
BE | FC hay BD 1 FC. (1)

Xét duong tron (O) ¢co BDC %= 90° (gbe nji tiép
chin nira dudng tron). Do d6 BD | DC. (2
Tu (1) va (2), suy ra hai dudng thing FC;, DC
tring nhau hay ba diém F, D, C thiing hang,

. FA FC
Vi AFAC « AFDB (g.g) suy ra: FD~Fp"
.. FA _FD
Do d6: 'F,—C———FB
FA FD
¢ CBed =L=8Z
Xét AFADva AFCBc 7C - FE goc

BFC chung, nén AFAD « AFCB (c.g.c).

1 2 T?g'r“uglgg S8 589 (7-2026)

2) e Ta co m = m (Cﬁng phu GAC )’

1FG = ACO (cung phy ABC).

Ma m_-_-m nén FAG=AFG, Suy ra

GA=GF (1).Mit khac: e
GAE =90° - FAG=90°~ AFG = GEA,

suyra GA=GE (2). ‘ )

Tu (1), (2) suy ra GE = GF hay G 1a trung diém

ctia EF (diéu phai ching minh). |

e Vi AAEF vudng tai 4 ¢6 G la trung diém EF

suy ra: AG’=%EF. ADEF vudng tai D ¢4 G
. 1
13 trung diém EF suy ra DG = EEF .

WS |
Suyra AG=DG (cling bang EEF ).

Goi T 1a giao diém cua 4D va GO. Ta c6
OA=0D; GA=GD nén O; G cung thudc
duong trung truc cia doan théng AD. Do dé
AD 1 GO suyra m=90°.

Xét AOAG va AOTAc6 AOC chung va

OTA = 04G =90° nap AOAG = AOTA (g.2).

X o4 0G
DO dO —_— b £
OT ~ 04" Tr d suy ra
40* =0T 0G.

Xét AOHG va Aory ¢6 GOI chung va
OHG = 077 = 9o

or ol
Suy ra

nén AOHG » AOTI (g.8)

OHOI =0T 0.
A0* =010 hay O10H < g2
P dung bt dang thye Cauchy ta ¢6:

Ol + 403 22J0r a0 - 4JOI.OH =4R.

Suy ra

Or.0
.‘ 9 - 2
PR 2y e 10 va e khi {O/OH =R
Ol = 40H
R
hay JOH =&

B - 2122‘ Khi ¢6 g713 trung diém cua OC.
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3) Vi AGTK » AGHO (g.g) suyra CL _ GK
GH ~

GO
hay GT.GO = GH .GK.

Ma GA>=GT.GO (do AOAG » AOTA ) va
GA=GF. Suyra GF? =GK.GH.
Vi GF* = GK.GH nén
GF? = GH (GH - HK),
Do d6: GH.HK = GH?* — GF?
=(GH - GF)(GH + GF) = EH FH.

Ta ¢6 ABHE «~» AFHC (g.g) nén ad . HE
FH _HC
Kéo theo HB.HC = HE .FH.
Sty ra BBHE = G HK tny 28 - G
Y HK " HC
Xét  ABHG  va  AKHC o6
BHG = RHC =90°, 1B _HG
HK HC

Suy ra ABHG« AKHC (c.gc), vi
BGH=KCH (3).

Do BS // FC suy ra BSC = FCA (hai goc so le
trong) ma FBE =FCA suy ra ’BTSEEF/'EE'

Lai cé6 BCS = BFE (cing phu véi FBC).

Suy ra ASBC « ABEF (g.8).

vay SB.. BC 280 . BO:i4 SPC«FEF
BE EF 2EG EG

vay

hay SBO = BEG.
Xét ASBO va ABEG co SBO BEG va
SB _ BO

nén ASBO.«> ABEG (c.g.€).

BE

Vay BOS=BGE 4.

Tir (3) va (4) suy ra BOS = BCK , ma 2 gbc ndy
ddng vi nén SO // CK (didu phai chimg minh).
Cau 4. 1) Tim t4t ca cdc cdp (x;y) nguyén
dirong thod man x2—2y*+2x—y—xy=21.

2) Cho 2026 sé nguyén duong ai,az,...,d2026-
Chitng minh ton tai hai sé nguyén duong x, y

thod man y>1 va xy+a; chia hét cho x+a; véi

moi s6 nguyén duong i tic 1 dén 2026,

Loi giai.

1) Gia sir x; y 1a cac s6 nguyén duong sao cho:
x?-2y? +2x-y—-xy=21
ox?-2y+2x-y—xy+1=22
<:>(x2 +2x+1)—y2 —(y2 +xy+y)=22
o (x+1) =y —y(y+x+1)=22
<:>(x+l+y)(x+1—y)—(x+l+y)y=22
o (x+y+1)(x-2y+1)=22.

Vi x; y 1a cac sb nguyén duong nén x+y+1
va x—2y+1 1a cac s6 nguyén.
Suy ra x+y:+-1 1a wéc cia 22. Ma x, y déu 1a
céc sb nguyén duong nén x+y +1>3.
Suy ra x+y+le{11; 22}.Xéthaitru<‘mghc_)'p sau:
TH1: Néu x+y+1=11 thi x—2y+1=2. Suy
rax=7,y=3.
TH2: Néu x+y+1=22 thi x—2y+1=1. Suy
rax=14,y="17.
Viy c6 hai cip s6 nguyén duong (x;y) thoa min
dé bai 1a (7;3) va (14;7).
2) Gia su x,Ly 14 cac sb nguyén duong. Véi moi
ie{1;2;...;2026} ta c6: xy+a; chia hét cho
x+a; <:>[xy+a,- —(x+a,-):|f(x+a,-)

< (xy—x)i(x+q)

o x(y-1)i(x+a).
Chon x 1a s6 nguyén duong tuy y va
y=(x+a))(x+a)...(x+aye) +1.
Khi d6 y>1 va véi moi ie{i;Z;...;2026} thi
xy +a =x|:(x+a,)(x'+ az)...(x+a2026)+1]+a'_

=x(x+a)(x+ay)..(x+axn) +x+a,

=x(x+al)(x+a2)...(.\‘+a2026)+(x+a,-).

TOAN H
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N
Sll‘y I'tf xy+a; chia hét cho x+a;. Viy ta co ng,%(a+b+(:) 28.3.9-—96.
diéu can ching mi ay gia tri
: g minh, Déu“=”xéyrakhi a=b=c=1.Vay gid tri npg
Cau 5. Xér a, b, ¢ la ba s thwe dieong thoa man nhét ctia P 1a 96.

ab+ be+ca=3. A LSRRI AR <
u 6. Co 8 “chii” méo, moi chi” duoc dar 16,

1) Chirng minh a+b+c> 3. ga mét  day ky e thuéc vao tap hop
2) Tim gia tri nho nhdt ciia biéu thirc {000;001:010;0l ;100,101 10111 sao cho
) 3 3 3 khong co hai “chu” méq nao trung 1?‘,;, Hai
P:(ha+b+c) +(?.b+c+a) +(2c+a+b) wchii” méo goi la “lién ket voi nhau néu trong
b+c c+a at+tb day kv e tén cua chung, co dung mot vi tri, mg

Loi giai. ha'i l& ne twong tmg khac nhau (Vi dy: hai “chi”

1) (@+b+6)? —9=(a+b+c) —3(ab+bc+ca) méo 000 va 001 dugc goi la lién ket voi nhay,
nhing hai “chi” méo 000 va 011 thi khong duoc

— R g : e i
=a’+b"+c" ~ab-bc—ca goi la lién két voi nhaw). Tim so nguyen dwong

=l(2a2 +2b% +2¢% —2ab—2bc —2ca) nho nhat, sao cho trong k “chu” méo phan bi¢t

2 duwoc chon tuy y tic 8 “chi” méo trén, ton tai 3

=%|:(a _b)2 +(b—C)2 +(C _.a)z] >0. “chit” méo ma mot “‘chu’” lién két voi hai “chi”
kia.

Ma ab,c 1la ba s6 thuc duong, nén
a+b+c>3.

2)Pat x=b+c,y=a+c,z=a+b.

Khidé: x>0,y>0,z>0

Léi gigi. » Xét hai chi méo x,y lan lugt c6 tén
d xx,x3 VA y1Y,)3 VO X,X9,X3, )15 V2,03
thue tap {0;1}. Dinh nghta:

o2 e e o7 A Ermen)-(ienen)
i i y Z. il oA * Xét tap hop A={000;011;101;110}. Ta thiy
Ap dung bat ding thirc Cauchy, ta cé: rang tdng tt ca cac chir sb trong tén ciia mdi chi

5 R . méo thudc tip 4 déu bing 0 hoic 2. Vay véi moi
(y+z) +4x(y+z)2 2\/£)’—x—l.4x(y+ zZ)  cip haichimeo x,y e 4, thi d(x;y)e{0;2}.

x
>4(y+ z)z' * Mt khdc, v6i hai chd méo x',y’ lién két véi
(x+2) nhau thi d(x'; ') =1. Vi vay, tén tai 4 chit méo
x+z > By .
Tuong tu: ———-y +4 y(x+ z) > 4(x + z) (c6 thé chon chinh céac chi méo trong tip A) doi

mot khéng lién két véi nhay,
Ta chimg minh trong 5 chu méo tuy y, s& tim

3
x+y 2
4 ( z ) Sk )R Sl duge mot chi lién két véi it nhat hai cha Khic.

Cong theo vé,suyra P2 8(x2 + y2 + 22)' el L {001; 010;100; 11 1}‘ Tuong &

294 ; nhu 13 4, chimg minh dugc 4 cha meo trong 1P

Mit khac: x2 + y° +2° 2 —3-(x +y+z) B cling ddi mt khong lien két véi nhau. Ta 6
Ot nha 49 s TR T

1 A 2 4 (a e 0)2 ;:;t’ vr;};@;”‘ét ™ 1221. mot chi méo bat ky déu lte,n

=§-(b+c+a+c+a+ ) & ' ung 3 chi meéo khge. Ngoai ra, gop c4¢

chi méo trong c3 haj t

; ap 4, B thi ta dugc chinh 8
chi meo ban d¢iy

Sir dung két qua cau 1, suy ra:
(Xem tiép trang 36)

1 4 T?g?uggg S& 589 (7-2026)
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DE THI TUYEN SINH VAO LGP 10 THPT CHUYEN HA NOI

Nam hoc 2026 - 2027
Mon thi: Toan (Chuyén To4n)
Thoi gian lam bai: 150 phit (khéng ké thoi gian chép dé)

Céu 1 (2,0 diém)

1) Chon ngiu nhién mét s6 t nhién nhé hon 125,
Tinh x4c suét cta bién cb 4: “S§ dugc chon viét
duoc dudi dang tf)ng cua hai sd chinh phuong lién
ﬁép”-

2) Cho a.b,¢ 13 cac sb thuc thoa méin déng thoi
a+b+c=0 va a?+c?—4bc—2b+2=0. Tinh gi4 trj
ciia biéu thitc M =abc.

Cau 11 (2,0 diém)

1) Cho n 13 s6 nguyén duong théa man ton tai

cic sb nguyén duong a,b,c sao cho
24b2+c? +1 £
L s : € Chimg minh n chia hét cho 4
abc

nhung khéng chia hét cho 8.
2) Tim tt ca cdp s6 tu nhién (x;y) théa mén

X343 4y?
x+2 2y+1

Cau 111 (2,0 diém)
1) Tim tt ca cip sd nguyén duong (n;p) thoa
min dong thdi p la s6 nguyén t6 va
4n? 4 p3 +4p? -8 p—32 chia hét cho np+4n.
2) Véi a,b,c 1a cac sb thyc khéng 4m thoa mén
a+b+c=2, fim gi4 trj 16n nhét va gi4 trj nhd nhat
ciia biéu thirc:

be+2a+1 ca+2b+1  ab+2c+]

“ a?+1 i+ T AP

Cau 1V (3,0 diém) |
Cho tam giac nhon ABC can tai A, c6 dudng

cao AH. LAy diém O thufc doan thing AH

sa0 cho OH >0A. Tia BA cht dudmg tron tam O
bén kinh OB tai diém thir hai 7. Liy diém E
thuoe doan thing AB sao cho AE>AT. Dudng
trung tryrc ciia doan thing CE cAt dudmg thing AH
tai diém N.

1) Chitng minh bén diém 4,E,N,C cing thudc
mot duc‘mé tron.

2) Puong thing qua diém A va song song vdi
duong thén_g_BC cit duong trung truc cua
doan thing CE tai diém K. Goi F 14 trung diém
ciia doan thing ET. Chimg minh OFK =90°.

3) Chimg minh dudng tron tim O ban kinh OB,
dudmg tron dudng kinh NK va dudng thang TK
cing di qua mét diém.

Cau V (1,0 diém)

Xét s6 nguyén duong n va tap hgp S .g(")m n
sb nguyén duong a,a,,as,...,a, théoa man df‘mg
thoi céc diéu kién sau:

1) ai<ax<a3<...<a, =2000.

ii) V6i moi sé ty nhién k, 2<k<n, ton tai
céc sb nguyén dwong i,j nho hon k (khong
nhét thiét phan bigt) sao cho a; =a;+4a;.

1) Chimg minh tét ca cac phﬁn tur cﬁa tdp hop S
déu 1a s6 chin.

2) Tim gi4 trj 16n nhit cua ».

TRINH HOAI DUONG
(GV THCS Gidng V6 2, Ha Ngi)
Gidi thiéu

TOAN HOC
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THEO CHUONG TRINH VA SGK MOl

Trong day hoc xac sudt & phé théng, nhiéu hoc
sinh con gip kho khin khi véin dung cac cong thirc
vao nhimg bai todn c6 diéu kién phirc tap. Mot
céch tiép can hiéu qua 14 td chirc khéng gian mau
theo huéng “dém — loc”, gitip kiém soét cac kha
ning mét cach rd rang va c6 hé théng. Phuong
phép nay 1am ndi bat ban chét cia xac suét thong
qua viéc dém truc tiép céc trudng hop thuén lgi.
Pdng thoi, n6 gbp phén rén luyén tr duy t6 hop va
ning luc phéan tich bai toan. Bai viét giéi thidu
cach tinh xac suét theo huéng dém loc khong gian
méu qua mdt s6 tinh huéng tiéu biu.
1. Hinh thanh tu duy dém va phéin tich diéu
kién (khoi 10)
Tinh huéng day hoc: Mot hop chira 5 thé duoc
danh s tir 1 dén 5. Rit dong thoi 2 the.
Yéu cdu: Xac dinh xéc suit dé tdng hai sb trén cac
thé dugc rit ra la sé chén.
Hueéng dén gidi theo hwdng tiép cin bin chit:
« Khong gian miu gdm cac cip sb khac nhau
chon tir {1, 2, 3, 4, 5}; c6 10 trudng hop.
« Phan tich diéu kién: tdng 13 s6 chdn khi hai sb
ciing chan hoic cing lé.
« Loc khéng gian mau: céc cap théa man 14 (2,4),
(1, 3), (1, 5), (3, 5); c6 4 trudéng hop.

. 4 2
e Laptilé xac suat: P=—=—-
T 10 5

2. Xac suit c6 didu ki¢n thong qua thu hep
khéng gian miu (khdi 12)

1 6 T(??:E.g.% S3 589 (7-2026)

Tinh huéng day hoc: Mot 16p ¢6 20 hoc sinh,
gbm 12 nam va 8 nir. C6 7 hoc sinh gidi Toan,
trong d6 5 nam. Chon ngAu nhién mot hoc sinh ti

16p.
:;u cdus Biét hoc sinh dugc chon 1a nam, hay xéc
dinh x4c sudt dé hoc sinh do gioi Toan, :
Hudng din gidi theo hudng tiép cdn bdn chit:

« Didu kién da cho 1am thu hep khong gian mdu:
chi xét 12 hoc sinh nam.

e Loc cic trudng hop thuén lgi: trong 12 nam c6

5 em gioi Toan.
« Lap ti 1& x4c suét: P(gioi Toan | nam) = 1_52_

3. Loc ngugc khong gian miu — dinh huéng tu
duy Bayes (khéi 12)

“Loc ngugc khong gian miu dugc hiéu 13 viée xac

dinh lai tp két qua ban ddu tir didu kién da xdy

2"

ra.

Tinh huong day hoc: 60% hoc sinh chon té hop A
(30% do PH), 40% chon t3 hop B (50% db6 PH).
Chon ngau nhién mét hoc sigh da dé Pai hoc.

Yéu cau: Xac dinh x4c suét d& hoc sinh d6 thudc
nhoém chon t§ hop B.

Dé 1am 15 it cu
o m 16 ban chét oy bai todn va h trg hoc sinh
dung mé; & of e
5, dxg MOI quan hg gilta céc tj 16, gido vién
uong dan i A
g hoc sinh chuan héa baj toan bing cach

Xét mdt quén thé gij dinh gdm 100 hoc sinh
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Hudng dén gidi theo hwdng tiép c@n bén chit:

o Trong 100 hoc sinh c6:

+Té hop A: 60 HS — d3 18 HS.
+ T6 hop B: 40 HS — d8 20 HS.

« Khong gian mau méi 13 38 hoc sinh da dé.

« Loc trudng hop thuan lgi: 20 hoc sinh thudc t
hop B.

« Lap ti 1€ x4c suét: P( B| dS):@zlg.

38 19

Pbi véi cac bai toan dang Bayes, hoc sinh thudng
mic sai 1dm khi so sénh truc tiép cac ti 16 cuc b
(vi du: 20% va 40%) ma khong xét dén quy mé
cia tmg nhom trong toan bg quin thé. Viéc sir
dung phuong phap gia sir sé lwgng cy thé (vi du
100 hoc sinh) gitp hoc sinh tryc quan hoa khéng
gian miu téng thé, tir d6 thyc hién thao tac “loc
nguoc” mét cach ty nhién va chinh xéc.

4. Bai toan xic suit didu kién vé6i ciu triic chin
-1é

Bai toan. Tir cdc so tw nhién 1, 2, 3,..., 12 chon
ngau nhién 5 s8 khdc nhau, biét rang trong 5 50
dugc chon c6 it nhdt 2 s chén. Tinh xdc sudt dé
tong ciia 5 s6 duwoc chon ld s6 le.

Loi gidgi.

Bueée 1. Xdac dinh khéng gian méu ban ddu

S6 cach chon 5 sb tir 12 sb:

n(Q) = Cp, =792.
Buede 2. Thu hep khong gian mdu theo diéu kién
Trong céc sb tir 1 dén 12:
o 66 s chan.
o co6sble.

