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LAY HETHOPTACCHIED LU 108 MR UAT AN G140 DUCUIET A A TTEL SOLUTIONS
CHUYEN DOI S6 TRONG LINH VUC GIAO DUC

nghiép t6t hon, ti€p can va dua ra nhitng sdn |

%

Chiéu ngay 13/3/2025, tai Ha Noi, Nha
xudt bédn Gido duc Vi¢t Nam (NXBGDVN) va
Téng Cong ty Gidi phap Doanh nghi¢p Viettel -
Chi nhénh Tap doan Cong nghiép Vién thong
Quan doi (Viettel Solutions) da chinh thitc ky
két thda thudn hgp tac chién luge vé chuyén
déi s6 va phat trién cac gidi phap cong nghé
gidgo duc. SU kién danh dau bugc tién quan
trong trong viéc ung dung cong nghé hién dai
vao linh vyc gido duc, hudng téi myc tieu nang
cao chat lugng day va hoc tai Viet Nam.

Bu6i 1& dién ra v6i sy tham dy cia dai dién

‘lanh dao hai bén cung cac chuyén gia cong
nghé. Vé phia NXBGDVN, dai dién co ong
Nguyén Ti€n Thanh - Chu tich Hei dong thanh
vien, Tong Giam déc. Vé phia Viettel Solutions
dai dién co ong Nguyén Chi Thanh - Pho Téng
Giam doc va dai dién cac phong, ban chuyén
mon.

Theo théa thuan, NXBGDVN va Viettel
Solutions s€ cung nhau phoéi hgp nghién citu
kha nang xay dung hé sinh thai gido duc s
phuc vu cong tac gidng day va hoc tap cia hoc
sinh, nha gido va nha truong, phat trién cac
gidi phap cong nghé gido duc tién tién ho trg
gidng day, hoc tap.

Ong Nguyén Ti€n Thanh - Chu tich Hoi dong
thanh vién, Tong Giam d6c NXBGDVN, chia sé:
“NXBGDVN vé6i gan 70 nam trudng thanh va
phat trién, 1a mot doanh nghiép co thuong
hiéu, uy tin trong linh vyc xudt bdn dédc biét 1a
trong xudt bdn sach giao khoa. Day la mot linh
vuc gido duc c6 mot y nghia khéac, vita mang
tinh chit an sinh xa hoi, lién quan dén ting
gia dinh, ting phu huynh hoc sinh, tiing ngoi
trugng, ting gido vién... Chinh vi vay, khat
vong va tam huyét clia chung toi 12 lam thé
nao dé co nhitng sdn pham tét nhat cho nganh
gidao duc. Ching toi rdt trdn trd trong cau
chuyén chuyén ddi s6 béi chuyén doi sd khong
nhitng gitp quan tri van hanh hé thong doanh

phdm méi phyc vy thiét thyc cho sy nghiép
gldo duc, vita phuc vy t6t cho thdy c6 gido, phy
huynh va hgc sinh nhing déng thdi cing mang
lai doanh thu cho doanh nghiép”.

Ong Nguyén Chi Thanh - Phé Tdng Gidm
déc Téng Cong ty Gidi phap Doanh nghiép
Viettel nhdn manh: “Hién nay, nén gido duc
nuéc nha dang c6 nhing buéc chuyén minh
manh mé, doi hdi ing dung cong nghé thong
tin vao moi mit cta linh vyc gido duc. Ding
trude van hoi 16n, Viettel Solutions mong muon
duge déng hanh cing NXBGDVN xay dyng heé
sinh thai gido duc toan dién; dong thdi s6 hoa
hé thong sach giao khoa, hoc licu do so, gop
phéan xod nhoa khodng cach gido duc giita moi
viing mién trén T6 quoc”.

Ong Nguyén Tién Thanh va 6ng Nguyén Chi Thanh
trao doi van bdn thod thudn hgp tdc gida hai don vi.
Anh: Céng Duy

V6i sy hgp tac nay, NXBGDVN tin rang hé
thong quan 1y gido duc thong minh sé dugc
trién khai, gitp cdc nha trudng quan 1y hiéu
qué hon cac hoat dong day va hoc, dong thdi
cung cap dit liéu phan tich dé nang cao chat
lugng giao duc. Viéc két hgp gita cong nghe
hién dai cla Viettel Solutions va nhing gia tri
truyén théng tét dep trong gido duc cia
NXBGDVN sé hoan thién mot hé sinh thai gido
duc thong minh, linh hoat, hiéu qua.

BAN TRUYEN THONG
(Nha xudt ban Gido duc Viét Nam)




Trong qua trinh hoc tp va gidng day, chung ta bit
gdp rat nhiéu cac bai todn mang tinh chét co ban
va cling tr bai todn co ban d6 néu chung ta chiu
khé suy nghi va phét trién né ta s& dugc céc bai
todn hay hon, thu vi hon. Bai viét duéi dy t6i d€
cdp la mdt vi du nhé minh hoa cho nhén dinh do.
Ta quy wbc (ABC) la dwong tron di qua ba diém
A, B, C. S,y la dién tich cia hinh MNP, ...

Bai toan 1. Cho tam giac déu ABC ngi tié:p duong
tron (O; R). M la diém bat ki trén cung BC (khong
chira A). Chimmg minh rang MA = MB + MC.

(Bai todn nay kha quen thugc véi cdc ban hoc sinh
Iop 9. ta c6 thé gidi né bang nhiéu cdch):

Loi giai 1. \

Trén doan AM liay N sao cho
BM =BN, két hop véi gia
thiét cia bai toan ta suy ra
dwgc tam gidfc BMN la tam
giac déu.

Xét AABN va ACBM c6:
AB=CB; BN = BM; ABN + NBC =60° = NBC+CBM
— ABN = CBM = AABN = ACBM |
= AN = CM => AM = AN + NM =CM + MB.
Loi gidi 2.

Trén doan AM lay D sao cho
CD=CM , hoan toan tuong
tr nhu 1oi giai 1 ta clng
suy ra dugc AM =MB+MC
(dpcm).

(Ngoai ra ta con co thé gidi M

bai todn nay bdng mét s6 cach khdc nita bang
cach tao thém doan thang bang MB+ MC' sau do
chirng minh n6 bcing MA,...).

Nhgn xét 1. Cho tam gidc dé‘uv ABC ngi tiép
duong tron (O; R). Khi M di chuyén trén cung BC
(khéng chira A) ta luén c6 MB+MC =MA<2R.

e

Tir két qud ndy ta cé thé gidi dugc cdc bai todn
sau.
Bai toan 2. Cho tam giac déu ABC ngi tiép duong
tron (O; R). M la diém bat ki trén cung BC
(khong chira A). Chung minh rang tong cdc
khoang cach tir M dén B va C khong lon hon
dwong kinh cua duong tron.
(Trich dé thi chon HSG toan lop 9 toan quoc
nam 1981 — 1982).
Bai toén 3. Cho tam gidc déu ABC ngi tiép duong
tron (O; R). M la diém di déng trén (0O). Xac dinh
vi tri cua M dé tong MA+ MB+ MC dat gia tri
I6n nhat.
(Trich dé thi chon HSG todn lép 9
TP. Ho6 Chi Minh nam hoc 1999 - 2000)
Bai toan 4 (IMO 1995). Cho ABCDEF la mét luc
gidc 16i ¢4 AB=BC=CD,DE=EF=FA va

BCD = EFA=60".Cho G va H la hai diém nam
bén trong luc giac sao cho A/éﬁ = [ﬁ =120".

Chirng minh rang
GA+GB+ GH + HD + HE > CF.

Léi gidi.

Tir bai ra suy ra: B4A=BC =CD = BD;
DE =EF =FA=FEA= EB 1 AD.
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Trén dudng trdn (B; BA) Iy I sao cho tam gihe
ABI 14 tam gific d&u (hinh v&). Trén dudng tron
(E; EA) 1ay J sao cho tam gifc EDJ 1A tam gidic
déu (hinh v&). (Myc dich dyng hai diém 7, 7 1a dé
xdc dinh hai diém G, H). Suy ra G thudc (IAB); H
thuge (EDJ). D& thiy:
BF = BJ,El = EC = BE 1 JF;BE | |C.
Suy ra i giéc C/FJ 1a hinh thang cén nén ta duge
IJ =CF. Ap dung Nhin xét 1 ta c6:
GA+GB+HE + HD + HG = GI + HJ + HG
21J =CF (dpcm).

Déu bing xay ra khi céc didm I, G, H, J thing
hang.
Tk bai toan 2, 3 ta lai dat ra cdu hoi néu thay gid
thiet tam gidc ABC déu béi tam gidc ABC cin thi
cdc bai todn d6 con dung hay khéng? Tir dé ta c6
cac bai toan sau
Bai toan 5. Cho tam giac ABC can néi tiép duromg
ron (O: R). M la diém di dong trén cung BC
(khong chua A). Cdc diém D, E lan lupt la hinh
chiéu vuong goc cua M trén AB va AC. Xdc dinh
vi tri cua M dé lo:ng MA+ MB + MC + MD + ME
dat gia tri lom nhat.

(Trich bai T4/537 — TH&TT thdng 3 nam 2022)
Mo rong thém mot chut ta cé bai todn sau
Bai toan 6. Cho tam gidc ABC can ngi tiép duong
tron (O: R). M la diém di diong trén cung BC
(khong chira A). Cac @iém D, E, F lan luot la hinh
chiéu vuéong goc cua M trén AB, AC va BC. Xac
dinh vi tri cua M dé téng

MA + MB + MC + MD + ME + MF

dat gia tri lon nhat.
Dinh huomg: Néu goi G la diém chinh giita cia
cung BC, W la hinh chiéu vuéng géc cia G trén
BC thi dé thday MD < MB;ME < MC;MF <GH,
te do ta dw dodn dwoc khi M trung véi G thi
MA + MB + MC + MD + ME + MF dat gia tri lon
nhit. Do vdy ta chi cdan chimg minh
MB + MC <GB + GC, tir ddy ta co cdc cach gidi
sau
Loi gidi 1.
Trén tia dbi cia cac tia MC, GC lan luot liy cac
diém I, H sao cho IM = MB;GH = GB = ABMI
can tai M; ACBH vulng tai B
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= MBI + BIM = BMC = BGC = GBH + BHG

e 2BIM = 2BHG = G gike CBIH nbi tip
dudmg tron duimg kinh CH

= MB+ MC =Ml + MC = ]C < CH = BG + GC
=» MB + MC nhfin gié trj 16m nhét khi M tring v&i
G - la diém chinh gifra cia cung BC (khong chira
A) va khi d6 MA + MB + MC + MD + ME + MF
dat gid tri 16n nht (MD < BM;ME < MC).

Loi gidi 2. Trén tia d6i cia cac tia MB, GB lan
lugt iy <cic diém P, Q sao cho
CM = MP;GQ = GB=> APCM cén tai M; ACBQ
vudng tai C

= GQC + OCG = BGC = BMC = MCP + CPM

& 2GOC =2MPC = tir gidc CBPQ ndi tiép
duodng tron duong kinh BQ

= MB+MC = MB + MP = PB < BQ = BG + GQ
= MB+ MCnhan gia
tri 16m nhit khi M tring
véi G — la diém chinh
gira cua cung BC
(khong chira 4) va khi
d6 M4 + MB + MC
+ MD + ME + MF dat
gia tri lén nhat
(MD<BM;ME<MC). . . o
Loi gidi 3. Trén doan :
AM, AG lan lugt liy cac diém N, P sao cho
BN = BM; BP= BG

=> AMC = BMA=BNM = ANJ = BJ || CM
(/12 giao diém ctia BN véi d 12 dudmg thing qua C
va song song v&i AM) suy ra NJCM la hinh binh
hanh, suy ra: NJ = CM = MB+MC=NB+NJ =RJ.



Geoi 1 18 giao diém cua BP v 4
qua C song song véi
AG.

Tu cich dyng suy ra
tam gidc BIC vudng taj
C, suy ra PC=pJ, '
CIB = BPG = PGB

= AMB = AMC = CJN
= tr giac BCJI 1A tr
gidc noi tiép duong tron duodng kinh BI

= GB+GC=BP+PC=BJ > B = MB+ MC
=?MB+ﬁ\JC§GB+GC = MB+ MC nhan gid
tri 16n nhét khi M tring voi G - 1a diém chinh gide
cua cung BC (khéng chira 4) va khi d6 MA + MB
+MC+MD+ME+MFdatgiétrildnnhét
(MD < BM; ME < MC).
Loi gidi 4.

Goi H la diém d6i ximg .
cia G qua BC, d& thdy k)
tr giac BHCG 1a hinh .'
thoi. .
Trén doan AM 14y I sao
cho CI = CM suy ra
CI /| BM.

Trén tia CI 13y J sao cho
IJ = BM suy ra ti gidc BMIJ 1a hinh binh hanh
— BJC = MIC = AMC = AGC = CHG = BKH

(K 1a dbi xtmg ctia C qua H nén tam gidc BKC
vuodng tai B, BK // HG) suy ra tir giac BCJK nbi
tiép duong tron duong kinh CK
— GB+GC=HB+HC=CK>CJ=JI+IC=MB+MC
—» MB + MC nhan gié tri 16n nhat khi M tring v&i
G — 14 diém chinh giira cta cung BC (khong chua
A) va khi d(’)MA+MB+MC+MD+ME+MF
dat gi4 tri 16n nhat (MD < BM; ME < MC).

Tir cdc 16 gidi trén, ta ghi nhé két qua dudi day.
Nhén xét 2. Cho trucc duong tron (O) va ddy
cung BC co dinh. M ld diém di chuyén trén cung
whé BC. G la diém chinh giita trén cung nho BC,
khi 36 ta luén c6 MB+MC<GB+ GC (truong
hop diém M, G cung thugc cung Ién BC thi bai

todn van dung).

1d dudng thing

M

D

M G

Tlép tuc mo rpng che bal todn 5; 6 sang hinh
vubng, hinh thang cdn, ta dwge cde bal todn sau
Bai toan 7. Cho hinh vuong ABCD noi tiep dieomg
tron (O, R). M la diem di dong trén cung nho BA
(khong chira C, D). Xac dinh vi tri cua M de 1ong
MA+ MB + MC + MD dat gid tri lom nhat.
Hudmg dén gial. Dya vao loi giai cdc bai todn
trén ta dé thdy khi M tring véi G - la diém chinh
gifta cua cung nhé AB thi MA+ MB + MC + MD
dat gid tri lém nhit.
Bai toan 8. Cho hinh vuong ABCD noi tiep duromg
tron (O, R). M la diém di dong trén cung nho BA
(khong chira C, D). Goi E, J', K lan lwgt la hinh
chiéu vuong goc cua M trén AC, BD, AB. Xac dinh
vi tri cia M dé 1ong

MA + MB + MC + MD + ME + MF + MK
dat gia tri lon nhdt.
Loi gidi.
Goi G 1a diém chinh
giira cia cung nho
AB. Goi H, I lan
lugt 1a hinh chiéu
cia G trén AC va
BD. :
GH, GI cét (0) lan 3
lugt tai J va L.
Khong mét tinh tong quat ta xét M chay trén cung
nhé AG (truong hop M chay trén cung nhé GB

M G

twong tir).
Goi N 1a giao diém cia GH va MF. Dé thiy tam
giac MNG luén vubng tai N,
JG =GL,EM = HN,NF =Gl .
Xét tam giac vuéng MNG co:

]VG—IT/[ =lsd.71\7 slsd.}a =lsda,
2 2 2
s%sdATLscﬁTN:MNsNG

suy ra: ME + MF = ME + MN + NF
< HN + NG +GI =GH +Gl.