Diéu kién bai toan yéu cau it nhdt 2 s6 chdn, nén
ta loai cac truong hop:

Truong hop 1: khong cb s chén

C; =6.
Truong hop 2: chi ¢6 1 s6 chin

clct =6.15=90.

S6 phin tir ciia khong gian mau sau khi loc diéu
kién:
n(Q) =792 - (6+90) = 696.

Budc 3. Dém sé truong hop théa man yéu cdu
Téng cita 5 sb 1a sé /é khi s6 lugng sb 1& duge
chon 1a 5o é.
Ctc kha ning phi hop v6i diéu kién bai todn:
Truromg hop 1: 3 56 1& va 2 s6 chin

C2C? =20.15=300.
Trwomg hop 2: 1 s 1¢ va 4 s chan

Cici =6.15=90.
Téng sb truong hop thudn loi:

300 +90 =390

Buéc 4. Tinh xdc sudt

390 _ 65
696 116
K&t lugn: Xéc sult can tim 13
65
—

5. Bai to4n xac suit véi phén loai theo dong dur
Bai toan. Tir cdc s6 tu nhién 1,2, 3,..., 15, chon
ngdu nhién 4 $6 khac nhau, biét rang trong 4 s6
dwoc chon co it nhat mot s6 chia hét cho 3. Tinh
xdc sudt dé tong ctia 4 s6 dwgc chon chia hét
cho 3. »
Loi gidi.
Buwéc 1. Khéng gian mau ban dau
S6 cach chon 4 s tir 15 sb:
n(Q) = Cjs =1365.

Buwdc 2. Thu hep khong gian mau theo diéu kién
Trong céc sb tir 1 dén 15:

e 6556 chia hét cho 3.

e c6 10 sb khong chia hét cho 3.
Piéu kién bai todn yéu cdu it nhat mét sé chia hét
cho 3.
Loai trudng hop khéng c6 sé chia hét cho 3:

C =210,

TOAN HOC
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Khéng gian mau sau khi loc:

n(Q)=1365-210=1155.

Budc 3. Phin logi cic sé theo phan duw khi chia
cho 3
Céc 56 tir 1 dén 15 dugc chia thanh ba nhém:

e du0:5sé.

e dul:5sé.

e du2:5sb.
Tong chia hét cho 3 khi tdng céc phin du ddng dur
0 (mod 3).

Céc cu hinh c6 thé:
0+0+0+0:

C; =5.
1+1+1+0:;

C3C§ =10.5=50.
2+2+2+0:

GC} =50.

1+2+0+0:

C;C:C3 =5.5.10 = 250.
Téng s trudong hop thuén lgi:
5+50+ 50+ 250 =355.
Buoc 4. Tinh xdc sudt
355 71
T 1
Két lugn: Xac suit cén tim 14
71
53
6. Bai todn xic suit véi clu tric td hop nhiéu
trudng hop
Bai toan. Mot hép chira 7 bi d6 va 5 bi xanh. Ldy
ngau nhién 5 bi, biét rang trong 5 bi dwoc ldy cé it
nhét 2 bi do. Tinh xdc sudt dé S(_j’ bi dé nhiéu hon
s bi xanh.
Loi gidi.
Buwoce 1. Khéng gian mdu ban dau
Téng sb bi 1a 12, sb cach lay 5 bi:
n(Q) =G, =792.

TOAN HOC
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Bude 2. Thu hep khong gian mdu theo diéu kign
Diéu kign: it nhét 2 bi do.

Loai céc truomg hop:
0 bi do:

Css =1,
1 bi do:

S& phan tir ciia khéng gian mAu sau khi lgc:

n(Q) =792 -36=756.
Buwbe 3. Dém s trwomg hop thda man yéu cau
Yéu cdu: sé bi d6 nhiéu hon s6 bi xanh.
Cac kha nang:
3 do, 2 xanh:

C3C? =35.10=350.
4 do, 1 xanh:

clel =35.5=175.
5 do:
@ =21,

Tbng sb trudong hop thuan 1i:

350+ 175 + 21 = 546.
Buwéc 4. Tinh xdc sudt

7. Bai toan xdc suit véi hai 1An loc khéng gian
mau

Bai todn. Tir cdc s6 tw nhién 1,2, 3,..., 18, chon
ngau nhién S 56 khic nhau, biét rdang trong 5 50
dugc chon:

®  CO it nhat mét sé chia hét cho 3

® O it nhat mét s6 chéin.

Tinh xdc suat dé 1ong cua 5 sé chia hét cho 3.
Léi gidi,

DPugc quét bang CamScanner
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Burde 1. Xdc dinh khéng gian mdu ban déu
b cach chon 5 s6 tir 18 s6:

n(Q) = Cjy =8568.
Budc 2. Loc diéu kién thir nhdt
Diéu kién: it nhit mot s chia hét cho 3
Trong cé4c s6 tir 1 dén 18:
e 6 650 chia hét cho 3
e 6 12 56 khong chia hét cho 3
Loai truomg hop khéng c6 s chia hét cho 3:
G, =792
Khong gian mu sau 1an loc thir nhit:
8568 — 792 = 7776.
Budc 3. Loc diéu kién thir hai
Diéu kién tiép theo:
c6 it nht mot s6 chén.
Trong céc sb tir 1 dén 18:
e ¢069sdchin
e c69sble
Trudng hop khong co sb chin nghia 12 toan sb 1é.
C6 9 s6 1¢ nén c6: C, =126.
Nhung trong 126 trudng hop nay, ta phai xét diéu
kién thir nhat.
Trong cac s0 1é tir 1 dén 17 cé:
e 3 sbchiahétcho3(3,9,15)
Do d6 ta cin loai cac truong hop:
o chon 5 sb 1é khong chia hét cho 3.
Cb 6 sb 1¢ khong chia hét cho 3:
C; =6.
Vay sb trudng hop can logi 1a:
126 - 6 = 120.
Khong gian miu sau hai lén loc:
n(Q) =7776—-120 = 7656.
Buwéc 4. Pém bién cé cdn tim

Ta phan loai céc sé theo phan du mod 3.

Trong céc s tir | dén 18:

e du0:6sd
o dirl:6sb
o du2:6s6

Tdng chia hét cho 3 khi téng phan du = 0 (mod 3).
Céc céu hinh:
0+0+0+0+0:

& =6
1+1+1+1+2:
CiCl =15.6=90.
2+2+2+2+1:
CeCy =90.
0+1+1+2+2:
ClC3C? =6.15.15=1350.
0+0+1+1+1:
C2C2 =15.20 =300.
0+0+2+2+2:
C2C; =300.
Téng sb treong hop thuan lgi:
6+ 90 + 90 + 1350 + 300 + 300 = 2136.

Buée 5. Tinh xéc suit
P 2136 _ 89

= a4
Két lugn: X4c suét cin tim 1a

p=32

319

Nh{in xét sw pham.
Bai todn ndy minh hoa 1d chién hepe loc khong
gian mau nhiéu buwoce.
Tém lgi, phwong phdp dém — loc khéng gian miu
gitip 1am rd ban chdt cua xdc sudt va han ché sai
s6t khi gidi todn. Cédch tiép cdn ndy vira don gian,
tryc quan, vira phd hgp véi hoc sinh phd théng.
Hy vong phuong phdp s& gép phan nang cao hi¢u
qua day va hoc xdc sufit.

TOAN HOC
: C‘rudigé 19

S4 589 (7-2026)

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

CAC LGP THCS

Bai T1/589 (L6p 6). Tim cac s6 co hai chit sb ab
sao cho 9a va 9b 1a cac sb c6 hai chir sb déo
nguge cua nhau (viét theo thir tu ngugc lai cia
nhau).
LE QUANG HAO
(GV THPT chuyén Hupnh Man Pat, An Giang)
Bai T2/589 (Lép 7). Cho tam giac nhon ABC c6
AB < AC < BC, O la giao diém ba dudng phan
giac cac goc trong cua tam giac. Qua 4 ké duong
thing vubng goc voi tia BO tai M. Qua M ké
duodng thang vudng goc véi tia CO, cit BC tai I.
Ching minh OI 1 BC.
DAU CONG NHO
(GV THCS Cao Xudn Huy, Dién Chdu, Nghé An)
Bai T3/589. Tim phan nguyén cua s6:
1 1

1
4= + £ +
N+d2 Brya a6
1 1
g ! + : ;
J2113++/2114 +/2115++/2116

NGUYEN DUY LIEN

(GV THPT Lién Bdo, Phii Tho)

Bai T4/589. Cho tam gidc ABC. Goi M 1a diém
thay déi trén canh BC (M khéc B va C). Trén céc
canh 4B va AC lan lugt lay céc diém D, E sao cho
tir giac ADME 14 hinh binh hanh. Khi diém M thay
d6i, hiy chimg to tim cia dudng tron ngoai tiép

tam gi4c ADE lun ndm trén mot dudng thang co
dinh. |

NGUYEN TAN NGOC
(GV THCS P. Binh Dinh, An Nhon, Binh Dinh)
TOAN HOC
2 0 * CTugilre S5 589 (7-2026)

Bai T5/589. Cho a, b, ¢ 12 c4c s thuc 16n hon 1,
Tim gié tri 16n nhat cua biéu thic:

./b_1+\/c—1+«]a—1
S a+b b*c . eta
KIEU BINH MINH

(GV THPT chuyén Hiing Vicong, Phii Tho)
CAC LOP THPT

Bai T6/589. Mot da giac déu 18 — canh duoc chia
thanh 18 hinh ngii gidc, mdi hinh ngil gidc déu
bing véi hinh ngii gidc ABCDE (nhu hinh v&). Tét

c4 cac canh cua ngil gidc c cung do dai.

a) Xéc dinh cac géc 4, B, C,D va E.
b) Chimg minh ring cac diém X, Y, Z thdng hang.
NGUYEN PUC TUONG
(Pleiku)
Bai T7/589. Cho tam gi4c ABC. Chimg minh ring

A
Boot et 226433
tan—tan— tan— s o il
4y an4tan4 tan tan4
CAO HAI VAN

(GV THPT Nguyén Chi Thanh, Pleiku, Gia Lai) -

Bai T8/589. Cho dudng tron (0) c6 dudng kinh
BD. Goi Bx, Dy lan lugt 14 tiép tuyén caa (O) tai B
Ve D, Diém 4 thay ddi trén Bx, 4 khac B. Duong
thang d di qua B va vuéng goc véi 4O cét AD, (O)
va Dy lan luot tai K, C va S. Goi M Ia giao diém
cla CD va SO. Chimg minh KM // BD.

DPANG THI XUAN HANG, PANG QUANG MINH
(Todn K4, THPT chuyén Chu Véin An, Binh Pinh)

=l
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Bai T9/589. Cho a,b,ce R théa min:

27+2° 420 42 = parbec
Chung minh r?mgi \/++ : + 1 e
89+1 V8241 g 41

PHAM DUY KHANH
(GV THPT Quy Chdu, Nghé An)

TIEN TOI OLYMPIC

Bai T10/587. V6i n 14 sé nguyén duong, tinh céc
tich phén sau:

a) Te["]dx;
0

b Jlerles,
0

trong do ky hi€u [a] 1a ph?m nguyén cua sb thuc a.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Ngi)

Bai T11/589. Tim tit ca cac ham s6 f:R—R

thoa man
f(fx)=y)=f(2x* +y)-8yf(x), Vx,yeR.

NGUYEN HUNG CUONG

(Xa@ Nhon M3, An Nhon, Binh Dinh)

Bai T12/589. Cho tam gidc ABC khong vuéng va

khong c@n. Cac diém D, E, F 14n luot ndm trén céc

duomg thing BC, CA, AB sao cho tam gidc DEF

béng nhau cing hudéng véi tam gidc ABC. Goi H

va K lin luot 13 truc tim cua tam gidc' ABC va

DEF. Chimg minh rang néu O 1a tdm cua duong

tron ngoai tiép tam gidc DEF thi HKO la tam giac
déu.

LE VIET AN

(Ocean education, 40 ds 9, p.10, KDT City Land, Go

Vép, TP. H6 Chi Minh)

Bai L1/589. Mot dira tré bj sét & nhigt d 101 °F
dugc cho dung thudc ha sbt. Gia sir co ché bay hoi
ctia md héi 1a cach duy nhét dé 1am giam nhiét d6
co thé. Khdi luong cia dia tré 1a 30 kg. Nhiét
dung riéng cua co thé con nguoi bang nhiét dung
riéng cia nude 14 1000 cal/kg K va nhiét hoa hoi
cia nuéc khoang 580 cal/g. Néu con sét ha xudng
98 °F trong 20 phut thi tdc do bay hoi trung binh
do thudc gay ra uéc tinh khoang bao nhiéu g/phit
(lam tron dén hang don vi)?

VIET CUONG (Ha Noi)
Bai L2/589. Mot electron chuyén dong trong tir
truong déu c6 cam tng tr B = 0,91 T. Tai thai

diém ban dau electron & diém O va vecto vén téc

cta n6é vudng goc B. Biét khéi lugng cua electron
\ =31 R IK -19

lam,=9,1.10" kg, dién tiche= —1,6.10 ~C
PEREA NI Y 6 2 il

va van toc v = 4,8.10 m/s. Ké tir thoi diém ban

dau, khoang cach tir O dén electron bang 30 pm

lan thi 2019 vao théi diém nao?

THANH LAM (Ha Néi)

 PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/589 (Grade 6). Find all two-digit
numbers b such that the two-digit numbers 9a

and 95 have their digits in reverse order. .

Problem T2/589 (Grade 7). Given an acute

triangle ABC with AB < AC < BC. Let O be the
intersection of the three interior angle bisectors of
the Through A, draw the
perpendicular to the ray BO at M. Through M,

triangle. line

draw the line perpendicular to the ray CO
intersecting BC at 1. Prove that O/ L BC.
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Problem T3/S89. Find the integral part of number
A= : + 1 + : .1
Vi+2 B+va 5+6
1 1
BN E PN TS T AN TN Ti T
Problem T4/589. Given triangle ABC and M is
moving point on the side BC (M is different from
B and C). On the sides 4B and AC respectively,
take the points D and E such that the quadrilateral

ADME is a parallelogram. Prove that the

circumcenter of the triangle ADE always lies on a
fixed line.

Problem T5/589. Let a, b, ¢ be real numbers

greater than 1. Find the maximum value of the
expression

PZ\/b—-l Lx/c—l :\/a_l_

a+b b+c c+a

FOR HIGH SCHOOL

Problem T6/589. A regular 18-sided polygon is
divided into 18 pentagons which are both
congruent to the pentagon ABCDE (as shown in
the figure). All sides of each pentagon have the
same length.

a) Determine the measurement of the angles 4, B,
C,DandE.
b) Prove that three points X, Y, Z are collinear.

Problem T7/589. Given a triangle ABC. Prove
that

TOAN HOC
22 >

* CTuGifre SO 589 (7-2026)

A £ tan—
ftt tan
e o A 856435,

B Can2 =g =—
tanztanz tan4tan4 tan4 4

Problem T18/589. Given a circle (O) with a
diameter BD. Let Bx and Dy be the tangents to the
circle at B and D respectively. A point 4 varies on
Bx and A is different from B. The line d passing
through B and perpendicular to 40 intersects AD,
the circle (0), and Dy at K, C, and S respectively.
Let M be the intersection of CD and SO. Prove

that KM // BD .

Problem T9/589. Given real numbers a,b,c

satisfying 27 +2b +2¢42=20+btc,

Prove that

! 1 e 1 >1
V8a+1 841 8o+l

TOWARDS MATHEMATICAI
OLYMPIAD PROBLEM

Problem T10/587. For each positive integer n,
calculate the following integrals:

b) I;[e" ]dx
where [a] denotes the integral part of a number real a .

Problem T11/589. Find all functions SRR
that satisfy

f(f(x)—y)=f(2x2 +y)—8yf(x), Vx,yeR.

Problem T12/589.

a) jge["]dx

Let ABC be a triangle that is
angled nor isosceles. Points D, E,
and F lic on the lines BC, CA4, and 4B,
respectively, such that triangle DEF is directly
congruent to triangle ABC (that is, congruent with
the same orientation). Let A and K be the
orthocenters of triangles A4BC and DEF,
respectively. If O is the circumcenter of triangle
DEF, prove that triangle HKXO is equilateral.

neither right-

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)
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Bai T1/585. Tim 56 nguyén dwong n nhé nhadt sao
cho tat ca 21 phén sé sau day déu téi gian
2 3 4 21 22
P+3 45 w47 v a1 P eas’

Loi gidi. M&i phan ) trong d& bai déu c6 dang

e trong @6 m va n déu 1a cac s nguyén
n’—=14+2m

duong, 2 < m < 22. D& théy rang néu n 1a s6 1é thi
mau sé cia mbi phén sb trén 13 s6 chin nén véi tir
sb 12 s6 chin thi phin sb nay khong tdi gian, do dé
mudn cac phan sé trén déu 13 phan s6 tbi gian ta
chi cin xét cac sb nguyén duong n chén.

V(’)in=21§ym=23—1=7thiph5.nsé% khong

12 phén s6 t6i gian.
Xét s6 chin n > 2. MAu sé cua phén sb tiy y néu
trén c6 dang:

B —1+2m=n- 1)@ +n+1)+2m,
néuldytrsbm=n—1hayla n=m+1 thi tir.sb
va miu sé déu chia hét cho s6 nguyén duong m
16n hon 1, do d6 phan sb nay khong t6i gian. T
46 do 2 <m <22 thi s chin n can phai 16n hon
22.

Xét n = 24, mau sb ciia mdi phan sb trén co dang
23 _1+2m= (24— 1)24 +24+1)+2m
=23.601 + 2m.
Céc s6 23 va 601 déu 1a cac sb nguyén t6 nén chi
c6 udc s6 nguyén duong la 1 va chinh né.
Véi 2 < m < 22 thi udc sb chung lon nhét cia tir
s6 va mAu sb 1a
(m, 23.601 + 2m) (m, 23. 601) =1,
do @6 tir s6 va mAu sb ciia 21 phan sb trong dé bai
déu 1a phan sb t6i gian. Vdy n=2412 s6 nguyén

duong nhé nhét dé tit ca 21 phén s6 trong dé bai
déu toi gian.
Nhdn xét. Chiic mimg ban Pham Quoc Vinh, 6C2B,
THCS Archimedes Academy, Cau Gidy, Ha N§i , da
giai dung bai nay.

NGUYEN VIET HAI

Bai T2/585. Tim cdc sé ti nhién abe (co ba chir

55) sao cho théa man N abc =\ cba +9.

Léi gidi. Tir ding thic da cho, ta thiy chir sb a
phai 16n hon chit s6 c.