K&t hop bai toan 6 ta théy khi M tring v6i G thi
MA + MB + MC + MD + ME + MF + MK dat gia
trj 16n nhat.

Bai toan 9. Cho hinh thang ABCD (AB < CD) noi
tiép duong tron (O; R). M la diéem di dong trén
cung CD (khong chira hai diém A, B). Xdc dinh vi

TOAN HOC 3

S5574(4-2025)  * CTuéilreé




i cia M d€ 16ng MA+ MB + MC 4 MD
tri 1om nhat.

Hwdng dén gidi.

Dwa vao 101 gidi cde bai todn trén 1q dé thdy khi
M tring v6i G - 1a diém chinh giva cia cung CD
(khéng  chka  hai  diém 4, By
MA + MB + MC + MD dat gig trj l6m nhat.

Bai todn 10. Cho hinh thang ABCD (AB < CD)
ngi tiép dwong tron (O). M la diém di déno (ré

cung CD (k!rdrl_g chita A, B). Goi E,' Id' 1(\7()1’('1: ;:“()';
la hinh chiéu vuong goc cua M (rén A L, 80, CH
Xac dinh Vi i cia M dé ' 1éng
MA+MB,+MC+MD+ ME + MF + MK

tri lom nhat.

Goi G la diém
chinh gida cia
cung CD (hinh v&),
goi H la giao diém
ciia GD va MC; goi
L 1a giao diém cua
BD va AC. Goi
E'F'lin lugt 1a
hinh chiéu cia G
trén AC, BD. Ta dé théy r%.ng:

Sioc £ Sepc = Srpn £ Sy = Supze < Sepic
1

1
<> MFDL+-MELC< %GF'.LD i 1C
3

dar gid

tong

dat gida

(LD=LC)=>ME + MF <GF'+GE".
Viy khi M trung v6i G thi ME + MF va MK dat
gia tri 16n nhat, két hop bai toén 9 ta thdy khi M
tring véi G thi tong

MA + MB + MC + MD + ME + MF + MK
dat gia tri 16m nhit.
Hoan toan tuong tu, ta co thé gidi dwgc bai toan
11 dudi day
Bai toan 11. Cho hinh thang ABCD (AB < CD)
néi tiép duomg tron (O; R). Xdc djnh v tri ciia
diem M trén cung nho DC dé tong cdc khodng
cach tir M t&i cde dinh, cac canh va cac duong
chéo ciia né dat gid tri lom nhat?
Bai toan 12. Cho hinh thang ABCD (AB > CD)
noi tiép duong tron (O; R). Xac dinh vj tri cua
diém I trén cung DC (khéng chira A, B) aé t(fng

TOAN HOC
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cde kKhodng cach tie | il cde dinh, cde canh va che
dwomg chéo etia nd dat gid tr] lim nhill,
Lo gidi,
GoiJ, K, L, X, S, T'1hn lugt 1a hinh chiéu cta / trén
AD, BC, BD, 7 0
AC, DC, AB. Ala—a—t |5
Goi F 1a diém Y 7
chinh giira cua
cung nho DC,
AD cit BC tai
E, AC cit BD H K
tai Y. Goi H, G,
0, M, N, Z lin
lwgt 12 hinh
chiu cua F E
trén AD, BC, BD, AC, DC, AB.
Goi U 1a diém d6i ximg v6i [ qua OE, IU cit OF
tai V.
*) Ta ching minh
IJ+IK+IS+IT<FH+FG+FN+FZ.
Thét vay: Sepz = Sprc + Scer + Sper
=Spic +Sci + Spie
— FN-DC+DE(FG+FH)=DC-IS + DE(IJ +IK)
= DE[(FH + FG) - (IJ + IK)] = DC(IS - FN)
=DC -(-FV)

DC-(=FV)
DE

—2FV -sinDEN <0.

= (FH + FG) - (IJ + IK) =

_2DN-(-FV)
S
Do 46 FH+ FG<IJ +IK (khdc vdi truong hop
DC > AB nén bai toadn tro nén kho hon).
Laicé: (FN+FZ)—(IS+IT)=2FV
=(FH+FG)+(FN+FZ)—(IJ+IK)-(IS+1IT)
= 2FV - 2FV -sin DEN >0 (0 < sin DEN < 1)
= (I +IK)+(IS +IT) < (FH + FG)+ (FN + FZ).
DAu béng xdy ra khi / trang voi F (FV =0).
Ap dung céc bai toan trén ta co:
IA+IB+IC+ID < FA+ FB+ FC + FD.

Hoan toan twong ty nhu bai 10, ta ciing chimg
minh dwgcIL+ X < FQ+ FM. Vay khi / trung

v6i F thi tdng céc khoang cach tir ] ti cac dinh,

cac canh va céc dudng chéo cua hinh thang
ABCD 12 16m nhét.



Nhn xét. Bai todn ndy khé hom baj 11 Mt phién
ban manh hom cia bai togy nay la bd‘! totin dudi
iy:

Bai todn 13. Cho hingp thang cdn ABCD
(AB > CD) nbi tiép dwomg tron (O; R). Xdc dinh

vi tri cua diém I trén cung DC (khong chica A, B)
dé tong e khodng cich tir I 167 cae dink va hai
canh bén cuia n6 dat gid tri 1én nidr? (Diém I cdn
fim nam 6 chinh giira ciq cung nhé DC).
Tiép tuc mo rong bai togn 12 sang hink ngii gidc
déu ta ¢4 bai todn dudi day
Bii toén‘l4. Cho ngii gigc déu ABCDE néi tiép
d@:g tron (O; R). M la diém di dong trén cung
nho BA: ‘T tm Vi tri cua M dé téng cac khodng cdch
e M 101 cac dinh, cac canh va cdc dwong chéo
cua no dat gia tri lém nhdy.

” A N » a
Nhan xét. Néu bai todn nay dimg déc lap thi viéc
tim 101 gidi cho n sé khong hé dé dang! Dé gidi
quyét bai toan ndy ta sé dya vao cdc cach gidi cua
cdc bai toan trén!

*>e

Lo giai.

4 B
M G

Ta chia ngii giac d4 cho thanh hai phén:
Phin thir nhit 13 tam gidc can CDE, Phén thtt hai
14 hinh thang can ABCE. Ap dung bai toan 6 va
bai toan 12 (lru § ring tdng khoing céch hinh
chiéu ciia M 1én hai canh AD va BD 1 16n nhat
khi M tring véi G — diém chinh giita clia cung nho
AB, day ciing chinh 1a viéc 4p dung bai toan 6) ta
tim dugc vi tri cua diém M chinh 14 G - diém
chinh giira ca cung nh6 4B.
(Néu thay gia thiét ngii gide déu béi luc gidc déu
ciia bdi todn trén thi cdch gidi trén vdn dp dung
duoc). '
Tir viéc gidi cdc bai todn trén, ta co thé gidi dugc
hai bai todn dudi day

Bai todn tdng quat
Bai todn 15. Cho da gide déu AN A,..A,

(nz3neN), Mla diém di djng trén cung nho
A A,. Xac dinh vj trf cua diém M aé tong iMA,
2}

dat gid tri lén nhat.

Bai todn 16. (Mo réng hon bai 15) Cho da gidc
déu A, A, A, A (n23,neN"), Mla diém di dong
trén cung nho AA,.. Xac dinh vj tri cua diem M
dé tong cdc khodng cach tir M dén cdc dinh, cac
canh va cdc dwong chéo ciia da gidc la lém nhar?
(Néu thay gia thiét da gigc déu AAA,..A,
(n23,neN"),bdi gia thiét da gidc AAA...A
néi tiép dwomg tron va c6 it nhat mét truc doi ximg
thi bai toan van dung).

Néi mét nhi’p cdu sang bat dd’ng thizc dai s6 ta cé
duoc mot so bai toan sau

Bai toan 17. Cho cdc so thuc x;y.(i=ln,

n nguyén duong) thoa man dieu kién

x,.2 +yl.2 =4
X; El:—\/g,\/g:l
Vi e[—Z;—l]

Chimg minh rang
Z(ﬁ+ 206 B +) +8-2(x\3 ~y,))s4n.
i=1

Léi gigi. Trén mit phing

YA
toa d0 Oxy ta vé dudng 2
tron (O; 2), c6 phuong
trinh: x* +y* =4. 25

Tir diéu kién bai toan cho,
ta c6 thé chon cac diém B
M,(x; ,),i=1,n (hinh

v&). Khi d6 ta c6 x’ + y’ =4. Trén dudng tron ta
ldy cac didm B(—V3;-1); C(v/3;-1);G(0;-2) ; khi
46 cac diém M, (i =1,n)ndm trén cung nhé BC

Qb= [ Q
)

q ~N

M

M, 2

X +y =4
thoa min didu kign: {x €[ V3;V3]
v, €[-2-1]
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D& thiy: M B = J(& +V3)y (v, +1)?

.t,’+3+2xf+y=+2y

l
=\’8+2(X\/§+‘y,) (l‘ln)

Tuong ti ta cb:

MC—JS—Z(xJ— =¥ N=Ln):GB = =2.GC=2.

Apd\mgnhsnxétZtacé

> (M,B+M,C) < n(GB + GC)

i=|

o i(Jg+2(x,-\/§+y,.) *‘\/8_‘2(1:-T'))<4n

Luu y. BC= 23 3 chinh la d¢ dg; canh cua tam
gidc déu néi tiép duong tron (o; 2)

nén néu dp
dung nhan xét 1 ta cing c6 duge diéu can chimmg

minh. Dau bang xdy ra khi cac diém M. (i=n n)
trung voi G, khi d‘ox., = O’y.' ==2(i = 1) n).

Hoan toan twong tv ta gigi dugc bai todn dudi
day:

Ban toan 18 (tong quat cua bai toan 17). lm k la
5o thuc dwong cho truce vg cdac 56 thuc

x; vy (i =Ln) (n nguvén dwong) thoa man diéu

(
| 5 = N —k vV
lx,'+_1';=k':x e[\-,‘\/g-——A 3}

i

kién
[,\. o[ =
2

Ching minh rang
Z(\[zkf +h(x 3+y,) 52 —k(x 3 -Y, ))s.’an.

2 " 2

Bai toan 19. Vi k la s6 thuc duong cho trudc va
cdc 56 thuc a,b,c,d théa man diéu kién

' “k\3 k3
3

"2

]

Chieng minh rang:

Jak? + 2k(avf3 + b) +/4Kk* = 2k(a/3 — b)
+\/4k2 +k(cV15 +d) +\/5‘2 ~k(cV15 -d)

< 2k(v2 +3).

5 T?gpugg S6 574(4-2025)

a+b = +d’ :kz;ae[

Lov gidi. Trén mit phing toa do Oxy ta vé dutmg
tron (O; k), ¢6 phuong trinh x” + y! = k*. Tir diéu
kién bai todn cho, ta cé thé chon cic diém
M (a;b):1(c;d) trén dudng tron (hinh vé) théa
min a*+b*=c*+d’ =k*. Trén dudng tron ta
3 3)

2 "2 ) 2°2)

E(—km;iJ;F Bl o

s ,—4—];0(0;—1().

14y céc diém: B(

4 4

=
.

n
k

Khi d6 cac diém M, I lan lugt nam trén céc cung

nho BC, EF théa mén diéu kién:

—k\3 k3 }
2

e[t ed HEAE e 7]

2
Dé thiy: MB = J(a + i) (b +§)

@ +b=ct+d*=k* ae[

=@ +B k(a3 +b)+k* =\2k* + k(a3 +D).

Tuong tr ta c6: MC = \/2k2 — k(a3 - b);

k
JE=\/2k2 +E(CJE +d); IF=\/2k2 —%(a/ﬁ ~d);

GB =k;GC=k;GF=GE=¥.

Ap dung nhén xét 2 ta cé:
MB+MC+IE + IF <GB +GC +GE + GF

& 2K + k(a3 + b) + 2k — k(a3 — b)
+\/2k2 +§(C\/E+d) +J2k"’ —%(C\/I—S——d)
<k(2+6)




O\/4k2 +2k(a\/§+b) +\/; ~2k(av3 - b)
+\/4k2 +k(C\/I§+d) +\/4k2 —k(C\/E—d)
< 2k(N2 ++/3) (dpem),

Bai toan 20. Voi k Ig so thyc dwcong

cac s6 thuc a.b,c,d théa man dié

cho truoc va

u kien

—A—ﬁ,k_-ﬁ}

a+b = +d? =k’;a,d e
' 1°" 2

h.('e[—k;i}
2

Chung minh r(jng:

V26 + k(a3 + b) + 2k ~ k(a3 — )
+\2k* + k(e +d~3) + 242 +k(c —d-3) <4k.

Léi gidi.

*|G M(a;b)
Trén mit phiang toa d Oxy ta vé dudng tron
(O; k), c6 phuong trinh x* + y* = k*. Tir diéu kién
bai toan cho, ta c6 thé chon cic diém
M (a;b); P(c;d) trén duong tron (hinh ve) thoa

=c®>+d*=k*. Trén dudng tron ta

k‘/— —k] C[M__kj
> ;

man q’ +5°

2 3 '3

Bl —= —k —kJ— _.{(.i .
27 2 o 272 )
G(0;—k); N(—k;0).

Khi d6 cac diém M, P lan lugt nam trén cac cung

nhé BC, EF thoa man didu kién:
~kV3 k3
2’ 2

liy cac diém: B(

l+bhP=ct+d*=k*ade

D& théy: M3=\/[a+i‘f_J ( 2)

=\/a2 +b* +k(aN3+b)+ Kk
=2k + k(a3 +b).

Tuong tu ta c6: MC = \/2k2 — k(a3 -b);

PE =2k + k(c + d3);

PF =\2k* + k(c - d\3);

GB=GC=NF =NE=k,
Ap dung nhan xét 2 ta cé:

MB + MC + PE + PF < GB+GC + NE + NF
o 267 + k(a3 +b) + 2K — k(a3 - b)
2K +k(c +d3) + 2K + k(c— d~/3) < 4k.