Binh phuong hai vé cua déng thirc da cho va bién
ddi, ta thu duoc déng thirc sau:

99(a—c)=18v/cba+81

= 11(a=c)=2vcba+9  (1).
Vi vé trai cua (1) 1a mot s6 nguyén duong nén suy
ra Zb—aphéi 12 mot s chinh phuong. Tir d6 suy ra
vé phai cua (1) 1a s6 nguyén duong 1é hay a—cla
mét s6 nguyén duong 1€ (2).

Ta ciing c6: 2v/cba+9>2+/100+9=29

va 2\eba +9<211024+9=64+9=T3.
Suy ra: 29<11(a—c)<73 (3).

T (2) va (3), suy ra: a—ce{3;5}.

e V6i a-c=3,thay vao (1) ta duogc: cha=144
—>abc=441 (thoa man déng thic di cho).

* V&i a-c=5,thay vao (1) ta dugc: cba=529

= abc=925 (khong thoa man ding thirc da cho).
Vay sb tr nhién thoa min yéu ciu bai toan la
abc=441.

Nhdn xét. Phuong phap giai bai toan nay két hop
khéo 1éo giira Pai s va S6 hoc bing cach binh
phuong hai vé va phan tich cdu tao sé dé triét tidu
chir s6 hang chuc. Piém miu chdt 1a ding tink chat
56 chinh phwong va chén khodng gid tri cua sb ¢6 ba
chit s& dé thu hep t6i da cic truong hop cua hiéu
a—c. Cudi cing, viéc thir lai didu kién bai toan la
budc bit budc dé loai bod cac nghiém ngoai lai va tim
ra két qua chinh xac. Trong céc ban giri bai dén Toa
soan c¢6 ban V6 Nguyén Tam An, 7A2, THCS Cin

TOAN HOC
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Puéc, Cin Dudc, TAy Ninh c6 19i giai tbt va gibng
Vi cdch gidi trén cua téc gid. Cling tuyén dwong cic
ban c6 tén sau: HA N@i: Pham Qudc Vinh, 6C2B,
THCS Archimedes Academy, Chu Gidy; Ngh¢ An:
Trwong Dinh Quéc Anh, 7E, THCS Ly Nhét Quang,
D6 Luwong; Nguyén Vigt Anh, Dang Van Hoang,
7A1, THCS Quén Hanh, Nghi Loc (cho 1di giai ding
nhung trinh bay hoi dai dong).

TRAN TH] KIM THANH

Bai T3/585 . Cho cdc s6 ty nhién a, b, ¢ théa man
ab+bc+ca=2024c*> va a-b la sé nguyén 1.
Chirng minh rang 180c+1 la s6 chinh phwong.
Loi giai. Ta co:
ab+bc+ca=2024c? = ab+bc+ca+c?=2025c2
hay (a+c)(b+c)=(45c)2 *).
Goid=(a+c; b+c),suyra:
a+c:id va b+cid=a-b:d=d=1 hoic d=a-b
(vi a—b1a sb nguyén td) .
« TH1: Néu d=1, két hop véi (*) suy ra:
a+c=m?
{b+c=n2
va(m;n)=1.
Ta c6 a—b=(a+c)—(b+c)=m2—n?=(m—n)(m+n),

(1), véim, n1a cac s6 nguyén duong

két hop didu kién a-b 12 s6 nguyén t5 va
m —n < m + n voi moi sd nguyén duong m va n
nénm-n=1lhaym=n+1 (2).
Thay (1) va (2) vao (*) cé: 45c=(n+1)n

< 180c+1=4n*+4n+1=Q2n+1)

< 180c + 1 1a s6 chinh phuong.
e TH2: Néu d=a-b, két hgp voi (*) suy ra:
{a+c=(a—b)x

(3), v6i x, y 14 cac s6 ty nhién va
b+c=(a-b)y

(xy)=1 -
Ta c6: a—b=(a+c)—(b+c)=(a=b)(x~y), két hop

didu kién a—bla sb nguyén t6 nén x ~ y = 1 hay
x=y+ 1 (4). Thay (3) va (4) vao (*) cé:
(a-b)2 y(y+l)=(45€)2 = y(y+1)

1a s6 chinh phuong = y=0=>¢=0.

24
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Do d6 180¢ + 1 = 1 12 86 chinh phuong.

Nhin xét. Dy Ja bai todn vé s6 ch’i‘nh phu‘cmg’ kha
ta str dung dinh li: Vo1 a,zb la cac sé
te nhién thoa mn (a; b) =1 vé ab =" voin ld 55
nguyén duong thi a va b déu (a' " chinh Phu'cm;g‘
C6 nhidu ban doc di guri bai giai dén tda soan, hay
hét chc ban déu cb 101 gidi dang, tuy nhién cén c6
mot s6 ban xét thiéu trudng hop ¢ =0.

Ngodi céch giéi trén, ta c6 thc‘f giai thfo h?('mg sau:
dit p=a—bvoip la s0 nguyén to, suy ra
a=p + b, thay vao didu kién ab+bc+ca=2024c?
va bién déi dugc p?=(2b+p+92c)(2b+p—88c)
sau d6 1ap luan tuong tu nhu 1&i giai phia trén, cha
¥ xét ¢ = 0 va c khéc 0. Tuyén duong céc ban sau
c6 16 giai tot hon ca:

Céng hoa Ao: Lé Bach Hdi Dang, 3B, Truéng
Quéc té Song ngit cip 2,3 GIBS, TP. Graz; Ha Ngi:
Nguyén Minh Tudn, 8A, THPT chuyén Ha Noi -
Amsterdam, Nguyén Vii Khang, 7T, THCS Luong
Thé Vinh, Tan Triéu; Vinh Long: Podn Minh Phiic,
9/1, THCS Nguyén Khuyén, T4n Ngii; Lam Dong:
Hé Pai Viét, 9A10, THCS Quang Trung, Bao Léc;
TP. Hd Chi Minh: Hé Pinh Xudn Nhi, 8/7, THCS
Pham Vian Chiéu, Théong Tay Hoi; Nghé An: Lé
Hodng Long, 7A1, THCS Hoa Hiéu 2, Tay Hiéu,
Nguyén Viét Anh, Pdng Vin Hoang, 7A1, THCS
Quan Hanh, Nghi L§c, Pdng Ngoc Minh, 8C, THCS
bang Thai Mai; Quing Tri: Nguyén Chinh Qudn,
9°, THCS Péng Hai; Thanh Héa: Phung Quang
Minh, 8K,THCS Tran Mai Ninh, Hac Thanh, Nguyén
Vii Bitc Anh, 8A, TH&THCS Luong Chi, Tinh Gia;:
Ha Tinh: Lé Thj Thanh Binh, 8A3, THCS Lé Vin
Thiém, Thanh Sen; Ph\i Tho: Chu Ngoc Anh, Vi
Tudn ~Minh, 9A, THCS Ly Nam Pé&, Van Xuan,
Nguyén B‘do Chau, 8A6, THCS Yén Lac; Quing
Ninh: 7ran Phuong Dung, 9A, THCS Bic Son.

TRINH HOAI DUONG
BAi T4/585. Cho hinh lyc gidc 16i ABCDEF bt

quen thugc,

ky. Goi M, N, P lin lwot la trung diém cua cdc
canh AB, CD, EF. Chitng minh rang trong tam
cua tam giac MNP g trung diém cia doan thang

noi trong tam cia hai tam gidc ABC va DEF.
Loi gidi.
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Goi G, Gy, G2 lan luot 13 trong tdm cac tam giac
MNP, ABC, DEF. Goi I, K, H 1an lugt 13 trung
didm cac doan NP, G,D, GM. Theo tinh chit trong
tam, G 1a trung diém HI, G, 1a trung diém PK. Ap
dung tinh chat dudng trung binh ta co:

Gl // NK; NK I/ G,C nén C, I, G, thing hang.

1 1

Hon nira: Gy I =5NK =ZG2C

= G21=%CI (1).

Mt khac, ap dung hé qua dinh li Thalés trong tam
giac MIC ta co:

HG, MG 1

G\H/l CI va o HC——E Q).
Tir (1) va (2) suy ra:
G,I//IGH va G,I =G H.

Do 46 HG,IG, 1 hinh binh hanh, ma G la trung
diém HI nén G 14 trung diém G,G..
Nhin xét. Ban Andrea Fanchini, Cantu, Italy cho loi
gidi bing cach sir dung toa d¢ trong tim (barycentric
coordinates), ngoai ra, c4c ban dudi day c6 10i gidi tot:
TP. HCM: H4 Dinh Xudn Nhi, 8/7, THCS Pham Vin
Chiéu, p. Thong Tay Hoi; Thanh Hoéa: Mai Nam
Phong, 8K, THCS Trin Mai Ninh, p. Hac Thanh;
Nguyén Ba Pirc Anh, 8A, TH va THCS Luong Chi,
Tinh Gia; Lam Pdng: Hé Pai Viét, THCS Quang
Trung, Bao Loc (HS khong ghi 16p); Cong hoa Aoz Lé
Bach Hai Pang, 3B, truomg QT song ngit chp 2, 3
GIBS, TP. Graz.

NGUYEN THANH HONG

Bai T5/585. Cho da thirc P(x) hé s6 nguyén, c6
A A ’ ’ ” £ - \ ’ ~
ong tat ca cdc hé so bang 1 va thoa man
P(—x)=-P(x) vai moi 6 thue x. Tim tat ca cdc

A A . ~
§0 nguyén n thoa man

P(n'” o )+F’(112°)=I12”25 ).
Tir gia thiét suy ra:
P(-0)==P(0)=>P(0)=0.

P(1) chinh 1a tbng cc hé s cia da thirc P(x) nén

P(1)=1; P(-1)=—P()=-1; P(n*®)=—P(-n*).

Ap dung tinh chét: Véi P(x) la da thirc co hé 56

nguyén thi P(a)—P(b) chia hét cho a—bvdi moi

s6 nguyén a, b, tacod: Voinla s6 nguyen thi
P+ ) + P(r™) = P+ n?) — (—n29)

chia hét cho n'”**+ n’~ (- n*”) = n'%%+ n+ .

Do d6 n*® chia hét cho n'***+ n®+ r’.

Nhan thay: n'99+n2%+n3
=(n1996 —n)+(n? —n2)+(n> -1)+(n? +n+1)
=n(n1995 —1)+n2 (n?7 -1)+(n3 —1)+(n>+n+1)
=n(n3665 —1)+n2 (n32 =1)+(n> -1)+(n* +n+1).
Ma n3%-1 (keN') chia hét n3-1;
n3—1=(n-1)(n2+n+1) nén n'***+ n*+ n’chia hét

Loi gidi.

cho

cho n2+n+l.

Do d6 n**® chia hét cho n2+n+1 (1).

Lai c6 n2025-1=n6375—-1 chia hét cho n3-1nén
n2025 _1 chia hét cho n2+n+l (2).

Tir (1) va (2) suy ra 1 chia hét cho n2+n+l. Do
d6 n?+n+1bing 1 hoic - 1.

+ Véi n?2+n+1= 1 thi n(n+1)=0. Do d6 n =0

hoiic n=-1.Khin =0, ta cé:
P(0'+ 0%) + P(0*) = P (0) + P(0) = 0 = 0°**

(théa man (*)). Khin =-1, ta co:

P((- D'+ (= 1)) + P((- 1)**) = P(0) + P(-1)
) (_l):ozs

(thda man (*)).

+ Véi n2+n+l==1 thi n2+n+2=0. Mit khac

2
12
n2+n+2=(n+5) +l%>O,Vn.D0 d6 trudng hgp

ndy khdong xay ra.
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Viy céc s nguyén n théa man (*) 1a 0 va —1.

Nhdn xét. Da s cac ban tham gia gle’n bai ndy déu
cho két qua dung, nhung 13p lugn con rat dai dong.

Tuyén du:o*ng cac ban sau c6 101 gidi 1ap luén chit
ch€ va ngan gon:
Ha N§i: Nguyén Thai Vinh, 7A6, THCS Giang Vo;
Ngh€ An: Chdu Pang Ngoc Minh, 8C, THCS Déng
Thai Mai; Lam Pdng: Hé Pai Viét, THCS Quang
Trung, Bao Lic;

PHAM THI BACH NGOC
Bai T6/585. Goi

S= l+l,+ij+ 1+L+L+...
>  pbd
\/ I 1
+ . H+ i~ =
2025° 2026°

Loi gidi (cia tat ca cac ban). Xét sb hang tdng

quat A4,= 1+——1—+ : 5+ Taco:
(n+1)

Tim phan nguyén cua S.

1| 1 1 nz(n+l) (n+1)2+n2
(n+1) nz(n+l)2
n (n:"+2n+1)+(n2+2n+1)+n2
nz(n+l)2
_n4+2n3+3n2+2n+1=(n2+”'*'1)2
n? (n+1)2 nZ(n +1)2
1 1 n2+n+l1
4 1 } =
op e n? (n+1)>  n(n+l)
1 1 .1
=1+ =14 3
. n(n+l) n n+l

1 1 1 1
Do do: S:(]+I—5)+(l+———)+...

1 1 1 )
————— |=2025+4| l-—= |
(Hzozs 2026] ( 2026
Suy ra: 2025<8<2026. Viy [§]=2025.

Nhgn xét. Bai nay d& nén nhiéu ban, thim chi nhiéu
ban THCS tham gia gidi va giai ding. Tuy nhién,
khong c6 ban nao nhan xét, thi dy, 4, 1 s hiru ti.

Nhén xét ndy tuy nho, nhung gitp ta nhin bai todn
tha vj hon,

C@ng hoa Ao. Lé Bach Hai Ding, 3B, Trudng Quéc
té Song ngu’ cap 2.3 GIBS, TP. Graz. Binh Duong:
Lé Thj Hong Anh, 12A3, THPT Phu6c Vinh, Phg
Gito; Pa Ning: Lé Nguyen Khénh Triéu, 12/5,
THPT Théi Phién; Pik Lik: Pdo Van Hién, Trin
Quang Phat, 10 Toén 1, THPT chuyén Luong Vin
Chanh; Gia Lai: Nguyén Minh Qudn, 10A7, THPT
Chi Ling, Pleiku; Ha Tinh: Lé Thi Thanh Binh,
8A3, THCS Lé Vin Thiém, p. Thanh Sen; Dang Sy
Phucéc DBirc, 10 Toan 1, Ngé Bui Anh Khoa, Bui
Ting Lém, Lé Minh Manh, 11 Toan 1, Pham Viét Lé
Huy, 11 Toén 2, THPT chuyén Ha Tinh; Hung
Yén: Tran Gia Phii, 10 Toan 1, THPT chuyén Hung
Yén; Lam Ddng: Ho Pai Viét, 9A10, THCS Quang
Trung, Bao Loc; Nghé An: Dang Ngoc Minh, 8C,
THCS Ding Thai Mai, Nguyén Vian Birc Thdng,
11A3, THPT Hoang Mai; Phi Tho: Nguyén Bdo
Chéu, 8A6, Nguyén Hitu Dirc Tri, 8A6, THCS Yén
Lac, xa Tam Hdng; Chu Ngoc Anh, Vii Tudn Minh,
9A, THCS Ly Nam Pé, xa Van Xuan; Quéang Ninh:
Tran Phwong Dung, 9A, THCS Béc Son; Quing
Tri: Nguyén Chinh Qudn, 9°, THCS Dbng Hai,
Hoang Ha Uyén ’Nhi, Nguyén Tran Bdo Ngoc, 10
Toén 1, Phan Viéet Hoang, Lé Phuéc Quy, 11 Toan
2, THPT chuyén V§ Nguyén Giap; Tay Ninh: Tran
Lé Trong Phic, 11T1, THPT chuyén Tran Van Giau;
Thanh Héa: Nguyén Ba Pirc Anh, 8A, THCS Luong
Chi, Tinh Gia; Phing Quang Minh, 8K, THCS Tran
Mai Ninh, p. Hac Thanh; TP. H6 Chi Minh: Ho
Dinh Xudn Nhi, 8/7, THCS Pham Vin Chiéu, p.
Thong Tay Hoi; H6 Hiru Chi, Nguyén Minh Tri,
11A6, THPT Nguyén Céng Trir, p. Thong Tay Hoi:
Vinh Long: Nguyén Truong Duy, 9/5, THCS My
Héa, p.Bén Tre; Podn Minh Phic, 9/1, THCS
Nguyén Khuyén, p. Tén Ngai; Lé Hoang Khang,
THPT chuyén Nguyén Binh Khiém.

TA DUY PHUQNG
Bai T7/585. Tim tdt ca cdc s6 te nhién a, b, ¢ sao
cho \/a + 3 & \/b+4\/§ = m
Loi gidi. Binh phuong hai vé phuong trinh da cho,
ta c6: a+b+673+2y/(a+23)(b+4v3) =c+1243
hay 2vab+24+4a3 42543 =c—q—b+64/3.
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Binh phuong tiép ta dugc:
4ab+96+(16a+8b)\/3

=(c—a=b)2+12(c—a—b)\/3+108

hay 4ab—12—(c—a-b)*=(12c-28a-20b)/3.
Néu 12c-28a—20b=0 thi
3 4ab-12—(c—a-by
12¢-28a-20b
13 s6 hiru ti (v6 10).
Nhu véy ta phai c6:
12¢-28a-20b=0 va 4ab-12—(c—a—b)2=0.

_(4a+2bY

‘( 3 j '

Suy ra 9(ab-3)=(2a+b)? hay 4a2—5ab+b2=-27

hay (4a—b)(a—b)=—-27. Suy ra mét trong hai s6

4a-b, a—b phai chia hét cho 3, ma

(4a-b)—(a—b)=3a chia hét cho 3 nén ca hai sé

4a-b, a-b ddu chia hét cho 3. Hon nita

4a-b>a—b nén chi xay ra hai truong hgp sau:

Truomg hop 1: 4a-b=9 va a-b=-3. Ta tim

dugc a=4, b=7, c=21(thoa man).

Truong hop 2: 4a—b=3 va a—b=-9. Ta tim

duoc a=4, b=13, c=31(théa man).

Viy 6 ding hai b sé thoa man dé bai 1a:
(a,b,c)e{(4,7,21),(4,13,3 1}.

Nhin xét. Day 12 mot bai toan sé hoc don gién nén

¢6 nhidu ban tham gia giri 101 gidi vé toa soan. Pa s6

céc ban du c6 161 giai ding va giéi theo cach trén.