Léi két. Vi khuon khd cua bai viét 14 c¢6 han nén

tic gia xin dimg lai & ddy. Van con d6 nhimg chan
tréi rong md danh cho ban doc khai thac va phat
trién thém bai viét nay! Ching han: Trong bat
déng thic hinh hoc ta c6 thé gén nhén xét 1, nhén
xét 2 v6i mot sé hinh c6 cing tinh chit dé dugc
nhitng bai toan dep hom, phirc tap hon. Trong bt
dang thirc dai sb ta co thé gin nhén xét 1, nhan xét
2 v4i mot sb cung tron trén mét dudng tron hoic
nhiu dudng tron thi ta ciing c6 dwoc nhiéu bai
toan tha vi hon! Va ciing vin con d6 nhimng trin
trd cua tac gia bai viét: nhu mot 1& thudng tinh,
néu ta thay gia thiét cia cac bai toan trén 14 cac da
giac khong déu thi tbi tin chdc rang van ton tai vi
tri cta céc diém M, I dé tdng cic khoang cach cua
nd tdi cac dinh, cac canh, cac duomng chéo cua da
gidc 1 16n nhét, diu biét ring diém can xac dinh
khong con 13 diém chinh giita cia cung ma né
chay trén d6 nira! Bai toan ndy thuc sy khong dé
voi ban than t6i, hy vong ring ban doc trén
TH&TT s& som giai quyét dugc no!

(Cdc bai todn khéng trich dan la do nguoi viét tw
sdang tdc, trir bai todn mo dau).

S8 574(4-2025)
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HUONG DAN GIAI PE THI CHON HOC SINH GIOI
THANH PHO HA NQI LGP 9 CAP THCS, NAM HQC 2024 - 2025

Bai 1. 1) Gidi phwong trinh
32+6~(z+4AVr+1 = 0.
2) Cho a,b vd c la cdc 56 thue khae () théa man

@ +1 V¥ +1_ 41 '
y = Tl - Tinh gid trj cia biéu

thirc P = (a =b)(b—c)(c - a).

Lai gidgi. 1) Diéu kién x4c dinh: x> _.
pat Vx+1=t, (£>0).
Phuong trinh tr& thanh : ¢* —32 13,5 _
= (-1’ =1=r=2.

Voit=2 suyra x =3,

Két hop diéu kién xac dinh ta c6 nghiém cua

phuong trinh 13 x =3,

2) Tir gia thiét suy ra {(“b“l)(a—b)=0
(be=1)b-c)=0"

TH1: a=b= P=0,

TH2: b=c P =0.

_ a;tb:> ab=1
“lbze bc=1:a_c:>P=O'
Vay P=0.

Bai 2. 1) Mgt cong ty cin thué xe dé van chuyén
100 tdn hang. Don vi cho thué xe chi cé hai loai
xe. Loai xe thir nhit méi xe cho duoc 18 tan hang,
co gia thué la 18 triéu déng cho méi luot vin
chuyén. Loai xe thir hai méi xe ché duge 12 tan
hang, co gid thué la 12 triéu dong cho moi lugt
van chuyén. Hoi chi phi thué xe nho nhdt ma cong
ty phdi tra dé van chuyén 100 tdn hang la bao
nhiéu?
2) Tim cdc s6 nguyén dwong x, y thoa man

41 = 1’ (z + y + 2),
Ldi gidi. 1) Goi x 12 56 xe loai thir nhat ma cdng ty
dy dinh thué (x e N). Goi y la s6 xe loai thir hai
ma cong ty du dinh thué (y € N).
Theo gia thiét ta c6: 18x +12y = 100.

TOAN HOC
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bit 18x+12y~100=a,a e N. Suy ra:
18x +12y =100+ a.
Do 18x+12y:6=100+a:6=>a=6k+2,keN.
Suy ra: 18x+12y =100+a =102+ 6k 2102.
Do d6, chi phi thué xe: §=18x+12y 2102.
Ping thirc xdy ra ching hankhi x =5,y =1.
Viy chi phi thué xe nho nhit ma céng ty phai tra
dé van chuyén hang 12 102 triéu dong.

F= e

2) Goi d = UCLN(x; y). Suy ra {y=bd’

a,beN’,(a,b)=1. Suyra 4a’ =b’(ad + bd +2).
= 4a'b*. Ma (a,b)=1 nén 4:b’, dodo b=1.
Do 86: 4a’ =ad +d +2

4a’ -2

a+1
Do a,d nguyén duong nén a+1 la udc nguyén

6

a+1

=d= =4(a* —a+1)-

duong cua 6.

TH1: a=1=d=1=>x=y=1. Thu lai thoa
man.

TH2: a=2=d=10=>x=20,y=10. Thu lai
thoéa man.

TH3: a=5=d=83=x=415,y=83. Thu lai
théa man.
Viy cac cdp '(x; y) thod man la:

(1;1), (20;10), (415;83).

Bai 3. Cho a,b va c la cdc s6 thuc khéng am thoa
man 3(a® +b° + ¢*) + 2abe = 12.

a) Chung minh 2a + be < 4.

b) Tim gid tri lén nhdt va gid tri nhé nhét cua
biéu thirc P = 4q + 4b + c.

2ns 2 2 2
Ldi gidi. a) Ta co: 2a+be <2 +4+b ;c

a’+b*+c* +4
2

=>2a+bc<




2 2
S3(a +b +CZ)+2abc+12
6 -4.
b) Tacod: 2a+bc <4 = 2,2

2 +abc < 4a,
Twong tr: 2b° + abc < 4h; 202 4 abc < 4c.

Suy ra; 4(a+b+c)22(a2 +b? +cz)+3abc

5
=8+§abc28 Sa+b+c22.

Suyra: P=4a+4b+c>g4phie>2. Ping thtre
xdyrakhi a=b=0,c=2, Vay min P = 2. Ta cé:

4=a’ +b? +Cz+§abc=(a+b)’ +c? +_§_(c—3)ab

2 1
>(a+b)’ +c? +2(e=3)(a+b)’ (do0<a,b,c<2)

24 - 6¢2

Suy ra: (a +b)2 < ;
c+

24 ~6e?
c+3

2
24—6c +c$8~/5-
c+3 .

Suy ra P<8\2. Dang thuc xay ra khi
a=b=+2,c=0. Vay max P =8/2.

=4(a+b)+c<4

+C.

Dé chirng minh dugc: 4

Bai 4. Cho tam giac ABC can tai A néi tiép duwong

tron (0), BAC < 60°. Goi H la truc tam cia tam

giac ABC va D la diém doéi ximg véi H qua duong
thing BC. Ké duong kinh CM ciia dwong tron

(0).

a) Chiung minh MD la tia phdn giac cua goc
BMC.

b) Goi N la giao diém cua hai dwong thang CH
va MB. Puong thing qua H va song' song voi
duong thang BC cit duong thang MD tai diém P.
Chirng minh ANP = 90",

¢) Puong thtfng AP cdt dwong tha“hg BC tai diém
E, duong thing BH cdt duong thcfng MC tai diém
F. Chirng minh EF la tiép tuyén cia dwonmg tron
duong kinh AP.

Hudng din gidi. a)

<

D
Chimg minh dugc BHCD 14 hinh thoi.
Chirng minh dugc D thudc dudmg tron (O).
Chirng minh dugc MB // AD.
Suy ra BMD = MDA = CMD.
Suy ra MD 14 phan gi4c ctia géc BMC .
b)

Ta co ]VB\A=E-4\D=E:4\D=FI-)71.
Chimg minh dugc BN = DH, AB = MD.

BN DH DP

BA DM DA

Suy ra AANB~AAPD=>WB=@.

Suy ra: NAP = BAD => AANP ~ AABD.

— ANP = ABD =90°.

¢) Goi O 1a giao CN va 4B, K 1a trung diém BC.
Ching minh dugc AANQ ~ A4AEK.

Suy ra:

AN _AQ Ti5-PaR
AE  AK

= NAE = Q4K = ANAE ~ AQAK.
Suyra ANE = AQK.

" = ENP = KQC = OCK = BAK = NAP.

TOAN HOC 9
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N 0
I
H
P
K
B E '#

D
Tir d6 chimg minh dwgc EN 13 iép tuyén duong
tron dudng kinh AP.
Goi Tla giao BH va AC. Chimg minh dugc
ABON =ACTF
Ching minh dugc AANB = AAFC va AE 1a phan
giac goc NAF.
Suyra: ANAE=AFAE, EN =EF.
Suy ra EF la tiép tuyén dudng tron dudng kinh
AP,

Bai 5. 1) Tim cdc s6 nguvén dwong x, v dé

(’y—1)7 +9

-~ la binh* phuong cua mét. s6
2y

nguyén 16.

2) Mot s6 nguyén dwong n duoc goi la co tinh
chédt T néu né viét dwroc dudi dang za’ﬁg cua k s
nguyén duong le lien tiép, voi k la $6 nguyén
duwong tuy y lon hon 1.

a) Chumg minh 2025 la mt s6 co tinh chit T.

b) Tim tdt ca cac sé co tinh chat T.

2 — 2 r
Lii gidi 1) Bat.(—i.yTlg)—.*—g.:p’ (p 12 8b

nguyén t6) = (#y -1 +9=2p")".
Néu py khong chia hét cho 3 = 2p"y’ chia 3 dur
2 = (y—1)? chia3 dw 2 (Vo 1§) = pyi3.

TOAN HOC
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Néu yi3=> 2p’y? —9i3 va (x'y~1)" khong chia
hét cho 3 (vO 1). Viy pi3=> p=3.

Taco: (x*y=1)> =18y* =9

= y(x'y -2x ~18)=-10 = y la udc ciia 10.
Néu y chin = 18y* -9 chia 4 du3 = (x’y-1)?
chia 4 du 3 (vo1ly) = y 1& = y =1 hogc y=5.
Néu y=1thi (x* -1)* =9=>x=2.

Néu y=5 thi (5x* —1)* =441=>5x" -1=21(vd
Iy). Vay cap s6 (x,y) cén tim 1a (2;1).

2) a) Ta c6: 2025=1+3+5+...+89 nén 2025 la

c6 tinh chat T.

b) Truomg hop 1: n chén.

Néu n co tinh chdt T thi k phai chin nén trong
tdbng n s& c6 cac cap s6 1é lién tiép nén chia hét

cho 4.Do d6 n:4.
Néu n'4 thi n='[-§—l)+(%+lj 1a tdng hai s

1é lién tiép nén n co tinh chat T.
Truong hop 2: n 1é thi k 1&. Néu n cb tinh chat
Tthitdntai me N dé

n=(2m+1)+(2m+3)+...+(2m+2k -1)
1
=—(2m+1+2 -
2( m m+2k-1)k
=k(2m+k).
Déyring 3<k<2m+k nén n 1a hop sb lé.
Ngugc lai, néu »n 1a hop sé 1& thi
n=ab (a,beN*,3SaSb), khi d6 ta tim dugc
k=a;2m=b-q a8 n co tinh chdt T.
Vay tAt ca cac sb 6 tinh chdt T 1a ni4 va n la
hop sb 1é.

TRINH HOAI DUONG
(GV THCS Gidang V5, Q. Ba Dinh, Ha Néi)
Gidi thiéu



DETHI CHON Ho e g1nH G101 TOAN 9 TINH THANH HOA
Nam hoe 2024 — 2025, thoi gian lam bai: 150 phut

Bai 1. Rt gon bidu thyy.

\/__ \/\ oy a +b
b+ \\ et
(vé'la>b>0) \/-\~a+b Jat b’

BAi 2. Cho @b 1d che 5§ thyye dwong phan biét
théa man:

8b* 4b* 2b2 b
3 5
a +b a4p
s 2 __
va @ =2025+ b Tinh gia trj biéu thirc:
P=(a~b-10) 4 2000.
- Giai hé¢ phuong trinh:

13Vx -1 +9\/3’+\2=16x

(x3+x) X=y+3=2x"+x+y+1

=4

Bai 3

Bai 4. Cho cac chir sé: 0,1,2,3,4,5,6,7,8,9.Goi X
1a tap hop cac s6 tw nhién ¢6 5 chir s6 khac nhau
viét dugc tir cac chir 6 noi trén. Liy ngiu nhién

mdt s tir tap hop X. Tinh xac xuét cua bién cb
A:“S6 liy ra 1a sé 16n hon 59000”.

Bai 5. Tim tit ca cic nghiém nguyén cia phuong
trinh: _

(2x—y-2) =7(x—2y—y2 —l).
Bai 6. Cho sb ty nhién n >2va sb nguyén t6 p.
Chimg minh ring néu p—1chia hét cho n va
n® —1chia hét cho p thi it nhit mot trong hai sé
p—nva p+nlasbd chinh phuong.

Bai 7. C6 hai chiéc coc cao 10m va 30m dat
vudng géc véi mit dat tai hai vi tri A va B . Biét
khoang cach giira hai coc bang 24 m. Ngudi ta dat
mot cai chét & vi tri M trén mat d4t, ndm giira hai
chén coc dé gidng day ndi dén hai dinh C va D cla
hai coc (nhu hinh v& du6i). Hoi nguoi ta phai dat
chét & vi tri cach 4 mot khoang bang bao nhiéu
trén mit d4t dé téng d¢ dai cua hai soi day do 1a
ngén nhat?

C 30m

10m

A M B
Bai 8. Cho tam gidc nhon ABC néi tiép duong tron
(0), ba duomg cao AD, BF, CE cit nhau tai H, vé
OK L BC (K € BC). Goi I la trung diém cia AH,

goi J giao diém cta AH va EF, ké duomg kinh AP
cua duong tron (O).

, 1
a) Ching minh: 0K=5AH va IK di qua trung

diém cua EF.
b) Dudng thing qua B song song v&i AC cét
dudmg thing CE tai S. Chimg minh IF® = IJ.ID
va KS//CJ.

Bai 9. Cho tam gidc ABC c6 ba canh tiép xic véi
duomg tron (). Goi E, F lan luot 1a tiép diém cua
dudmg tron (1) véi AC va AB. Goi M, N 1an lugt 1a
trung diém ciia BC va AC. Chimg minh ba dudng
thing BI, MN, EF dong quy.

Bai 10. Cho x,y,z1a cac sb thuc duong théa man:

xyz(x + y + z) = 3.Chimg minh ring:

X’ +y'+7 gi(f —2x+4)2x
243

x(y2 —2y-l-4)2(z5 —22+4)2.
HA VAN NHAN
(GV THCS Hodng Xudn, Hoang Héa, Thanh Hoa)
' Gidi thigu
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THU SUC TRUGC Ky TH] TOT NGHIEP THPT NAM 2025
PE SO 4

‘ _, (Thoi gian lam bai: 90 phit)
PHAN 1. TRAC NGHIEM NHIky PHUONG AN  mdt ddy. Goi M la trung diém cia SA. Hai diém
LUA CHON. Thi sinh trd 1oi tir cau | dén cau 12. E+F [n lugt 12 hinh chiéu vuéng goéc cua diém
moi cau hoi thi sinh chi chon mét phuong gn, " 4 trén SB,SD vi N la giao diém ciia SC v6i

Ciu 1. Trong khong gian Oxyz, cho diém (MEF). Biétring: AB =2a,AD = V34,54 = 2a,
M (2§1;3) va 5t 3 e ] — = === =

- phéing 7 =L5M + y.5E + 25N +L.5F
(@):2x+y—3z+2025=0. Goi 4 13 fting 2

thing di qua M, cit truc Ox va song song véi O 46 x,y,z,teR. Gia tri cia biéu thirc