C6 mdt sb it ban c6 10i giai chua ding hoan tqan do

Iap luan sai hodc xét thiéu trudmg hop. Ban Ho Dinh

Suy ra c=%(7a+5b) va

Ta+5b )2

Xudn Nhi 13 ban duy nhét c6 chimg minh /3 14 s
V6 ti. D6 1a viéc lam cin thiét dé 1 giai thém chit
ch& va dé khong bi trir diém trong céc ki thi néu co
xudt hiéa dang to4n ndy. Céc ban sau ddy c6 16i giai
TP. Hd Chi Minh: Hé Pinh Xudn Nhi, 8/7, THCS
Pham Vin Chiéu, H6 Hiu Chi, 11A6, THPT
Nguyén Cong Trir; Cong hoa Ao: Lé Bach Hdi
Ding, 3B, Trudong Qubc té Song ngi clp 2, 3 GIBS,

TP. Graz; Quéang Tri: Lé Phudc Quy, 11 Toan 2,
Nguyén Tran Bao Ngoc, 10 Toan 1, THPT chuyén
V& Nguyén Gidp; Pa Ning: Lé Nguyén Khdnh
Triéu, 12/5, THPT Th4i Phién; LAm Ddng: Pham
Hai Triéu, 8A10, H6 Pai Viét, 9A10, THCS Quang
Trung; HA Tinh: Ngé Bui Anh Khoa, Nguyén Viét
Thé Tai, Nguyén Tung Duy, Bii Ting Ldm, 11 Toén
1, THPT chuyén Ha Tinh; Hung Yén: Trdn Gia
Phii, 10 Toan 1, THPT chuyén Hung Yén; Thanh
Héa: Phing Quang Minh, 8K, THCS Trin Mai
Ninh; Nguyén Bd Dirc Anh, 8A, TH, THCS Luong
Chi; Ha Ni: Nguyén Minh Tt udn, 8, THPT chuyén
Ha N6i — Amsterdam.

HOANG NGQC MINH

Bai T8/585. Cho tir dién ABCD c¢6 hai mat ABC
va ABD la cac tam gidc nhon. Goi E, F lan leot la
hinh chiéu vuéng goc cua A trén cdc duwong thang
BD, BC. Chimg minh rang cdc diém C, B EFE
nam trén mot dweong tron khi va chi khi cac duong
thang AB va CD vudng goc véi nhau.

Loi gidi.

HQ
B Q\ D
F
(G,

Ké duong cao CH cua tam giac ABC. Ta co
A,C,F,H nim trén dudng tron duong kinh AC
nén BH-BA=BF-BC.
+ Néu C,D,E,F cung nim trén mdt dudng tron
thi BE-BD=BF-BC.
Ta thu dugc BH-BA=BF-BC=BE-BD, suy ra
A,H,E,D nim trén duong tron dudng kinh 4D .
T d6 ABLDH. Ma ABLCH nén AB1(CHD).
Vivady AB1CD.
+ Néu ABLCD,khi 46 ABL(CHD), suy ra
ABLDH. Do 46 A,H,E,D nim trén dudng tron

duong kinh A4D.Ta thu dugc BE-BD=BH-BA.
Ma ta dd c6 BH-BA=BF-BC nén

BE-BD=BF-BC.
S8 589 (7-2026) T?ﬂ'r“uggg 27
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Suyra C, D, E, F clng nim trén m6t dudng tron.
Nhdn xét. Dy 13 mot bai toan kha co ban, tuy nhién
khong c6 nhiéu ban tham gia gidi. Cic ban sau diy
¢ 16 gidi t6t: Vinh Long: Lé Hoang Khang, 11T1,
THPT chuyén Nguyén Binh Khiém; Lim Dong: Ho
Dai Viét, 9A10, THCS Quang Trung, Bio Léc;
Hung Yén: D6 Quang Anh, 11T1, THPT chuyén
Hung Yén, TP.H& Chi Minh: Hé Hitu Tri, 11A6,
THPT Nguyén Cong Trir; Pa Ning: Lé Nguyén
Khanh Triéu, 12/5, THPT Thai Phién; Tay Ninh:
Nguyén Anh Thu, THPT chuyén Trin Vin Gidu.
NGUYEN VAN LINH

Bai T9/585. Chung minh rang véi moi tam gidc

cos i i 33
ABC. ta c6- é) £ (LR L L T
2 2 2 6

Léi gigi. Do so suit trong luc ché ban nén dé bai
da 1am sai léch so véi dé bai gbc cua tac gia. Dé
bai gbc nhur sau:

Chirng minh rang véi moi tam gidc ABC bét ki ta

C()Sﬁ co E COSE &
z A) 2(B) sz(C) 2 (n) 2
co: | — — — <| — .
2 2 2 6

Thé nhung diéu déng tiéc 1a ca hai dé bai trén ddu
khong ding. Ching han, khi AABC déu thi
J3

CEREECEE LR

Xét tam gisc ABC véi 2:%,73:%,6:% thi

@G e

V2
_75 2
4
z0,132(—7£) ~0,186.
6

Rét c6 thé do dé bai sai nén khong ¢ nhiu ban
giri 101 giai hay ¥ kién vé toa soan. Ban Ho Dgi
Viét, 9A10, THCS Quang Trung, Bao L{c,
Dong v ban Phan Viét Hoang, 11 Toén 2, THPT

Lam

TOAN HOC
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chuyén V3 Nguyén Gi4p, Quang Tri cling phét
hién dugc 42 bai sai nhung khong d& xuit bat ki y
kién nao. Céc ban: Vi Duy Manh, 10T1, THPT
chuyén Lam Son, Thanh Hoa; Nguyén Vin Dic
Thdng, 11A3, THPT Hoang Mai, Ngh¢ An; o
Hiru Chi, 11A6, THPT Nguyén Cong Trtr, TP. H$
Chi Minh déu phat hién dugc dé bai sai va dua ra
dé xuét chinh stra lai thanh:
3

cosﬁ cosg C cosg p- —2—
7 ) 2 6

Thé nhung tAt ca 10i gidi cac ban dua ra cho phién

ban da chinh stra ciia minh déu khong dung. Ngoai

ra, ban Lé Hoang Khang, 11T1, THPT chuyén

Nguyén Binh Khiém, Vinh Long do khdng phat

hién dugc dé bai sai nén da giri mot 1o giai sai

dén toa soan. Toa soan thanh thét xin 15i ban doc.
NGUYEN VIET HUNG

Bai T10/585. Cho day s6 (u,) xdc dinh nhir sau

{uo =2,u = 2.5
Uyp = 2\/§u,,+1 =Ry m =0,1; .
a) Chimg minh rang phuang trinh
Upio X' —U —S15000X +2020=0 (1).
cd it nhat hai nghiém thuc phan biét thuéc khoang

(0;24/5).

b) Tim tat ca cdc s6 thue a sao cho day s6 (v,)

2019x

n

-y SERI .

xac dinh boi v"—C,,u"+Za Ciu, ,,Vn=0,1,2,..
k=1

6 gidi han hitu han.

Loi gidi. a) Truorc tién ta xac¢ dinh sé hang téng

quat cia diy s (1) da cho. Tur gia thiét ta co
phuong trinh dic trung;

12—2\/§l+4=0c>['1=\/—5.-1‘
A=5+1

c0 dang:
u, = A5 -1)" + B(5 +1y,

Do d6 s6 hang tong quat cia u,

0{u0—2 3{A+B 2
u =25 ANS -1+ B(5+1)=245
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=1
2{;=1 Véy u, =(\/§_1)n +(\/§+1)".

ulHl ,"=0,1,2‘.“
u,
pit c,=\/§—1, G, =5 +1. Ta c6:

n+2 n+2

Upea¥n — =(e "+ ) +cy) - (e + c;“)
=(,c;) (cl +67) - 2(ce;)"™ =12(¢,c, ) - 8(c,c,)"
_d(ee,) =4™ >0,Yn=0,1,2,...

g~y >0,V =0,1,2,...

xét diy sO 4, =

la day tang. Hon

n+l

pira: lim g, = lim—~

(\/— D™ + (/5 +1)™
=1y + (5 +1)

Do dé: ,uo<p,,<x./§+l

—x/§+1.

hay 5 <21 <5 +1,Vn =0,1,2,... (*).
u

n

Pit  f(x)=tex" —5u,,,x+2020. Ta cb
fix) lién tuc trén R. Hon nita, f(0)=2020>0.

2
—Uyg19X

Fi (\/g) =25Uy19 = Sthyg19 — 5\/guzozo +2020
=201y, — 53 Sthy50 +2020.

Tir () ta ¢6: 1y > \/Sthygr = —5N Sttagy <—250znsg
= f(J5) < =5u,, +2020 < 0.

7(2\5)=380uy,, ~103/Stt50, +2020.

Tir (*) suy 1a: g, < (V5 + Dityopy

=10Vt > 1085 (35 + Dty =(~50—10Y5)t
= £(245) > (330-103/5 )iy, +2020>0.

Viy: f(0)f(4/5)<0, f(/5)f(2+/5)<0. Suy ra
PT(1) ¢6 it nhit mot nghiém trong khoang (0,4/5)
va c6 it nhat mot hghiém trong khoang 5 24/5).
Vay PT(1) c¢6 it nhét 2 nghi¢gm trong khoang
(0,245).

b) Ta c6: v, =C,',’u" +ia"C,’,‘u,,_/.’v" =0,1,2,...

k=1

=5-1,¢c,="5+1 ta

n

" ko n-k -k

o v, =C(c! +¢))+ 2, 2" C (e +¢7)
k=1

Thay u,=¢/ +c; voi ¢

=(CPey + C,',c,""a+...+C;'a")+(Cf,’c;' + C,',c;"‘a+...+C,’,'a")
=(¢,+a)" +(c, +a)".
Hon nita ¢, +a<c,+a nén diy (v,) c6 gidi han

~l<g+a
hitu han & -l<q+a<g+asle

@{—1<\/§—1+a©{a> J-
S5+1+a<l a<—5
Viay khong tdn tai s thuc o dé day (v,) co gidi
han hiru han.

Nhdn xét. 1) St dyng tinh lién tuc cua ham f(x) ta
ciing c6 thé chimg minh PT(1) ¢6 it nhét mot nghi¢m
trong mdi khoang (0, 1) va (1, 245).

2) Ngoai cach x4c dinh s6 hang téng quét u, thong
qua phuong trinh dic trung cua day truy héi nhu
trén, ta co thé x4c dinh va chimg minh cong thirc nay

c,+asl

(v6 nghi¢m).

bang quy nap. Loi gidi clia mot s6 ban lam theo
hudng nay.
3) Céc ban sau c6 10i giai ding: An Giang: Nguyén
Hoai Nhanh, 11T2, THPT chuyén Huynh Man Dat;
Ha Tinh: Phan Viét Lé Huy, 11 Toan 2, THPT
chuyén Ha Tinh; Hung Yén: D6 Quang Anh, 11
Toan 1, THPT chuyén Hung Yén; Lam Pdng: Ho
Dai Viét, 9A10, THCS Quang Trung.

TRAN HUU NAM
Bai T11/585. Cho ham s6 y = f(x) xdc dinh, lién
tuc trén R biét

f(x+1)=f(x),VxeR, f(x)>0,VxeR.

Gl
Sl xw
a) Chitng minh rang I—————d\ >1.

f(x)

b) Xdc dinh tat cd cde s6 a sao cho

j/(\ HZ)
0

Loi gidi. (Theo da s6 cdc ban).
a) Ta sir dung bién dbi

TOAN HOC
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L)L
4 (”2Lx+j ®

1
*1(+3)

dt (do f(x+1)=f(x))

b) Xét acR. Sir dung bét déng thitc e*>u+1 vdi
moi u€R, ta thu dugc:
elnf(x+a-nf(x) >1n f(x+a)-In f(x)+],VxeR
o LEED 5 e gy tnghi(idnd, Ve R,
f(x)
Suy ra:

1
I (x+a) SG+a) o jlnf(x+a)dx—.f1nf(x)dx+1 Q).
0

Vi ham sé f(x) tuin hoan véi chu ky 1 trén R

nén v&i moi sO thuc a ta déu co:

a+l

j S (x)dx= j S (.

Pé v ring ham s6 g(x):=Inf(x+a) ciing 12 ham
tudn hoan chu ky 1 trén R nén

a+l

j Inf(x+a)dx= J’ Inf(x)dx= j Inf (x)dx.

Thay vao (1) ta thu duoc [ I%dm, img v6i
0

moi aeR.

Nhin xét. Ciing c6 thé giai quyét ciu b) dya vao tinh
chit: a =[a] + o v6i a€[0,]) va xét tinh chit cua
ham sb 16i kha vi ( f"(x)>0,VxeR )

g(x)2g(u)+g'(u)(x—u),

TOAN HOC
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ta ciing thu duqc bat déng thirc

(x+
o J()

Co6 ban glél bing cach sir dung phuong trinh ham
dang sai phan trong 16p him tudn hoan chu ky 1
ciing cho két qua dung.

Cac ban sau ddy co 1oi giai dang: Da Ning: Lé
Nguyén Khdnh Triéu, 12/5, THPT Thai Phién; Ha
Tinh: Nguyén Viét Thé Tai , 11T1, THPT Chuyén
Ha Tinh; Lam Pdng: H6 Pai Viét, 9A, THCS
Quang Trung, Béo Léc.

L2272 dx>1, g véi moi aeR.

NGUYEN VAN MAU
Bai T12/585. Cho tam gidc ABC va diém M bat ky

trong mat phang. Chirng minh rang:

BC* +CA* + AB’
(A/A+MBw MC)*

MA?

+MB2 MC:
BC® A

2 an ]
“ Al

Léi gidi. Ta cin c6 ba bb dé.
B& d& 1. Cho tam gidc ABC va diém M.
1) Néu max{2,§,6}<120° thi tén tai diém T ném
trong tam giac sao cho
BTC=CTA=ATB=120° vi MA+MB+MC nho
nhit & M=T.
2) Néu max{4,B,C}>120° thi

a) Khi 4>120°
MA+MB+MC nhé nhat < M=A.
b) Khi B>120°
MA+MB+MC nhé nhit < M=B.
¢) Khi C=120°
MA+MB+MC nhé nhat < M=C.
Bd dé 1 rit quen thudc, khéng trinh bay cach
chirng minh ¢ day.
Piém T trong bd dé 1 dugc goi 13 diém Fermat cua
tam gidc ABC.
Chii y: Ky higu ) & phin duéi hidu la 2.
e
Bé d& 2. Cho tam gidgc ABC va diém M, ta c6
MA2

bzz
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c[;xing”‘i”"° V6i Vx,p,zeR va VM | ta co:
(me)z =Y x2MA2+23" yzMB.MC
=D NI MAR+ D yz(MB2 + MC? —q2)
(X)X xMA2)=3 yza? 20,
Dodé: (Tx)(TaMa?)>Y yza®,

1 1
Vit g sy

1
'b_z-:
MA2

Tu 4o, dat x=

b2c2
Bb dé 3. Cho tam gidc ABC va diém M, ta cé:
> M. i
b2c2 (ZW)Z

Chumng minh. C6 hai truong hgp xay ra.

Truong hop I: max{?l,ie,&}<120°.
Goi 7 12 diém Fermat ctia tam giac 4BC. Theo bd
dé1,taco: Y MA>)TA (1).
Dit TA=x,TB=y,JC=z. Khéng mit tinh tong
quat gia su x+y+z=1 (2).
Pat 3 yz=m. Vi BTC=120° nén, theo dinh li
cOsin, ta co:
a2=y2+yz+22 =(Tx) (L rz)-x(Xx)
=l-m—x.
Tuong tu: b2=1-m-y,c2=1-m—z.
Viy
. Za2=Z(1—m—x)=2—3m )
© Y =31-mmx =3(1-m ~2(1-m) () +

=3(1-m)’ ~2(1-m)+(1-2m)=2~6m-+3m?.
Y (Za) (Za) 2—3m (z_6m+3m2)

=1-3m+3m ;

s 1
Tir d6, cht y rang 0<m=Zyz‘.<.-;(Zx)2 =3’ suy

ra: (204)_(2‘12)(21’202):

=(2—-6m+3m2 )—(2—3m)(1—3m +3m2)
=3m-12m? +9m3 =3m(l—m)(1-3m)20.

2at
szcz ZZaz ’

Do d6:

Ze, 3o
2P ()

Truong hop 2. max{2,§,6}2120°. Khong mat

Két hoi véi (1) va (2) suy ra <&—

tinh tong quat gia sir 4>120°.
Theo bd dé 1, ta cé: D MA=b+c (3).

Za“ Zaz

szcz b+c)
2b+e)’ 2302
Z 2. B
2(b+c) Za:’- 2Y b2c2-) a
2= >
> a? > at

(Za“)[ b+c Zaz}Z(Zaz)(Zszcz—Za“).
DE théy Fa*23(Ya?)' 223622~ Fat
Do d6: Y a* Zﬁ(Zaz)\/Zszcz =>a* (5.

Mait khac:

Ta s& chimg minh

Puong nhién (4) <

\}3 b+c)-a :I[az b-c) |- 32Xt -3 a*)(®).
Nhén vé vé6i vé caa (5) va (6), ta co:
(Za4)l:2(b+c)2 —Zaz]Z(Zaz)(Zszcz —Za“).
Viy (4) dugc chirng minh.

Tém lai trong ca hai trudng hop ta déu c6:
3 a N 3 a2 |
202 (Y ma)’

Tro lai giai bai toan T12/585.

MA? > BC? :
BCE (X may

Nh@n xét. 1) Bai todn ndy kho, chi c6 3 ban tham gia
giai.

Tir céic b0 dé 2 va 3 suy ra: 3

S3& 589 (7-2026) T?gll-“u:gg 3 1
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2) Xin néu tén ca 3 ban: Thanh Héa: Vi Duy Manh,
10T1, THPT chuyén Lam Son; LAm Dﬁng: Hé Pai
Viét, THCS Quang Trung, Bao Lc; Italy: Andrea
Fanchini, Cantuf}

3) Cac ban Vi Duy Manh va Andrea Fanchini cb 1&i
gidi kha ngin gon nhung lai phai sir dung két qua

2
> M4 2.0

2
ndy khong hé don gian.

+24/3S, viée chimg minh két qua

NGUYEN MINH HA
Bai L1/385. Hai vat (1) va (2) c6 cung khéi heong

cho tiép xiic va trao déi nhiét véi nhau. Hinh dudi
la do thi biéu dién s thay déi nhiét do ciia tung
vt theo nhiét livong ma hai vdt trao doi cho nhau.
Biét nhiét do tai giao diém cua hai do thi la
100 °C. Nhié¢t d6 ban ddu ctua vt (1) bdang bao
nhiéu °C? (Két qua lam tron dén chiv sé hang don

).
A
nK)
(1)
)

45° 60;>‘
o Q

5
14

Loi giai. Goi cac diém A4, B, C nhu hinh vé.
nKy|

(1)
B
@/

(45 oo"/ .y
0 A Y

Do nhiét dé tai giao diém cua hai dé thj la 100 °C
hay 373 K nén 4B = 373.