(). Dudng thang d di qua diém nao sau day? 1, y+z+t bing
C. C(-6:-1-3) D. D@13 Al B. >
Cau 2. Cho hinh chép SABC o 1
ASB=BSC=CSA=60° Sd=a, SB=p SC=c C.13 -7
Thé tich khdi chép S.ABC bing Ciu 6. Cho cap sb cong (u,) thoa min u, =4,
A% B, abc 11 1
4 "6 u3=10.Gié'ihan lim( +—F...+ j
ﬁabc o ulu2 u2u3 un—lun
G D. ‘El‘;”c. bang
A P A 1
Ciu 3. Cho hai s6 thyc a,b tdy y, F(x) 1a mot A. 3 B. %
nguyén ham cia ham sb f(x) trén tap R . Ménh 1 1
& nao dudi day la ding? = D%
b Cau 7. Tap xéc dinh cua ham sé
A. [f(x)dx=F(b)-F(a) (20050 V0 23002
* y= (2025x ~% ) x*+3x+2 ¢6 chiaa bao
, ,
iéu sb én?
B. [ f(0)dx=/(5)- /(@) Bt B. 2026
, C. 202 D. 2028.
G ! Flwydn=F(0)+518) Céu 8. Cho f(x)=—F7—— - . Khing dinh nao
sin® xcos® x ’

b
D. _[f (x)dx = F(a) - F(b). dudi day 1a ¢ing?
- . A. If(x)dx=—ta'nx—cotx+c
Ciu 4. Téng cac nghiém cua phuong trinh

08,45, (x* +2x —2007) = 2025 bang B. [ f(x)dx=—tanx+cotx+C

2007 C. [ f(x)dx = W1
A. 1 B. - I cosx sinx+C
C.-2 D. -1. D. If(x)dx=— . 1 i C
Ciu 5. Cho hinh chép S.4BCD c6 ddy ABCD la i sin 2x
Céu 9. Cho ham s y = f(x) c6 bang bién thién

hinh binh hanh tdm /. Canh bén S4 vudng goc véi
nhu sau:
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T, b -1 1 +00
1'(x) \Wﬁ/
f@ v T

EwYy Ve

A ‘A
Tong sO dudng tiém can dimg, tigm c4n ngang,

tiém cén Xién cua ¢ thi ham sé y=—-‘l""
5/(x)+6

bang
A- 5 B. 4 C. 6 D 3.
Ciu 10. Cho ham g f(x) c6 dao ham

S =(x=D(x+2)*(x-3)’ vxeR.
Ham sb d3 cho nghich bién trén khoang nao dudi
day?

A. (=Z1) B. (1;3) C. (L+o0) D. (-23)-
Céu 11. Trong khéng gian Oxyz, cho mit phing
(P):2x~y-2z-3=0.Goi a, B, 1in lugt 1 gbc
tao bdi céc truc toa 4o Ox,0y,0z véi mit phing
(P). Gia trj cia biéu thic cosa + cos B+ COS ¥

3
-

bang

AL po BB

V6 3
Cau 12.' Tubi cia cac hoc vién cia mot 16p tiéng
A‘xnh budi t6i & mdt trung tim ghi lai trong bang
tin s6 ghép nhém sau:

D. 2.

Tubi
cua hoc
vién

(15;20) | [20;25) | [25:30) | [30;35) | [35:40)

S0 hoc 10 12 14 9 5 n =50

vién

Do léch chuédn cia miu sb lidu ghép nhém thude
khoang nao sau day?
A. (6;18)
C. (0;6)

B. (18;30)
D. (30;47).

PHAN II. CAU TRAC NGHIEM DUNG SAI Thi

sinh tra 1oi tir cu 1 @én cdu 4. Trong mdi y a), b),
c),d) o méi cdu, thi sinh chon dung hodc sai.

CéAu 1. Mot nha may c6 hai phan xuéng X va Y.
Phan xudng X san xudt 47% va phén xuéng Y
san xuét 53% s6 san phim cla ca nha may. Ti 1é
sin phim bi 13i cua phan xudng X, Y lan luot Ia
0,8% va 0,5%.Kiém tra ngdu nhién mot san
phim cua nha mdy.

a) Xéc suflt d& san phim d6 bj 13i 12 1,3%,

b) Néu san phim kidm tra bj 18i thi x4c sudt dé
san pham 13i d6 do phan xuéng X san xufit Ia
khoéng 58,66%.

c) Né\: sdn phim kiém tra bj 13i thi xac suit dé
san pham 18i d6 do phdn xudng Y sin xuit 1a
khoang 41,34%.

d) Néu san phém kiém tra bj 18i thi xéc sudt dé
san phdm 18i d6 do phan xudéng X san xuét cao
gdp 1,6 14n x4c sut dé san phdm 13i d6 do phan
xudng Y san xuét.

Céiu 2. Trong khéng gian Oxyz, cho ba diém

A(1;-2;-3),B(-1;4;1),C(2;5;0) va dudng thing

z+3

+2 y-2 - :
te F—E 3 . Goi M 1a diém thay déi

1 -1
trén A. Biéu thitc MA+2MB+3MC dat gia trj
nho nhét bing m khi M tring v&i M, (a;b;c).

a) Puong thing A c6 mot phuong trinh tham sé

A:

x==2+t
ld<y=2-t¢
z==-3+2t

b)MA>\/m
e[

d)a+b+c——
3

Cau 3. Mot bé boi hinh elip (E), c6 d6 dai truc 16m
bing 10m va truc nhd bang 8m. Khu vuc 4 14
chira nudce, khu viuc B 1a bac thang lén xuéng bé
boi, 14 nira hinh tron c¢6 tim 1a mét tiéu diém cua
elip, ban kinh bang 1. Phan con lai 12 khu vuc C
(phén t6 dim) ngudi ta 14t gach nhu hinh Vé.

Chi phi lat gach cho méi mét vudng 1a 400 000
dong.
a) Elip (E) c6 tiéu cu bang 6m.

TOAN H
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b) Dién tich khu vyrc B biing % m?.

b) Dién tich khu wye C bﬁng khoing 8,946m?.

d) Chi phi lat gach khu wye C bﬁng khodng
3578000 ddng.

Ciu 4. Mua xuan ¢ Hoi Lim (Tién Dy, B4 Ninh)
thuong c6 trd choi :

du. Gia stir m§t nguoi
choi du nhin déu
lam cho céy du dwa
nguoi do dao dong
qua lai quanh vi tri
cin bing, khoang

Vi tri can biang

cach h tr ngudi

choi du dén vi tri can bing duoc xdc dinh bei

h=[3oosZ =071 h tinh ba ét, thoi
3 ) ang mét, thoi

gian ¢ (120) tinh bang giay.

a) Chu ki cua dao dong 1a 3s.

v:)t)anhﬁC;a;lign (;élcglh;rénl_l nhat cua ngudi choi du dén
c) Tai thoi diém ¢ = Ss ngudi choi du dang & vi
tri can bang.

d) Trong khoang thoi gian 10 gidy d4u tién, c6 5
lan ngudi choi du & xa vi tri can bing nhit.

PHAN III. CAU TRAC NGHIEM TRA LOI
NGAN. Thi sinh trd loi tir cdu 1 dén cdu 6.

Ciu 1. Ong A muén xay mét cai bé chira nudc 16n
dang mot khéi hop chir nhat khéng ndp c6 thé tich
bang 288m’. D4y bé 14 hinh chir nhat c6 chiéu dai
gip d6i chiéu rong, gia thué nhan céng dé xay bé
]a 500 nghin ddng/m?. Néu 6ng A biét xac dinh
cc kich thudc cta bé hop Ii thi chi phi thué nhén
cong s& thap nhat. Hoi 6ng A tra chi phi thdp nhét
4 xay dung bé d6 14 bao nhiéu triéu déng?