AOAB vudng céan tai O =04 = AB =373
= B(373; 373). Pudng thing (1) tao voi Ox mjt
goc 1a 180° — 60° = 120°
= phuong trinh dudng thing (1) c6 dgng:

y=(tan120°)x+b=—/3x+b.

Ma dudng thing (1) qua B(373; 373)

TOAN HOC
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373 3+b=373 =b=373+3733

—C(0,37343+373)
_s nhi¢t 9 ban ddu ctia vat (1) la:

(3733/3+373) (K) hay 746 °C.
Nhgn xét. Chic murng hai ban: Truong Khanh Toan,
Dinh Vian Truong, 11 LY, truong THPT chuyén Ha
Tinh, Ha Tinh dé c6 1oi giai dang cho d¢ ra ki nay.

PINH THI THAI QUYNH
Bai L2/585. Dong dién xoay chiéu chay qua mot
doan mach co biéu thirc: i =2cos(1007t), vdi i co
don vi (A) va t cé don vi (s). Xdc dinh dién leong
chuyén qua tiét dién thang cua day dan doan

mach trong tho gian % chu ki tinh tir thoi diém

ban dau theo don vi (mC). (Két qua lam tron dén
hang phan muwoi). '
Léi gidi. Pién luong g chuyén qua tiét dién tl}éng
ciia diy din trong khoang thoi gian tir # dén 1,
dugc tinh béang tich phan ciia cuong d6 dong dién
)
theo thoi gian: g = I i(t)dt voit, =0
4

I L2z 1. 2%

o A AL T
4 4w 41007
0,005
=g= [ 2cos(100z)dt
0
2 0,005
= sin(100
[1007[ ( m):|0
e 0000 R
1007 T

1 ..o 1]
=/ Sin—=—x =3 (O~
50”. n 2 50”_ 6:3710 C~6,4 mC.

Nhin xét. Chic mimg cac ban sau 6 15 giai dung:
Ha ’I‘Enh: Truong Khanh Toan, Dinh Van Truong,
Neguyen Lé Khanh Ha, 11 Ly, Ding Van Lé Manh,
|1 Todn 1, THPT chuyén Ha Tinh: Lam Déng: Ho
Dai Viét, 9A10, THCS Quang Trung, Biao Loc;
Hung Yen: Trin Mai gnp, 1 Ly, THPT chuyén
Hung Yeén. ;

NGUYEN XUAN QUANG
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PHUONG PHAP

GIRT TOKR

Ky thi Todn hQC Quéc & IMO 1983 tai Phap c6
mét bai todn ve bat déng thirc kho va hay. Du da
trai qua 43 nam, nhung méi 14n doc lai bai toan
ndy ching ta cang khdm phuc cach giai dep, co
dong, doc ddo, c6 moét khong hai cia thi sinh
Bernhard Leeb. V6i cach giai d6, ban giam khao
da trao cho Bernhard Leeb phan thudng cao nhit
cua ky thi: GIAI DAC BIET.
Téc gia xin gi6i thiéu lai ndi dung bai bat ding
thirc thi IMO 1983 cling v6i ba cach giai dep, hap
dan cua ban gidm khdo, cia Bernhard Leeb va cua
nha gido 7 van Phuong. Pdng thoi ciing dua ra
mot s6 md réng méi cho bai toan, kém theo cac
cach giai dé ban doc tham khao.
1. Bai toan bét ding thirc trong ky thi IMO
1983
Cho a, b, ¢ la la dé dai ba canh ciia mgt tam gidc.
Chimg minh rang:
azb(a—b)+b2c(b—c)+c2a(c—a)20.
Loi gidi.
Céch 1. Phép thé Ravi, ddp dn ciia ban gidm khao
Via, b, ¢ 1 45 dai ba canh ciia mot tam gidc nén

ta diit: x b+c a’y=c+a—b,z=a+b—c.
2 2 2

Khi d6 x, y, z 1a cic s6 duong va a =y+z,
b=z+x, c=x+y.
Thay a, b, ¢ vio bai toan bét déng thirc va thuc
hién céc phép bién ddi, ta dugc bét ding thirc
tuong duong; xy* + yz° +2x° 2 xyz(x+y+z) M.
Theo bat ding thirc Cauchy — Schwarz ta co:

(9° +y2° + 22 )z +x+ y) 2 xpz(x+ y + 2)2 (2).

Déu ding thirc ciia (2) xay ra khi va chi khi
3 3 3
i=lz__=._x_ hay xX=y=2.
z x y

Suy ra ddu “=” cua bét ding thirc da cho xdy ra
khi va chi khi a=b=c hay tam gidc di cho la
tam giac déu.

Bai toan dugce ching minh.
Cich 2. Cach gidi cua thi sinh Bernhard Leeb

Khong mit tinh téng quat, gid su
a=max{a;b;c}. Khi d6 bét ding thirc da cho
twong duong véi bét dang thic:
a*b(a-b)+b’c(b—c)+ c*a(c-a)
=a(b+c-a)(b—c)2 +b(a—b)(a—c)('a+b—c)2 0.
Bét déng thirc trén ludn dang, tir d6 dan dén
két luan ciia bai toan. :

Cich 3. Cdch gidi cia nha gido Tran Phuong

Dit vé trai cua bét dang thirc da cho 1a 7. Ta co:

r=2](a-8)'(b+c-a)(b-c+a)+

~1L(b—c)2 (c+a —b)(c—a+b)
+(c - a)2 (a +b— c)(a -b+ c):l >0 (luén dang).
Tir day bai toan dugc chirng minh.
2. Mt sb bai toin mé rong méi cia bai todn vé
bAt déng thirc trong ky thi IMO 1983
Mo rong 1. Goi a, b, ¢ la do dai ba canh cua mot
tam giGc va a > 2. Chirng minh rang:
a®b(a-b)+b%(b-c)+ c®a(c-a)=0.
Loi gidi. Bai todn mé rong 1 da dung trong truong °*
hgp @ =2 (chinh 1a bai toin IMO 1983). Tiép
theo ta chirng minh bai toan cling diing khi « > 2.
Bit diing thirc trong bai todn nay khong thay déi
khi cac bién hoan vi vong quanh. Khéng mét tinh
tdng quét gia sir @ = max {a;b;c}.
eNéub2e=a"22p"22c%250
-b20, b-c20,c-a<0.
Khi d6 ta cé:

b ]
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a“'z.azb(a - b) > ba"zazb(a - b) 3).
ba'2bzc(b —c)= b*2b*e(b- c) ()
c**c*a(c-a)2b**cta(c- a) (5.
Cong vé vai vé cia (3), (4), (5) va sir dung bai
todn IMO 1983 sé dugc:
a®b(a-b)+b%c(b-c)+c%a(c- a)2
>p*? [azb(a -b)+ bzc(b—c)+cza(c— a)] 20.
*Néu c2b=a%22c%2 2572 >0,
a-b>20,b-c<0,c—ax<0.
Khi 46 ta co6:
a®*.a’b(a-b)=a""a’b(a-b) (6).
b*2b*c(b—c)2a**b’c(b-c) (D).

g2 .cza(c - a) > a“"zcza(c —-a) (8).

Cong vé vai vé caa (6), (7), (8) va lai sir dung bai
toan IMO 1983 s& duoc:
a®b(a—b)+b%c(b—c)+ c®a(c-a)2

>a%? [azb(a ~b)+b*c(b—c)+cta(c- a)] >0.
Ding thirc cia bai toan xay ra khi va chi khi
a = b = chay tam giac da cho 12 tam giéc déu.

Bai toan dugc chimg minh.

Bai toan vé bat déng thirc IMO 1983 khong chi
dang khi a, b, c 12 6 dai ba canh cia mdt tam
giac ma con ding cé trong cac truong hop sau:
Mé rong 2. Cho a2 b2 c>0. Chimg minh

a’b(a-b)+ b*c(b—c)+ ta(c- a)20 (*).
Léi gidi. Dt vé tréi cua (*¥) 1a P.

Cach I: Ta co:
P=(a —b)a(ab —c2)+ (b—c)c(b2 —ac).
Gia thiét cho a = b= ¢ 2 0 nén suy ra:
(a-b)a(ab—c*)20 ().
Xét hai truong hop sau:
THI: Néu (b* - ac) 20 thi

(b——c)c(b2 —ac)zo (10).
Tir (9) va (10) ta duge P 20.

TOAN HOC
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TH2: Néu b* —ac<0, ta d& dang ching minh
a-b)azac—b*20
ab=d* Z(b—C)CZO'
Tir hé trén nhén vé voi vé ciia hai bit ding thirc, ta
o (o Dalap-2)2 -l )
& P20,

DAu ding thic clia (*) Xy ra khi va chi khi:
a=b=chodc a=b#0,c=(

dugc

hodc a#0,b=c=0.
Pén day bét ding thirc (*) dugc chimg minh.
Céch 2. Theo bat dang thirc Cauchy, ta c6:
b+ b2a>2a’b?, be+Pb>2b%c?,
ca+alc>2d*2.
Cong vé voi vé ciia ba bét dang thirc trén ta dugc:
ab+bc+cia+ (a3c +b’a+ c3b)
> 2(a*b* + b2c? +c*a?).
Mit khac, tir gia thiét da cho ta co:
(a—b)(b—c)[(a2 +ab+b2)—(b2 +bc+c2)}20
& (a3 —b3)(b—c)—(b3 —c3)(a—b)2 0
o db+be+lazdlc+bla+ b
Suy ra: 2(a’b + b’c + a) 2 2(a’b” + b’ + c*a®)
sdb+bc+claza’b® + b +cfd’
= azb(a -b) +b2c(b —c)+ c*a(c—a)20.

Vay P > 0 (diéu phai chimg minh).
Cidch 3. Nhan thdy

P=azb(a—b)+bzc(b—c)+cza(c—a)
=b(a=b)(a=c)(a+b-c)+a(b+c-a)(b-c) -
Tix gid thiét ta c6 b(a—b)(a—c)(a+b-c)20.
THI: Néu (b+c~a)20 thi

a(b+c—a)(b—c)2 20, suyra P20.
TH2: Néu (b+c—a)<0, ta c6 cac kha niing sau:
(a_b)(““c)=02—ab—ac+bc
Zaz—ab—ac=a(a—b—c)
=(a-b)(a-c)2a(a-b-c)>0 (11);
b(a+b-c)=ab+p? _p,
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2b* +¢? ~2be=(b-c)* 20
_—_>b(a +b—c)2(b--c)2 20 (12).
Nhén vé véi vé cia (11) va (12) ta duoe:
b(a—b)(a-(‘)(a+b—c)2a(a—b-—c)(b—c)z.

Chuyén vé va rat gon s& dugc P > 0.
Cich 4. Vi gid thiét da cho d& thiy

a’b2ab® = a’b(a-b) > ab? (a-b).
Dodd: P2ab’(a-b)+bc(b-c)+ca(c-a)

=b*(a® —ab+bc-c?)-cla(a-c)

=(a—c)[b2(a+c—b)—c2a].
Suyra P>(a—c)[b?(a+c-b)-ca].
Dén diy ta chi cin
b (a+c-b)-c’a>0 ladu
Thaét vay, ta co:
bz(a+c—b)—c2a=a(b2—cz)—bz(b—c)

chiung minh

Zb(bZ\ —cz)—bz(b—c)=b2c—bc2
o b*(a+c-b)-c’a=bc(b-c)20.
Vay P20.

Mé rong 3. Cho a=bzc¢>0,a>0. Ching minh

a*(a-b) +b3(l)—c) c*(c—a) e
l)a—l ('114 (lr1~l
L gigi. » Khi a =0, bai toan da cho tré thanh
bai todn mé rdng 2.

*Khi a >0, tadua bét déng thirc vé dang:
2 .y B ot
ab(a—b)+b c(b c)+c a(c a)20 (13).
b c” a®
Te a2h2c>0, a>0 =>a” 2b* 2 >0,

a*b(a-b)20, b*c(b-c)20.

Do d6:
2 (a—b) ble(b-c) cfa(c-a)
VT(13)23-—(§,———)-+ (a,, L4 o

=La[a2b(a ~b) +b*c(b-¢) +cla(c —a)] 20(*"),
a

BAt diing thrc (**) diing, do 4p dyng mo rong 2.

a’(a-b) b (b-c) cz(c—-a)>0

Vay B! ! q%!
DAu déing thirc xay ra khi va chi khi a=b=c>0.
Dén day bai toan m& rng 3 duge chimg minh.
Mé rongd. Cho azbzcz0,k=2. C ‘hieng minh
rang a'b(a- I))+b‘ c(b-c)+ tale-a)=z0.
Loi gidi. Cdch 1. Tir gia thiét da cho dén dén:

a2 222+ 220, (a-b)20, (b-¢)20,

(c—a)<0.
Suy ra: a"'z.azb(a—b)Zbk"zazb(a—b) (14).
b*2b%c(b-c)=b""b*c(b~c) (15).
2 cta(c—a)zb**la(c~a) (16).

Cong vé véi vé cia (14), (15), (16) va sir dung bai
toan md rong 2 s€ dugec:

a*b(a-b)+b*c(b-c) +c*a(c-a)
2ht? [azb(a —b)+b’*c(b—c)+ c’a(c- a)] >0.
DAu ding thic xdy ra khi: a=b=c hoac
a=b>0,c=0 hoic a>0,b=c=0.
Bai toan dugc chimg minh.
Cich 2 (cia ban Phgm Pirc Nam, TP. H6 Chi
Minh). Véi gia thiét da cho, dé thiy:

a*b > ab* = a*b(a-b)= ab* (a-b).
Do d6 ta co6:
VT > ab* (a —b)+bkc(b—c)+cka(c—a)

=b"(a2 —ab+bc—c:)—c"a(a—c)

= VT 2(a —c)[b* (a+ c—b)—c‘a].
Pén day ta chi can chimg minh:
b* (a+c-b)-cta20 1adu.
Thit vy, ta co:
b* (a+c—b)—c‘a=a(b* -ct )—b'k (b-¢)

2 b(b" —c")-—b‘ (b-c)=b"c-bet

= (a+c-b)-ctax bc(b*" . e ) >0.
Viy bt ding thire dugc chimg minh,
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Mé& rng 5. Cho
Chirng minh rang
T 58% J O N
a (a-b) : b (b ()+ e \¢ (l)
hn~l Ca-l a-1
Loi giai.
* Khi @ =0, bai toan tré thanh bai mo rong 4.
* Khi @ > 0, ta dua bét ding thirc vé dang:
k k k
a'bla-b) bec(b- =
(a-b)  Pe(b=c) c'a(c-a)

ba Ca aa

azbzce>0,k22, a20.

2 0.

>0 (17).

Tra2b>c>0, a>0 =>a”2b" 2¢% >0,

akb(a -b)>0, b"c(b -c)20.
Do do:
k
VI(17)> a b(i_b) £ bkc(b—c) ) cka(c—a)
a

a® a®

=ala[a"b(a —b)+b"c(b -c)+ c"a(c % a)] >0 (18).

Bit d?mg thire (18) dang 1a do 4p dung mé rong 4.
k

vay (a=b) *(b-c) (c-a)

po-1 o1 e
Déu déng thirc ciia bai toan xay ra khi va chi khi
a=b=c>0.

Dén day bai toan m& rong 5 dugce chimg minh.
Cudi ciing thém mjt s6 bai toan mé rong dé
ban doc tvr giii

>0.

1.Cho a, b, ¢ >0 va
1
min{a;b;c} 2 -Zmax {a;b;c}.

Chtmg minh riing
azb(a _b)+bzc(b-—-c) +cza(c—- a) =0.

2. Cho a, b, c>0va ab,Jbc,Jea 1a o dai

ba canh ctiia mot tam giéc.
Chimg minh réng
azb(a—-b)+bzc(b—c)+cza(c—a) >0.
Tré lai bai todn vé bdt ddng thire trong ky thi IMO
1983 da cho chung ta théy strc séng manh liét cia
mot bai toan bat d'ing thire kinh dién hoan vi vong
quanh khong d6i ximg. Ching ta khéng chi thy
lai vé dep cia mot 161 gidi dat gidi dic biét tir
Bernhard Leeb, ma con khdm ph4 ra nhitng tang
sdu cua tu duy toan hoc théng qua céc phép bién
ddi dai sb rat nghé thuét cho nhing bai toan hinh
hoc, bai toan dai s6. Viéc téng quat hoa bai toan
IMO 1983 v6i sé mii @ >2 va cic mé rong khac
da ching minh ring mét bai toan kinh dién khong
bao gid 1a dimg yén, n6 ludn 12 manh dit mau m&
cho su sang tao. Hy vong bai viét ndy sé 1a nguén
cam himg nho bé khich 18 cic ban tré tiép tuc dio
sau, 13t lai nhimg vAn dé cii dé tim ra nhimg gié tri
moi mé va y nghia. Chic cac ban thanh cong!

*k***#***************************************************************************

HUONG DAN GIAI ... (Tiép theo trang 14)
Ky hiéu C 12 mjt tap hop tuy ¥ gdm 5 chi méo
€15 Cy5 .., Cs. Theo nguyén 1y Dirichlet, tdn tai
mét trong hai tip A, B chia it nhit 3 cha méo
thugc C. Khong giam tdng quat, gia sir d6 13 tip
A. Xét hai truéng hgp sau:

- THI1: Tap A chira dang bén chii méo thude C.
Khong giam tdng quat, gia sir d6 1a bén chu
€y,Cy,C3,C4. Khi d6 chi méo ¢5 € B. Mijt khac
cs lai khong lién két v6i cht méo ndo trong B.
Két hop v&i nhin xét (*), suy ra ¢; lién két véi 3
chii méo trong 4. Viy ta thim chi con tim dugce
chi méo cs lién két voi ca 3 cha méo con lai
trong C.

- TH2: Téap A chira ding 3 chi méo thude C, gia
sir 1a ¢;,¢5,¢3.Khi d6 B chira dung 2 chi méo
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thuée C 1a c,,c5. Suy ra B chira ding 2 cha meo
khong thuge C, ky hiéu 1a d, e. Ta thay mdi chi
meo thugc 4 ¢6 lién két véi 3 chi méo thudc B,
nhu vy 3 chii méo €1€;3,¢y tao ra 9 lién két. Xét
riéng 9 lién két ndy. Do mdi chi meéo lién két voi
ding 3 chi meo khac, nén hai cha meo d. e ¢o toi
da 6 lugt lién két trong 9 lién két trén. Suy ra hai
chi méo ¢,,¢q ¢6 mit trong tdi thidu 3 lién két.
Theo nguyén 1y Dirichlet, tdn tal mot trong hai
chi méo ¢;,¢qc6 mjt & hai lign két.

Vily trong moi truom
chii m&o lidn két vei
Tom lai, sb nguyé
bai 1a 5.

8 hop, ta ludn tim dugc mot
hai cha con lai.

n duong & nho nhit thoa man dé

5/7/136 P} ; 5 TRAN XUAN PANG
(4 Phan Dinh Phing, Phwong Nam pjn h, tinh Ninh Bink)

Gidi thi¢u
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Tom tit. Bai viét gi6i thigu mot sé bd dé dep vé
tinh hiru ti ca céc biéu thirc chira can thie. Tir
céc két qua co ban vé ciin bac hai cta sb nguyén
va tong cac can bac hai, ta thu dugc nhidu cong cu
hiru ich dé ching minh tinh hiru ti, v6 ti cua cac
biéu thitc ciin thirc trong s hoc so cép. Bai viét
cling trinh bay mdt sé émg dung tiéu biéu va m&
rong cho trrdng hop cén béc ba.
Téc gia xin giri 151 cdm on chan thanh dén thdy
Nguyén Tudn Ngoc, gido vién Tmb’hg THPT
chuyén Tién Giang, tinh Pong Thap, vi di cé
nhimg goép ¥ quy bau gidp tac gia chinh 1y va hoan
thién 11 giai bai toan 10 trong bai viét.
Giéi thigu. Trong sb hoc so cap, mét trong nhimg
chii ¢ thudng gap 1a xét tinh hiru ti hodc v6 ti cua
cac biéu thirc chira cin thirc. Viéc xac dinh tinh
chit nay thuong doi hoi 1ap luén chit ché vé quan
h¢ giira s6 nguyén, s6 hiru ti va chu tric cia cic s6
duéi ddu cin. Cac bd dé dudi day cung cip nhiing
két qua then chét cho loai bai toan nay. Ching
gitip tra 151 cac cau hoi ty nhién sau:
1. Khi nao cin bac hai cia mot sb nguyén 1a s6
hiru ti?
2. Khi tdng cia hai can béc hai 1a b hiru ti thi
diéu gi xay ra véi timg can?
3. Khi nio tdng hai cin bic hai cua chc sb
nguyén c6 thé cho két qué 1a s6 hiru ti?
4. Chc ¢ tuomg trén c6 thé mo rong dén ciin bic
ba ra sao?
Nhimg két qua nay khong chi c6 gia tri 1y thuyét
ma con xuAt hién thudng xuyén trong chc bai todn
thi hoc sinh gioi, cac bai toan chimg minh tinh
hiru i, v6 ti va c4c phuong trinh chira cén.

1. Babbae ,
Bb dd 1. Cho n la mét sé nguyén khong am. Néu

Jn 1a mpt 6 hivu ti thi N la mét s6 nguyén.
Chiing minh. Trudng hop n=0 thi hién nhién.

V6i n=1, vi Vn 1a mot sb hiru ti nén ta viet

Jn=2 , trong 46 p,q 1a cac sb nguyén duong va
q

‘ 2 ¢
(p.g)=1. Suy ra n=£2—. Vi n 1a so nguyén nén
q

p? chia hét cho ¢2. Hon nira (p.g)=1 nén g=1
hay n=p?.Khi d6 Jn=p 1a mdt s6 nguyén.

Véi bd d& trén, ta c6 nhan xét: Néu n 1a sb
nguyén khong am thi v/ hiru i khi va chi khi n
14 s& chinh phuong. Ngoai ra, bd @& 1 c6 thé duogc
mé rong nhu sau: Cho n la mét 56 nguyén khong
am va m la sé nguyén dwong, m=23 . Néu %n la
mét s6 hitu ti thi %n ciing la mét sé nguyén.

B& @& 2. Cho a,b la cdc s6 hitu ti khéng Gm. Néu
\[(; +\/Z la s6 hitu ti thi \/; ,sﬁ)- déu la cac s6 hiru
.

Chitng minh. Pit r=Ja+Jb 1a sé hiu ti.
Trudng hgp a=b=0 1a hién nhién. Véi r>0,

2r\/—b_=2(~/;+\i/5)\/l_>

=(b+2x/;\/-l;+a)+b—-a =r2+b-a

r2+b-a
r

Din dén Vb=

1a s4 hitu ti.

Chimg minh twong ty, ta ciing ¢6 v/a 1a sé hitu .

TOAN HOC
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Tir bd dé 1 va b dé 2, ching ta suy ra két qua
sau: Néu a,b la cdc sé ty nhién va Ja+b la sé

hiru ti thi a,b déu la céc sé chinh phwong.
That vy, theo bd dé 2, ta c6 va,vb 14 céc sb hiru
ti. Theo bd dé 1, Ja ,\[l; 1a cdc nguyén (khong

4m) nén a,b déu la cac s chinh phuong.
Chung ta s&¢ m& rong bd d& 2 bang mot két qua
sau:

= A ~ \ , X ~ ’ - - 4
BO de 3. Cho a,b la cdc so hitu ti khong am. Neéu

Ja+Jb+Jab la s6 hiu ti thi Ja b déu la cac
50 hitu ti.
Chirng minh. Truéng hop a=b=0 14 hién nhién.
Nguoc lai, vi r=va+Vb+Vab 14 sé hitu ti duong
nén
Ja+Jab=r—/b
<a+2ab+ab=r2-2r[b+b
©2(a+r)\/l_;=r2 +b—a—ab.

r2+b—a—ab

Tur d6, ta tinh duge Vb=—
2(a+r)

l1a so hiru

ti. Didu tuong tr ciing c6 véi Va .

Tir cac bd dé trén, ta c6 thé chuyén nhiéu bai toan

chira can vé viéc xét sé chinh phwong, liiy thua

dung hodc phuong trinh nghiém nguyén. Céc bai
toan sau day minh hoa cich van dung nhimg két
qué 46 dé thu dugc 16i giai gon va chit ché.

2. Cac bai toan

Bai toan 1. Chirng minh rang J2+3 i sévé i
Léi gidi. Gia sit N2++/3 14 sb hiru ti. Theo bé dé
2, ta suy ra «/E,\/g 14 céc sb hiru ti. Theo bd dé 1,
ta ¢c6 2, 3 la cac sd chinh phuong, vo ly. Vay
J2+/3 lasb vo ti.

Bai toan trén 1a mdt trudng hop riéng cta bai toan
téng quat hon nhu sau: Cho a,b la hai $6 tw nhién

phan biét va déu khéng chira binh phuong, c,d la
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hai sé hivu ti khde 0. Khi @6 ca+db khong
thé 1 56 hitu ti.

Chitng minh. Ta dung phuong phap phan ching,
pit r=cVa+db. Gia sit r 12 s6 hiru ti. Ta co

r2=(c\[a_+d\/3)2=c2a+d2b+20d\/a_l; 14 6 hitu

i, hay 2cd<ab 1a s6 hitu ti. Vi ¢,d 12 hai sé hiru
ti khac 0 nén didu nay xay ra khi \/a_b 13 s6 hiru
ti. Vi ab 14 sb nguyén nén theo Bd @& 1, ab 14 s6
chinh phuong, tirc 12 ab=k?, véi keN*. Khi do,
trong phan tich thanh thira sb nguyén td cia
k2=ab , moi s6 mii déu phai 1a sé chin. Xét mot
sé nguyén t6 p. Néu p xuét hién trong a ma
khong xuét hién trong b, thi trong ab, s6 mii ciia
p 1a 1, khéng chin. Diéu nay mau thuin véi viéc
ab 1a s6 chinh phuong. Vi vy, moi s6 nguyén t6
xudt hién trong a du phai xuit hién trong &.

Nguogc lai, moi sé nguyén t6 xuét hién trong b

cling phai xuét hién trong a. Do d6, a va b ¢6

cing tip thira s nguyén t6. Vi a,b déu khong

chira binh phuong, nén méi thira sé nguyén t6 chi

xuat hién véi s6 mii 1. Do d6, a=b, mau thuln.

Vay r khong thé 13 sé hitu ti.

Bai todn 2. T6n tai hay khong so nguyén dwong n

sao cho \N'n=1+vn+1 la s hiru u?

Loi gidi. T b4 d& 1 va bd dé 2, ta suy ra Vn-1
vd Yn+l déu 1a cdc sé nguyén (khong am). Dt
k=Vn-1 va I=\n+1 , ta nhan

n=k?+1=I2-1. Din dén 12—f2=7 Phuong trinh

dwoc

nay khong c6 nghiém nguyén (khéng 4m) nén
A A « A
khéng ton tai s nguyén n thoa bai toan.

Bai todan 3. Chyr : 3 I \ .
hing minh rang khong ton tai sO
nguyeén n sao cho \’I2;1;i+ \/r“wH? la s6 hitu tf

Loi gidi. Tix bd 48 1 va bd d& 2, ta suy ra V2n-1
va V3n+2

deu 14 céc s nguyen (kh6ng am).

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

- _.]=az,3"+2=b2
pit 2n (ab 1A cac b nguyén

duong)-
at+l b2-2

2 3 ey 2b-3qeag,

piéu ndy khong thé Xdy ra khi xét quan h¢ ddng
du theo modulo 3.

Diin dén: n=

Bai toan 4. (Problem 0704, Mathematical

Reflection) 7im tdt cd cac 56 nguyen dwong n sao
cho ;14:-1 * \/;_11—3 la mgt s6 nguyén,

Lo giai. T bd dé 1 va bd ¢é 2, ta suy ra Vn3+1
va J;T;E déu 1a céc sb nguyén (khong 4m).

pit s=Vnd+l va r=Vn+2, trong d6 st 13 céc
s6 nguyén duong. Tir 46, ta nhan dugc:

s2=n341 va 2=n+2.
Din dén s2=(r2-2)’+1. Khai trién biéu thi, ta
co 52 =(t3—3t)2 +312-7.
Néu 123 thi s>>(£-3)° . Hon nita, v6i 23, ta

con co 52 <(t3 —3t+1)2 . That vay, bét ding thirc
trén twong duong
(i3-31) +32=7<(£~3e+1)"

hay 213 -3t2—6t+8>0.

Bt déng thirc cudi ding, vi voi moi 123, ta co:
2331261 +8=(t—2) (212 +t—4)>0.

Vay khi ¢>3, ta ludn cé:

(13 -3!)2 <s? <(t3 —3t+1)2 A

b ~ 2 2 \
Piéu trén mau thudn, vi (13-31) (P -3r+1)" 14
hai s6 chinh phuong lién tiép.

Do d6 te{l,2} . Xét tryc tiép, ta c6 1=2,n=2,5=3.

Viy n=2.
Bai toan 5. Tim tat ca cdc sO ng

uvén n sao cho

Loi gidi. V6i n22, tir bd dé 3 két hgp bd dé 1,

suy ra m,m 1a chc 86 nguyén.

Dt k=vn=2,l=vn+7 (k,1€N).

DAn dén 12-k?=9. Giai phuong trinh nay, ta
duge cip sb nguyén (/,k) 1a (5,4),(3,0) . Tir 46, ta
tim dugc cac s6 nguyén n thoa bai toan Jan lugt
1a 18 va 2.

Bai toan 6. Chirng minh ring ton tai vo han 50
nguyén n sao cho ~Nn- |+ ~fz',ﬁ+ \/(;;:—]_)-(5 —?—)
la s6 hitu ti.

Loi gidi. Ta s& xay dyng v0 han sb nguyén duong
n sao cho ca n—1 va 2n—1 déu la céc s6 chinh
phuong. Pit n=a’+1 thi n-1=a?,aeN. Dé
2n-1 ciing chinh phuong, ta dat 2n-1=b%, beN
. Suy ra n=a*+1. Tir d6 b2 =2n-1=2(a?+1)-1
hay b2—2a%=1. Pay la phuong trinh Pell loai 1,
c6 nghiém co so 1a (bo,a0)=(3,2) va nghiém
(b, a,) cho boi cong thuc:

{bk o =3b, +4a,

-

JkeN .
=2b, +3a;

a1
Vi (b,), (a,) 1a cac ddy nguyén nén ton tai vo sb
s6 nguyén duong n thoa man bai toan.
Bai toan 7 [S709, Mathematical Reflection,
Titu Andreescu]. Tim tat ca cdc cap so nguyén
duong (mn) sao cho m+aVn-1 va n+ddm-1
déu la so chinh phieong.
Loi gigi. Dit m+4n-1=r2 va n+dfm-1=s2,
trong 6 m,neN'. T dé, suy ra Vn—-1,/m-1
ddu 13 cdc s6 hiu ti. TY b d& 2, suy ra
\/p—zjl-,\/n—z:l- déu 13 cdc sé nguyén (khong &m).
Do d0, ta c6 dat

Vm=l=a~n-1=b, trong d6 a,beN.

Khi d6 m=a2+1,n=b2+1, Suy ra:
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r?=a2+4b+1,s2 =b2+4a+1 (1).
Néu @ 1a s6 1& thi o +1=2 (modd), din dén
r?=2(mod4), vd 1y. Viy a 1a sé chiin. Tuong tyr,
ta cling ¢ b 13 s chin. Tix (1), ta cé:
(r—a)r+a)=4b+1, (s-b)(s+b)=4a+1 (2).
Néu r-a23 va s-b23 thi
4b+123(2a+3)=6a+9

va 4a+123(2b+3)=6b+9.
Din dén 4a>94a+20, mau thuin, vi a>0.
Chui y, tir (2) ta c6 r—a va s—b déulé. Do d9, it
nhit mot trong hai s6 r—a hodc s—b béng 1.
Trudng hop 1. r—a=1. T (2), ta cd r+a=4b+1
hay r=2b+1. Suyra a=2b. Do d6:

s2=b2 +8b+1¢> 52 =(b+4)* 15

& (s—(b+4))(s+(b+4))=-15.

Giai phuong trinh nghiém nguyén trén, ta c6 b=0
hodc b=4.Tiu d6 (m,n) nhan (L1) va (65,17).
Trudng hop 2. s—b=1. Tuong tw, (m,n) nhan
(L1) va (17,65).

Tém lai, tit ca cac cap (m,n) 1a

(1,1),(17,65),(65,17) .

Bai toin 8 [S693, Mathematical Reflection,
Dorin Andrica). Cho a, b la cdc s6 nguyén duong
phan biét.

a) Chirng minh ton tai hiru han cdc s6 nguyén
duong n sao cho \n+a+~n+b la mét s6 nguyén.

b) Tim tdt cd cdic sé6 hiu ti r sao cho
Jr+a+/r+b la 56 hitu ti,
Loi gidi.
a) Gia sir a>b. Tir bd dé& 1 va bd dé 2, ta ¢o

Jn+a va vJn+b déu 13 cac sb nguyén duong.
bit x=vn+a va y=vn+b . Tasuy ra:

TOAN HOC :
40 : CTudilye _ S3 589 (7-2026)

TR T I W RS

x1-y?=a-b hay (x=y)(x+y)=a-b.

Vi ab 1a mot s6 nguyén duong nén s6 cip uge
sb (k,l) cia a-b thoa ki=a~b 13 hitu han, ve;

kl=a-b va kEl(mOdZ). Khi d6, ta c6 thé bidy
k+1

-k
didn x="2—2Y="5"

han nén cdp (x,y) cling hiru han, do d6, ¢4 hiry

. Vi b cidp wéc 14 hiny

han gié tri n.

Nhén xét. Voi mbi cap (a,b) v6i a>b, ta co thé
tim s6 lwrong gia tri cua n thong qua sb lugng wge
(duong) cua a-b theo cac budc lam trén.

b) Gia st a>b. Xét sd hiu ti r sao cho
Jrta+Jr+b 13 sb hiru ti. T bd d& 2, ta c6
Jr+anNr+b  la Pit

s=vr+a,t="r+b thi s2—t2=a-b. Tiép tuc dit

p=s+t,g=s—t, thi p,q déu 14 cac s hiru ti va

cic sO hiru t.

- Ptq P—4q
Khi d = =
i d6 s > >

2
r=s2—a=(p—;qj —a 14 sb hiru ti.

pg=a-b.

va

Nguoc lai, v4i hai sb hiru ti D> q bat ki sao cho

pq = a - b. Dit S=p;-q’t=p;q (chon p.q

2
sao cho s,620) va r=(p_~2l-q) —a, ta c6 r+a=s>

va r+b=t2 nén vr+a+ r+b=s+teQ.
Vi ¢6 v6 han cip hiru i (p.q) théa pg=a—b nén
c6 vd han sd hiru ti  thoa bai toan. Ta c6 thé chi

y 5 Z - < . i s
ra sy xac dinh so hitu ti » thoa bai toin nhu sau:

g

=a,Vv6i p 1a s hitu ti bat ki khac 0.
Bii todn 9 [Problem of the month, Bilkent, 4-
2010). Cho ay,as,..

< la mot cap so cong (khong
phai hang

AN RN e s & it ;
80) gom cdc sé tw nhién. Gia s ton tal

A 15 ; X 3 . . :
$0 tw nhién n sao cho ~0‘,0/an la sé hitu ti. Chimng
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minh rang 1on tqi s6 tw nhién m sao cho 3/(?,, la

50 hitu ti nhung \/71; la 56 vo 1.

Loi gidi. Vi a, 1356 ty nhién va 20005 13 s hir

ti nén theo két qua sau bé dd 1, suy ra 20q, 1a

mot s6 tw nhién. Ta viét 201q, =¢ hay g, =200 )

din dén Ya, =57, Goi d 1a cdng sai cua cép sb

cong, d>0. Dat x=3a, eN . Xét sé:
s=(x(1+d2))3 =x3 (l+d2)3
=a, (1+3d2+3d* +d*)
=a,+d(3a,d+3a,d®+a,ds).

Ta cha ¥ ring sb (3a,,d+3a,,d3 +a,,d5) 12 mot sb

nguyén nén s 1a mot sé hang nao d6 trong cép s6
cong. Do do, tdn tai s tu nhién m sao cho
s=a,. Khido, %/:1:=x(l+d2)eN.

Tiép theo, gia st \[a, 13 sb hiru ti. Tir bd dé 1,
suy ra \/c_J; 14 sb tu nhién, dat k=\/21;eN .Tacéo
la sé chinh phuong, hon nifa,

am
A =s=(x(l+d 2))3 12 mot 1ap phuong. Do d6, moi
s6 mil trong phan tich thanh thira s6 nguyén 6 cua
4y déu 12 boi sb cita 6, suy ra x(1+d?) 12 mot so
chinh phuong. Nhung x=¢"" 1a chinh phuong,
nén 1+d2 ciing 12 s6 chinh phuong.
Mit khac, vi (a,) 12 chp s6 cong ty nhién khac
hing nén d>1. Tir 6, ta c6 danh gia:

d?<1+d? <(d+1)2.
Do dé, 1+d? khong thé 14 sb chinh phuong. Din
dén \[a,, 12 56 vo ti.
Tém lai, tdn tai sb ty nhién m sao cho Yan 1asd

hiru ti nhung Ja, 1asb vo ti.

Céc két qué trén chi yéu xoay quanh cin bc hai.
Mot chu hoi ty nhién 13 co két qua twong tu nhu
trén dtng v6i cin bic ba hay khong? Céu tra loi 1a
khéing dinh.

Bai ton 10. Cho a,b>1 la cde s6 nguyén duong
va khéng chira ldp phuong, ticc la trong phan tich
thita 56 nguyén 16 cia a, b moi s6 mii déu thugc

tdp {0,1,2};

minh rang cYa+d¥b la sé hitu ti khi va chi khi

a=b va c=—d.

¢, d la cac s6 hitu ti khéc 0. Chirng

Loi gigi. Ta dit r=ca+d¥b. Néu a=b va
c=—d thi r=0, la s hiru ti. Nguoc lai, gia sit »
1a s6 hiru ti. Ta xét hai truong hop sau.

Truong hop 1: r=0. Khi a6 cYa+d3/b=0 hay
¥a
I

duong, nguyén t6 cung nhau 1a u,v sao cho

a u
3—=— ha
5%

Xét mot s nguyén t6 bat ki p . Ki hiéu v,(n) 1a

d v R~ 2 A . - A ~
=—— 1a so hiru ti. Suy ra ton tai hai s6 nguyén
¢

3
2_% Dodd avd=hud.
b V3

s6 mii diing ctia p trong phan tich thira s6 nguyén

t6 cia n. Ta c6 v, (av3)=vp(bu3) hay
vp(a)—vp(b)=3(vp(u)—vp (v)) . Mit khac, vi a,b

khong chira lap phuong nén
v,(a),v,(b)€{0,1,2}. Do dé, v,(a)-v,(d)
thue tip {-2,-1,0,1,2}. Vi v,(a)-v,(b) chia hét
cho 3 nén v,(a)-v,(b)=0, din dén a=b. Thay

vao r=0, ta nhin dugc (c+d)%/g=0, din dén
c+d=0. Viy trong trudng hgp r=0, ta cé6 a=b
va c=-d .

Trudng hop 2: r#0. Ta s& chimg minh trudng
hgp ndy khéng thé xdy ra. Th{t vy, ta co:

r=cda+d3b+3cidYab+3cd? Yab? hay
r3 ~c'3a—¢13b=3cd%(c€/§+d%)=3cdr%.
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Tk 46, cht ¥ ¢,d,r déu 1a cc s6 hiru ti khac 0
nén suy ra Jab 1a s hiru ti. T nhan xét sau bd
@ 1, ta c6 Yab 1a sé nguyén duong. Do d6 ton
tai s nguyén duong m sao cho ab=m3. Dit

k=a thi %/E=—’£ . Thay vao r,taco r=ck+dLZ-

hay Q(k)=0, trong 46 Q(x)=cx?-rx+dm (*).

Mait khac, vi a>1 va a khong chira lap phuong
nén a khong phai la mot 1ap phuwong hoan hao. Ta
nhén thay da thitc P(x)=x3-a khéng c6 nghiém
hiru ti. Thét vay, vi P(x) 13 da thirc monic c6 hé
s6 nguyén nén néu nd c6 nghiém hiru ti thi
nghiém d6 13 mo6t sé nguyén, tic 13 tdn tai ¢
nguyén sao cho 2—a=0, hay a=£3, tirc 12 a 1a
mot 1ap phuong hoin hido, mau thuin véi nhén xét

a khong phai 1a mét 1ap phuong hoan hao. Vay

P(x) khéng c6 nghiém hitu ti va ¥a 1356 vo ti.

P(x) la da thirc bic ba, néu P(x) phén tich dugc

trén Q[x] thi P(x) phai c6 nhén tir bac nhat trén

Q[x], tirc 13 P(x) c6 mdt nghiém hiru ti, méu

thun. Do d6 P(x) bét kha quy trén Q[x].

Thuc hién phép chia P(x) cho O(x), ta co:
P(x)=0(x)H (x)+R(x),

trong d6 H(x),R(x)eQ[x] va degR<I.

Tacoé P(k)=0(k)=0 nén R(k)=0.

Néu R(x)=0 thi R(x) la da thirc hing khac 0,

dan dén R(k)#0, vd 1y; hodc R(x) 14 da thirc bac

nhét c6 dang R(x)=ux+v véi u,v 1a céc sd hitu
i, u#0. Vi R(k)=0 nén k=—> 1a 58 hiru ti, vé
u

1y vi k=3a 1a sb vdo ti. Viy R(x)=0 hay
P(x)=0(x)H(x), tic 1a P(x) kha quy trén Q[x],

TOAN HOC
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au thudn vai khing dinh trudc d6 vé tinh bét Kha
m

quy trén Q[x] cua P(x). ’
Vay truong hop +#0 khong thé xay ra. Bai toy

dugc chimg minh X0ng:

Nhdn xét. Lap lugn trén thuc chat cho thiy 3/,
khong thé 1a nghiém cua bat ki da thirc khac
khéng ndo co béc nho hon 3 va c6 hé sb hitu .

Hon nita, néu T(x)eQ[x] 1a da thirc bac ba nhan

34 1a nghiém thi T(x) phai 12 mot boi cia P(x),
tirc 12 ton tai s6 him ti A#0 sao cho
(x)=A(x"-a).

Két lugn. Céc bd dé trén 12 nhimg cong cu don
gian nhung hiru hiéu trong viéc nghién ciru tinh
hiru i, vo ti cia cac biéu thire chira cén. Tir cac
két qua co ban vé cin bac hai cla s6 nguyén, ta c6
thé x&t 1y nhidu bai toan vé sb chinh phuong,
phuong trinh cén thirc va ca nhitng md rong lién
quan dén can bic cao. Viéc van dung linh hoat céc
bd & nay gitip hoc sinh rén luyén tur duy logic,
kha ning nhén dién céu trac sb hoc va kj ning
chimg minh trong céc bai toan so cép.

Cubi cing 1a bai tap tr luyén danh cho ban doc.
BAI TAP

1. C6 ton tai sb nguyén n sao cho
1 56 hitu ti hay khéng?

Jn-2 +\/n—+’2_

2. C6 ton tai s8 nguyén n sao cho
1 56 hitu i hay khéng?

x/n—3+\/;;§

3. Chimg minh rang khong tén tai sé nguyén

3 .
sao cho vn +2n+2+/n+1 1a sO hiru ti

4. Tim tat ca c4c s nguyén dwong n sao cho

Va=14+v2n+5 13 mot sd nguyén.

5. Tdn tai hay khong sé hitu ti x khac 0 sao cho

5x+ 1+3x-1 14 86 hitu ti?
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TIENG ANH QUA CAC BAI TOAN
BAI SO 130

PROBLEM. There are infinitely many  prime

numbers of the form 4n4 3.
Solution: Now

N=4pp2-pr-1.

consider  the integer

that
N=-1=3(mod4). Since N>, it must have at

Observe

least one prime divisor. Let g be a prime divisor
of N.

Every odd prime is congruent to either 1 or 3

(mod4). By the special form of N, it has at least
one prime divisor g satisfying g =3(mod4).
We can show that g is not among the primes

P1sP2s--- Pk (Why?). And this contradicts the

assumption that py,pa,...,px  Were all such

primes.
Therefore, there must be infinitely many prime

numbers of the form 4n+3.

TU VUNG/KIi HIEU

infinitely many . VO 50

prime number . nguyen 1o

assume for the sake of . gia st phan

contradiction that chung rang

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hano)

BAI DICH SO 128

BAI TOAN. Cho hai day sé a,.a,,..,a, vd
b.b,,...b, thoa man a 2a,>..2a, va b >0,
h+8, 20,8 +b,+.0+5. 20

Chirng minh rang

ab +ab, +..+ab, 20.
Loi gigi. Pat B, =b,,B, =b +b,,...,
B, =b +b,+...+D,.

Sir dung phép bién déi Abel, duge gi6i thigu
trong s 585, ta co:

ab +ab, +..+ab, =(a —a,)B +(a,—a;)B,
+..+(a,,—a,)B,  +a,B,
Theo gia thiét moi s6 hang cua vé phai la khéong
am do d6 vé trai ciing khong am, ta c6 diéu phai
chirg minh.
Nhan xét. Ban Lé Bach Hai Dang, 16p 3B, Truong
Qudc té Song ngit cép 2, 3 GIBS, TP. Graz, Cng
hoa Ao di giri sém va c6 bai dich tt. Xin hoan
nghénh ban.
NHU HOANG (Ha Ngi)

#t**#wt##*###*****#*#******************************#***************#***********#***

THONG BAO

Ban doc c6 thé dat mua cac &n phim ctia Tap chi Todn hoc v Viin hoc trong nha trudmg tai cic buu cuc

ciia VNPT trén ca nudc véi ma dit nhu sau: Todn hoc va Tuéi tré (C168); Todn Tudi the 1 (C169);
Todn Tudi tho 2 (C169.1); Van hoc va Tudi tré (C668); Vin Tudi tho (C668.1).

*************#*#**#*****#****##******#******t*t#*****************t*****************
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\ IIIIIEII\CAGH Y/
| DMOT BAI TOAN J

B S

BAl TOAN 19. Goi a, b, ¢ Ia do dai ba canh cua
mot tam gidc. Chimg minh mng

2, 2 IR )
b+ wra—-b adeb- c

Loi gigi. Vi a, b, c 1a a6 dai ba canh clia mot tam
gidcnén b+c-a>0,c+a— b>0,a+b-c>0 (*).

DOd&-—jL__>Q__§L_>0F_&L_
b+c—a c+a-b a+b-c
Tiep theo ta c6 céc cach giai sau:

> 0.

2
Cdch 1. Hién nhién ta c6: (L L 2) >0
b+c—-a

2
- 2a ) e 2a )210___5_‘)-4
b+c—a b+c a b+c-a

) ) 10a — 4b—4c + 4a
b+c a b+c a

b+c—a
= a . 7a—-2b-2c ).
b+c—-a a+b+c
b 7Tb—2c—2a
fu: > 2).
Tuong & c+a->b a+b+c )
c >7c—2a—2b 3)
a+b-c  a+b+c
Cong vé véi vé (1), (2), (3) va rat gon sé duoc:
a b c >3
b+c—a c+a-b a+b-c

Déu “=" xiy ra khi va chi khi a =5 = ¢, hay tam
giac di cho déu. Bai toan dugc chirng minh.

Cdch 2. Theo BPT Cauchy ddi véi hai bién ta co:

1_*_b+c—a22fb+c—a
a a
4 2
& a 4 2a s a > a 5
b+c—a b+c b+c-a (b+c)

Mit khdc 2(b? +c*)2(b+c)’ 1a bt ding thirc

. 2a° 4.
dang quen thudc, suy ra: S T (
b 2b°
6: 2 ()
Lo o e s R

44 T?g?uggce S3 589 (7-2026)

2
¢ 20

A3 a2+b2

(6).

a+b-c
Cong vé véi vé cia (4), (5), (6) s€ dugc:

a b L ¢
c+a-b a+b-c

b+c—a

2 2
Zz[bza:cz X czl:-a2 " a® c+b2]>?_3 (**)
((**) diing 12 do ta 4p dung bét ding th'l’rc Nesbitt),
Cich 3. Theo BPT Cauchy cho hai bién ta co:
4a* +(b+c) 2 4a(b+c)

2 % )C> a S 402
—-d P .
< (b+c) 24a(b+c brea’ (bref
Dén day tiép tuc 1am nhu cdch 2.
Cdch 4. Bai toan dé ra 1a BPT c6 céac bién déi
xtmg, khong mét tinh téng quat gia su
a>b2c>0,khidé:
A R |

> > >0. (***)
b+c-a c+a-b a+b-c
a-b a-b
S : >
s b+c—a c+a-b
TR N Y
b+c-a c+a-b c+a-b b+c-a
Ching minh twong tu, co:

a C a c
R = + 8).
b+tc-a a+b-c¢ a+b-c brc—a )

b
— < ., 0 ¢ ).
c+a-b a+bre  atbh=¢ .cta—b

Cong vé voi vé cia (7). (8), (9) va dit vé trai cua
baira la B s& duge:

2B> a+c c+b b+a
cta-b b+c—g a+b-c
e B>_4tc b c+b
¢cta-b c+q-p b+c—-a
a b+a
F—=n —
bt e=q HHBeo a+b- =3
Cach 5. BDT d3 cho tuong duong v(')ri BDT sau:
b+c—-a ct+a-p at+b—-c
2a-b-¢ 2b—c - B e
- —— a 2c-gq b20 (10)
c+a-p a+b-
Theo (*) va (**x) ¢ og. M_Za 2o € auy;
\ btc—a " ct+a-b
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2b—C—a 2b—c—a
PR 7 o (12).

c+a-b

2ce—a-b _2c—a-b
a+b . 5 (13).

c c+a-b

Cong theo vé (11), (12), (13) roi it
gon lai dugc
BDT (10), tir d6 suy ra diéu cin chimg minh.
Cdch 6. Theo BDT Cauchy cho ba s6 s& duogc:
a b c

P i
b+c-a c+a-b a+b-c

abc

z3.i/ .
(a+b—c)(b+c—a)(c+a—b)
Pén day bai toan dugc chimg minh néu ta ching
minh dugc abc > (a+b—c)(b+c—a)(c+a-b).
That vdy, khong mit tinh tdng quét, gia sir
a=max{a,b,c}. D& thiy:
2 —(b—c)2 =(a+b—c)(a—b+c).
Tuong tu: b> >(b+c-a)(b-c+a);

c? 2(c+a—b)(c—a+b).

aZZa

Suyra:azbzczz[(a+b c)(b+c- a(c+a—b)]2

)
< abcz(a+b- c)(b+c a)(c+a-b).
c
+c—a c+a—b at+b-c
NGO VAN THAI (Hung Yén)
Nhén xét. 1) Ngoal 6 cach giai do tac gia bai toan
dua ra, con co mot sb cach giai hay cua cdc ban tham

gia giri bai vé toa soan nhu sau.

=3.

Vay suy ra:
ay suy b

b c
+ :
a+b-c

Cich 7. Dat T =
c+a-b

b+c—a
Ap dung BDT Cauchy, ta co:
a’+b* s itk b +c? ke,
2
T d6: a® +b*> +c* 2 ab+be+ca.
Hay ab+bc+ca—(a’ +b2+cH)<0 (1)
va (a+b+c)? >3ab+3bc+3ca ).
Ap dung BDT Schwarz, ta co:
a® ] b* i c .
bc+ab— —b*> ac+bc-c
(a+b+c)
_ab+ca+bc+ab+ca+b
(a+b+c)
~ 2(ab+bc+ca)— (a* +b+c?)
(a+b+c)
Tir (1) va (2), suy ra: T?_m

2 2

2
T =

ab+ac—a2

c—a®—b*=c*

>3 (dpcm).

Cach 8. (Theo Nguyen Hoang Hai, cyru SV Khoa
CNTT, HV Buu chinh Vién Thong va mot s6 ban)

Pit b+c—a=x,c+a— —-b=y,a+b-c=z.

y+z z+x, _x+y
. = ya= s C= »
Suyra: a > 2 2
Khi do: 7= 232+ 22 222
2x 2y 2z
" 2T=y+z+z+x+x+y.
x y z
+y+
Suy ra: 2T+3=x+y+z+x+y+z+x St
x y z

1 ’
=(x+y+z)(—1—+l+—]. Ta co:
x y z

1 ’ 1
+2233xy —+ +—233
x+y+z e xyz
Do d6: 2T+323,3/xyz.33/—— =9 hay T 23.
xyz

2) Cac ban: Phung Quang Minh, p. Hac Thanh,
Thanh Ho# dong gép 13 cach giai, Nguyén Hoang
Hai, cyu SV Khoa CNTT, HV Buu chinh Vién
Thong dong gop 6 cach giai, Lé Hoang Long, p. Tay
Hiéu, Ngh¢ An dong gop 8 cach g1a1 Vii Pirc Duy,
phuong Binh Lgi Trung, TP. Ho6 Chi Minh dong
goép 5 céach giai, Podn Minh Phuc, 9/1, THCS
Nguy&n Khuyén, p. Tan Ngii, Vinh Long dong gop
3 cach giai, Nguyén Xudin Tung, 10El, TH,
THCS&THPT Lé Thanh Téng, TP. H6 Chi Minh
déng gop 2 cach giai; Tran Gia Phi, p. Phé Hién,
Hung Yén, Phan Minh Qudn, 91, THCS Tran Hung
Pao, p. Pong Ha, Quéng Tri va Pdo Hitu Thién,
10A1, THPT chuyén Nguyén Thi Minh Khai, Séc
’l:rﬁng mbi ban déng gép 1 cach giai. Hoan nghénh
tat ca cac ban.
' G KHANH BINH (Ha No61)
| M01 céc ban giri 161 giai BAI TOAN 111 dudi day
; vé Toda soan Tap chi TH&TT truéc ngiy
'3 1/8/2026.
| BAT TOAN 111 Poi thanh nién tinh nguyén cua
E mot truong gom co 2 hoc sinh lop A, 4 hoc sinh
| lop B va 6 hoc sinh I6p C. Trong dgt tham gia tiép
| suc mua thi, ho ding ngm/ nhién thanh mot hang
ngang dé chup anh ky ni¢m. Tinh xdc sudat ma
- dieng giica hai hoc sinh lop A khéng cé hoc sinh
| lop C.
|
| ' NGUYEN THANH HAI
(GV THPT Tri¢u Son 4, Thanh Hod)

TOAN HOC

S3 589 (7-2026) & CTui

¢45

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

BAl TOAN 117 (Vé dich Qudc gia Toan
Hungary, 1997). Tim tat ca cac nghiém nguyén
cua phwong trinh:
X +{x+1) +gx e ..+ (x+D' =y,
Loi giai. Dat
P(x)=x+(x+1) +(x+2)’ + (x +3)’ + (x +4)’
+(x+5° +(x+6) +(x+7)
=x* + (x> +3x +3x+1)+ (X’ + 6x* +12x +8)
+(x* +9x +27x+27) + (x° +12x* + 48x + 64)
+(x® +15x% +75x +125) + (x* +18x* +108x + 216)

+(x* +21x* +147x + 343)

=8x" +84x” +420x + 784.
e Néu x>0, tacéd:
(2x+7)° = 8x +84x" +294x +343
< P(x) < 8x® +120x* + 600x +1000 = (2x +10)’,
do d6: 2x+7 < y<2x+10.
Suy ra: y =2x+8hodc y=2x+9.
Tuy nhién cic phuong trinh:
P(x)-(2x+8)’ =—12x* +36x+272=0
P(x)—(2x+9)’ =—24x" —66x+55=0
khong thé c6 bat cir nghiém nguyén ndo. Viy
véi x > 0 thi phuong trinh di cho khong c6

nghiém nguyén.
o Ta xét trudmg hgp x < 0.

Taco: P(=x—-T)=(-x—-T) +(-x—6)" +
+(=x=5) +...+(=x)’ =—P(x)
nén néu (x; y) 12 mdt nghi¢m cua phuong trinh thi
(-7 ciing 14 mét nghi¢m cua phwong
trinh.
46
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Do d6 phuong trinh s& khong c6 nghiém nguya,

néu —x — 72 0hay 2 E=1,

Viy ta chi chn xét —6S XS -1.

Véi ~3<x<-1 taco:
p(-1)=-8+ 84 — 420+
P(-2)= 8.(-8) + 84.4 +420.(-2) + 784=216=¢"
P(-3)=8.(-27)+ 84.9+420.(-3)+784=64=4’

Suy ra (-2; 6) va (-3; 4) 1a cac nghiém nguyén

théa man —3<x<-1.

Do (*) nén (-5; —6) va (—4; —4) cing 1a cac

nghiém cua phuong trinh théa man -6 < x < -1,

Tém lai, cac nghiém nguyén ciia phuong trinh da

cho la: (=2; 6), (=3;4), (-5; —6), (—4; —4).

Nhin xét. Rét tiéc 1a Toa soan khong nhan dugc 1o

784 = 440;

giai nao cho bai toan nay.

NHU HOANG (Ha Noi)
Sau day la bai tip dé nghi. Ban doc hay gui loi
giai vé Toa soan TH&TT trudc ngay 30/6/2026.
BAI TOAN 117. Véi nhitng tie gidac 161 ABCD
nao thi ta cé thé tim duwge mot diém P trong mdt
phing ciia 1 gide dé sao cho ca bon tam gidc
PAB, PBC, PCD, PDA déu ¢6 cung di¢n tich. Vo
mét nr giage cho trwée, 56 lom nhét cac diem nhi
thé la bao nhiéu? P

KHANH HU'U (Ha Noi)
e ok KRR Rk e R R R A sl e B R R RS

MATH JOKES

n to i: Get real!
i to w: Get rational)

An infinite crowd of mathematicians enters a bar

T}1e first one orders a pint, the second one a half
pint, the third ope a

" understand", says the barte
pints. :

quarter  pint
der - and pours tW0

—

: v find mathematicia"s
time at the beach?
A: Because they have

and don't neeq the sun

QZ Why do you rare
spending

Sine and cosine to get @ tan
]
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GIAI DAP: DUNG HAY KHONG?

(Dé dang trén THETT 56 585, thing 3 nim 2026)
Phén tich sai lam. Mdi nghi¢m cia phuong trinh
a+b+c=91 12 mdt bd s6 c6 tinh tha tu (a;b;c),
trong khi mi két qua c6 thé xdy ra ciia phép thir
(hay moi phan tir cua khong gian miu), mdi két
qua thudn loi cua bién cd (hay mdi phan tir cla
bién ¢b) c6 dang {a;bic}, & d6 a,b,c khéng tinh
thir ty. Do 46 |Q=C3,~45-3=3870 trong 1&i gidi
cua ban Giang 1a khong ding.

Léi gidi diing. Goi M 14 bién c6 cén tinh x4c suit.
Ta thdy ring, phuong trinh a+b+c=91 c6 Cg
nghiém nguyén duong.

Trong s6 cac nghiém nguyén dwong (a;b;c) do,
khong c6 nghiém nao thoa mdn a=b=c.

1 a=b#c a#c

Néu =%

{a+b+c=91 {2a+c=91
céch chon a (14 sé nguyén duong tir 1 dén 45) va
mdi cich chon a c6 mdt cach chon b va c. Do do,
trong sé cac nghiém nguyén duong (a;bic) cua
phuong trinh a+b+c=91, c6 45 nghiém théa méin
a=b#c. Tuong tu, ciing s& c6 45 nghiém thoa
min a=b=c, cb 45 nghiém thoa min b#a=c. T
d6 suy ra s6 nghiém nguyén duong (a;bic) cua
phuong trinh a+b+c=91sao cho a, b,c d6i mot
phéan biét 1a C3,—45-3. Ta luu ¥ ring, mbi két qua
c6 thé xay ra clia phép thir (tic 1a mdi phin tir cua
khéng gian mau) c6 dang {a;b;c} va tmg véi 3!
nghiém nguyén duong (a;b;c) cua phuong trinh
a+b+c=91 (a b,c d6i mot phan biét).

—45. 3 3870

3! 6
Néu ba s a,b,c co tong bing 91 va lap thanh cip
s nhén ¢6 cong bdi ¢ nguyén duong thi

thi c6 45

Vay |Q| = 645.

a+aq+agq*=91
Sl+g+q? eU(91)={1;7;13;91} = g€ {2; 3; 9}.

Tir d6 tim ra céc tip con gom 3 phén tir cia 4 sao
cho 3 phan tir d6 c6 téng bing 91 va chang lap
thanh cép s6 nhan c6 cong boi 1a s nguyén duong

la {1,9;81},{7;21;63},{13;26; ;52}.
C6 3 két qua thuan lgi cho bién cbd M, |M | 3:

pl_3 _ L

o 645 215

Nhin xét. Cac ban: Nguyén Hing Cuong, phuong An
Nhon, Gia Lal, Vii Duec Duy, phudng Binh Lgi
Trung, TP. H& Chi Minh, Tran Gia Phi, 10 Toén 1,
THPT chuyen Hung Yén, Hung Yén, Lé Nguyén
Khdnh Trieu, 12/5, THPT Thai Phién, Da Nﬁng da
phét hién dugc sai lAm va dua ra 1o giai ding. Xin
hoan nghénh cac ban.

Viy P(M)=

KIHIVI

PHUONG TRINH
CcO VO NGHIEM KHONG?

Trong dé kiém tra c6 bai todn sau: Gidi phiong
trinh: s/i(cosx+sinx)=tan3x+cot3x g

MGt hoc sinh dé co loi giai nhiw sau:
Pieu kién: sin3xcos3x#0<>sin6x+0

ox:tk% (keZ). Véi x:t—lféz ta co:

VT=v2 (c03x+sinx)=2cos(x—%):>VTSZ;

VP=tan3x+cot3x=tan3x+ >2.
tan3x
1
tan3x+——=2 [tan?3x—2tanx+1=0
. tan3x
Do dé: ()< T
ol 7| ol
4
(tan3x-1)2= tan3x=1
=
x—£=n27r x=£+n27r‘
4 4

Ta thiy tan3(%+n2n)=tan37n=—l¢l.

Vay phuong trinh da cho vé nghiém.
Theo ban phicong trinh cé vé nghiém khong?
NGUYEN THANH GIANG
(Truong THPT chuyén Hung Yén)
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XUAT BAN TU 1964
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1|;)a soan : 1978, Glang Vo, DGng a, Ha Ny
pTBientip: 024.35121607,

DT Phal hanh: 024.35142649, 024.35682701
Emall: toanhoctuoitrevietnam@gmail.com

Tup ohi TOAN HOC va TUOI TRE

Mathematics and Youth Mugazine

—

5 VA, 1 HIEM XUAT BAN
BAN CO VAN KHOA HOC CHIU TRACH NHII
GS. TSKH. TRAN VAN NHUNG Téng Giém d6c NXBGD Viet Nam
TS. NGUYEN VAN VONG NGUYEN TIEN THANH
. TS, TRAN VAN F Téng Bién tap NXBGD Viét Nam
PGS.TS. TRAN VAN HAO AR Al
Vién trudng Vién nghién ciu Sich vA HLGD
LE HONG SON

HOI PONG BIEN TAP
Téng bién tép: NGUYEN HUU BAC Thu ki Toa soan: VO THIHONG THU
TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH DUC, 5. NGUYEN MINH HA,
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° Danh cho Trung hoc Co s&

For Lower Secondary School

Nguyén Anh Tudn, Nguyén Céng Loi — Sit dung
tinh chit ctia s6 du d& giai mét sb bai toan vé sb
chinh phuong.

@ Huong din gisi & thi vao 16p 10 THPT chuyén
tinh Ninh Binh, nim hoc 2026 — 2027.

@ o thi vio 16p 10 THPT chuyén Ha Noi, mon
Toan (chuyén Todn) nim hgc 2026 — 2027.

@ pizn dan day hoc Toan
Nguyén Vian Nho — Tinh xdc suat theo phuong
phap dém lgc khéng gian miu.

@ Dé ra ky nay

T1/589, ..., T12/589, L1/589, L2/589.
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@ Giai bai ki trube
Solutions to Previous Problems
T1/585, ..., T12/585, L1/585, L.2/585

Q Phuong phap giai todn
Ngé Vin Thadi — Trd lai bai toan vé bat ding
thirc trong ky thi IMO nim 1983.

@ Ban doc tim toi
Cao Minh Quang — Mét sé bd dé dep vé tinh
hitu ty cia cin thirc.

Q Tiéng Anh qua céc bai todn — Bai s6 130 -
Bai dich s 128.

Q Nhiu cich gidi cho mjt bai todn — Gidi bai
todn 109 — D& bai toan 111.

@ Du lich thé giéi qua céc bai toan hay — Giéi
bi todn 117. D& bai toan 119.

@ Sai lim & dau?
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Nha xudt ban Gldo duc Viét Nam déng hanh pht

, rién ngudn nhan lyc chét lugng cao

Ngay trong nam d4u tidn t8 chiic theo hinh thie tryc
tuyén, Olympic Toan Tui thd Online toan quéc 2026 da

~ thu hdt han 40.000 hoc sinh tif 16p 4 dén 16p 8 trén khép

ca nudc dang ky tham gia.

Sau 2 vong thi tryc tuyén s6i ndi, 250 hoc sinh xuat
sac nhat da gianh quyén gép mét tai vong chung két
toan qudc td chiic tryc tiép trén may tinh tai Ha Nbi.

Viéc t6 chuic thi tryc tiép trén nén tang sé khang chi
bao dam tinh khach quan, minh bach ma con gidp hoc
sinh lam quen vdi phudng thic danh gia hién dai, phu
hdp v6i xu thé gido duc trong thdi dai s6.

Phat bi€u tai 1& tdng két va trao gidi, PGS.TS
Nguyén Van Tung, Thanh vién Hi déng thanh vién
Nha xudt ban Gido dyc Viét Nam khang dinh: “Trong
nhiéu nam qua, Nha xuit ban Gido duc Viét Nam luén
kién dinh st ménh déng hanh clting nganh Gido dyc
khong chi thdng qua sach gido khoa va hoc liéu ma con
bang nhiing hoat déng gép phdn phat trién vin héa
doc, khai day niém say mé hoc tap va boi dudng nhan
tai. Nhiing giai thudng hém nay la sy ghi nhan xung
dang déi v6i nd lyc clia cdc em hoc sinh, sy tan tam
clia ddi ngii thay cb gido va sy dong hanh bén bi cla
cac bac phy huynh. DU két qua c6 khac nhau, tat ca
cac em déu la nhilng ngudi chién thang khi da dam thl
thdch ban than va khdng ngling vuon lén”.

Ong Tung ciing nhdn manh, Olympic Toan Tudi tho
Online toan qudc 2026 khong dan thuén 12 mét cude thi,
ma la hanh trinh nudi dudng tu duy logic, khoi day niém
yéu thich Todn hoc va tao dong lyc dé cdc em chinh

f! g A
Céc thf sinh tham dy vong thi Chung két Olympic
Toan tudi tho Online toan quéc 2026

OLYMPIC TOAN TUGH THO ONLINE... o

phuc nhiing dinh cao tri thuc trong tuong lai.

Bén canh céc phén thi chuyén madn, vong chung két
con mang dé&n nhiéu hoat dong trdi nghiém y nghia nhu
tham quan Di tich QuSc gia dac biét Van Migu — Quéc
TU Gidm, giao Iuu vd@i cdc chuyén gia trong linh vyc
khoa hoc — céng nghé, trdi nghiém cac Ung dung tri tué
nhan tao va cong nghé gido duc hién dai.

Nhiing hoat dong nay gidp hec sinh md réng hidu
biét, khai day tinh thdn s&ng tao va truyén cadm hing
kham ph4 khoa hgc trong bdi canh chuyén ddi s6 dang
dién ra manh mé.

Thanh céng clia mua gidi cling ghi nhan sy déng
hanh tich cyc cla ciac S§ Gido duc va Pao tao, cac
trudng Tidu hgc, THCS trén ca nudc, Hi déng chuyén
mén, cac don vj phdi hgp gdm VietED va Fast Lane,
cling cac nha tai trg va cd quan truyén thong.

Md rong hé sinh thai Olympic hoc thuat ti nam
hoc 2026 - 2027

TU nhiing két qua tich cyc cla nam d4u tién trién
khai tryc tuyén, Vién Nghién c(u Sach va Hoc liéu gido
duc cung Nha xuit ban Gido dyc Viét Nam sé tiép tuc
hoan thién mé hinh t8 chic dé md rong quy mé cudc thi
tl nam hoc 2026 — 2027 va trong nhifng nam tiép theo.

D& biét danh sdch thi sinh doat
gidi cudc thi, ban doc truy cap
trang web: olympictuoitho.vn
hoac quét ma QR.

Cdc ban hoc sinh doat gidi Nhat tai vong chung két
Olympic Todn Tudi tho Online toan quéc 2026

Ban Truyén théng va DBai ngoai
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OLYMPICT

DAU MOC CHUYEN B S cOn SAN CHOI TRI TUE HON 20 NAM Tug)

(NXBGDVN) - Trong sudt hon hai thap ky
qua, Olympic Todn Tudi tho da tr§ thanh mot
trong nhitng san chai hoc thuat uy tin danh cho
hoc sinh ph8 théng trén ca nudc. Dugc khdi
nguén ti Tap chi Toan Tudi tha (nay thudc Vién
Nghién cliu Sach va Hoc liéu gido duyc — Nha
xuét ban Gido duc Viét Nam), cudc thi dudc t3
chic thudng nién vai sy phéi hgp cla cac S
Giao duc va Pao tao, gép phén lan tda tinh yéu
Toan hoc, phat hién va bdi dudng nhiéu hoc sinh
¢6 nang lyc ndi bat.

Tiép ndi hanh trinh &y, ndm hoc 2025 — 2026
danh ddu mot bude chuyén minh quan trong khi
Vién Nghién cttu Sach va Hoc liéu gido duc phdi
hgp cung Cong ty C8 phan Cong nghé Gido duc
thong minh (VietED) tré€n khai thi diém Olympic
Toan Tudi tho Online toan quéc 2026.

Bay khong chi 1a sy di mdi vé hinh thic t8
chic ma con la budc di cy thé trong thuc hién
chi trudng chuyén ddi s6 clia nganh Gido duc,
hudng t6i xay dung mdt moi trudng hoc tap hién
dai, minh bach va binh déng cho hoc sinh trén
moi mién dat nuéc. 3

Mét san choi mdé réng co hdi cho moi hoc
sinh '

Cudc thi danh cho hoc sinh ti I6p 4.dén I6p 8
trén pham vi toan quéc, dugc t3 chic hoan toan
trén nén tang LMS, cho phép thi sinh tham gia
bang may tinh, may tinh bang hozc dién thoai
théng minh c6 két néi Internet. :

Diém mdi ndi bat ctia miia gidi nam nay 1a mé
hinh thi ba vong linh hoat. & vong so loai, m&i thi
sinh dugc dy thi t6i da ba I&n va 1ay két qua cao
nhat dé xét vao vong ti€p theo. Cach thic nay
gilip gidm &p lyc thi cl, tao thém co hdi d€ hoc
sinh phat huy ding ning Iyc, ddng thai rén luyén
ky nang tu duy va quan Iy thdi gian.

Pé thi dugc thi&t ké theo hinh thuc tric

nghiém, ting cudng cac cau hdi gin véi thyc
ti€n, khuyén khich hoc sinh van dung kién thic

OANITUOI THO ONLINE. TOAN QUOC 2026

PGS.TS Nguyén Van Tung - Thanh vién Hoi déng thanh vic
NXBGD Vit Nam chic ming thanh céng cda cudc thi
thay vi ghi nhd may modc. Pay cing la diny
hudng phu hgp vdi yéu cdu ddi mdi kiém tra.
danh gia trong Chuong trinh Gido duc phé thong

2018.

Ung dung Al - Budc ti€n mdi trong danh -
nang lyc hgc sinh

Mot trong nhiing di€m nh&n ndi bat .
Olympic Toan Tudi thd Online toan quéc 202
viéc 1an dau tién Ung dung tri ttd nhan tao -
vao phan tich két qua bai thi.

Ngay sau khi hoan thanh bai lam, mi thi
khong chi nhan dugc diém s ma cdn ¢b bao «
chi ti€t vé nang lyc tu duy, nhém ky nang ndi |
toc do xu ly, nhiing dang bai con han ché ci
nhu cac ngi dung cén tiép tuc boi dudng.

Vigc ting dung Al gidp gido vién va phy huy
co thém dir liéu khoa hoc dé déng hanh cung
hoc sinh, tiing budc hién thyc hoa muyc tiéu ca
nhan héa viéc hoc ~ mét xu hudng quan trong’
cla gido dyc hién dai,

Dang thdi, cude thi ciing gitp hoc sinh nhan

thde 16 han méi lién he gida Toan hoc véi cac

IT::\h vuc cong nghé nhu Iap trinh, khoa hoc dif
iU, robot va tri tug nhan tao, tir d6 truyén cam
hiing theo dugi cac nganh khoa hoc — cang nghé
trong tucng lai. ‘

(Xem tiép bia 3)

Gidy pheép XB 6 534/GP-BTTTT cap ngay 19.11.2020; M s6: 8BT7M2g

In tai Xi nghiép Ban do 1 - BQP

In xong va nop Iuu chiéu thang 7 nam 2026

Gia: 22.000 dond
Hai muoi hai nghin d6n9
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