Cau 2. Cho hinh vudng c6 canh bing 2dm. Goi
(T') 1a tap hop cac diém bén trong hinh vudng va
c6 khoang cich dén tdm hinh vudéng nhd hon
khoang cach dén canh hinh vudng. Dién tich cua
mién (T') bing bao nhiéu dm? (két qua lam tron
dén hang phan tram)?

Ciau 3. Cho tr dién ONPQ c6 ON,OP,0Q dbi

mot vuéng goc vai nhau va
TOAN HOC )
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ON =2.0P=2.00=11.Goi I 14 diém théa mén
11.0] = -ON +2.0P - 2.0Q. Liy diém M chay
thy ¥ trén mit phing (NPQ). Goi 4, B, C Ia

chc diém phn bigt sao cho I4=1B=1IC =412
va MAI = MBI = MCI =90°. Khi M thay dbi thi
mit phing (A4BC) luén di qua diém c6 dinh H .
D¢ dai doan OH béing bao nhiéu (lam tron dén
hang phdn chuc)?
Cau 4. M6t ngudi c6 thé c6 nhom mau A, B, AB
hodc O. Ngudi cé nhém méau AB c6 thé nhan mu
cuia bat ki nhém nao. Nhirg nguoi c6 nhém méau
con lai chi c6 thé nhdn mau cua ngudi cung nhém
vGi minh hodc nhém O. Ngudi ta thng ké dugc
ring, ti 1é nguoi c6 nhém mau A, B, AB, O lan
lugt khoang 37,5%; 20,9%; 7,9%; 33,7%.
Chon ngdu nhién mdt ngudi cin tiép mau va hai
ngudi cho mau. Xac suit dé sy truyén mau c6 thé
thue hién duge bing bao nhiéu (két qud lam tron
dén hang phan triam)?
Ciu 5. Cho duong tron tim (0). Buoc 1, lay mot
dudng kinh ciia dudng tron d6, tai méi ddu mut
cua duong kinh ghi sb 1. Budc 2, tai diém chinh
gitta ciia mdi cung nhén duoc ghi sé 2. Budc 3,
coi 4 diém d ghi s6 & trén 14 cac diém chia duong
tron; khi d6, duong tron duge chia thanh 4 cung
nhd bing nhau; tai diém chinh giira ciia mi cung
nho nay ta ghi s6 c6 gia tri bang téng cua hai s6 da
dwoc ghi ¢ hai dau cung tuong {mg. Cir tiép tuc
qua trinh nhr viy, hoi sau it nhat bao nhiéu budc
thi tdng tit ca cac sé duoc ghi trén duong tron la
16n hon 1229 9
Ciu 6. Cong thuc tinh cong suat ddura P cua pin
la P = E-I-R-I? trongdé P c6 don vi la oat
(W), E 1a suét dién dong tinh bang von (V), R 1a
dién tr tinh bing 6m (Q) va I 1a cudng d¢ dong
dién tinh bing ampe (A). Trong mét cuc pin ma
E =12(V)va R = 0,5(Q) thi cudng do dong
dién (tinh bing ampe) twong tmg véi gia trj 16n
nhét ciia P bing bao nhiéu?
NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Bdc Ninh)



:Sl:eon;lfi:mg an td chic Ky thi va xét cong nhan
o P trung hoc phé thong tr nim 2025
(Quyet dinh  s§  4068/QP-BGDPT ngiy
28/11/2023 cha By GDDT), mén Toén véi hinh
thirc th‘k trac nghi¢m 3 dang thirc dugc sir dung
trong d€ thi. Dang thirc 2: Cau hoi tric nghiém
dang Pung/Sai, m3i cau hoi c6 4 ¥, thi sinh phai
tré 101 Pﬁng/Sai d6i véi timg ¥ ciia cau héi. Dang
thic Ny doi hoi thi sinh phai c6 nang lyc, kién
thirc kY néng toan dién méi dat dugc diém tbi da,
han ché dwoc vige dung “meo muc” chon dap an
tr °a° phuong 4n nhiu nhu cua dang tric nghiém
nh'iéu 1'1.Ia chon. Xac suit danh ngiu nhién dat
diém 01 da 1d 1/16, nho hon 4 lin so v6i dang
thirc m'ic nghiém nhiéu lya chon. Dang thirc 2 qua
thuc t€ cho thiy phu hop véi viéc thiét ké dé thi
theo dinh huéng danh gia ning lyc, dong thoi
nang cao kha néng phén loai thi sinh. -
Bai viét nay trinh bay cach xdy dung cau héi theo
dang thirc 2 xuit phat tir bai toan ty ludn quen
thudc. Bai viét c6 tham khao tai liéu Tap hun
sach gido khoa mén Toan theo Chuong trinh
GDPT 2018 (B sach SGK: Két noi tri thirc vdi
cuoc séng va Chdn troi sdang tao). "

Cach 1: Bt dau tir ni{)‘t bai tw ludgn co yéu cdu

gidis quyét van-dé cu thé. Chia quy trinh gidi

quyét vin dé thanh 4 buwéc, gin méi buéc voi

mpt cau hoi.

Thi du 1. Xét chiéu bién thién ciia ham so
x*+x-1

4 g]

Léi gidgi. Tap xac dinh: D =R\ {1}. Tacé:

xt+x-1 , X —-2x x=0
y=————— Zimee g =0 e
x—1 (x—l) =2

—~ 0 1 2 4w
5+ 0- [ - o0 + |
y | 1 +o0 +o |

—o0 —0 5 ‘

Viy ham sb ddng bién trén méi khoing
(~0;0),(2;+ ) v nghich bién trén mbi khoang

(0:1),(1:2).

Khi d6 c6 thé ra ciu hdi dang thirc 2 nhwr sau:
Cho ham s6 y = :\:-_x—_l

. x—1

a) Tdp xdc dinh ctia ham s6 la D =R\ {1},

b) Phuong trinh y' =0 co hai nghiém nguyen.

c) Ham sé dong bién trén moi khoang (0:1) va
(2;+ ). .

d) Ham s6 nghich bién trén moi khodng (0:1) va

(B2}
Thi du 2. Tim gid tri I6m nhdt cua ham so
T i [zl
y = 082X + 2sin x trén doan | 0:: I

- -

Loi gigi. Xét ham s6 y=cos2x+2sinx trén
[0;%}. Tacod: y'=-2sin2x +2¢osx

= —45in X.cOS X +2C08.X = 2cosx(-2sinx+1).
Tq co:
- 9 ”
x=—+kx
2
cosx =0

] &5

y=0&] |
sSINnx =—
2

x=%+k2;r (keZ).

x'=§£+ k2
6

-
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Xét trén doan [0;%], y'=0 cb cic nghiém

§

3
xX=—=x

5 =% Ta c6: y(0)= ly(z) 1:)’(%)=5-

3
Suy ra Tﬁiﬁy—z-

Khi d6 c6 thé ra ciu héi dang thirc 2 nhir sau:
Cho ham 5o f(x)=cos2x +2sin x.
a) f'(x) =2cosx(—2sinx +1).

b) /'(x) =0 <> cosx =0 < x=§+k7r,k eZ.
c) Xet trén doan [0;%], y'=0 c¢o cdc nghiém

X =

K

V4
E=—
2

d Gia wi Ién nhat cua ham so

y =co0s2x + 2sin x trén doan {O;g—} la 2.

Thi du 3. Cho tir dién déu ABCD c6 canh bing
a,M la trung diém canh BC. Tinh géc gita AB va
DM.

Loi gigi. Goi N la trung y

diém cua AC. Khi dé

MN 1a duong trung binh

cua A4ABC,va do do:

MN //AB (*) B ‘ D
1 a-

MN =—AB=—
2 2 A

C
Vi ABCD va AACD 1a

cic tam gidc déu canh bing a nén
MD = ND_T‘/—
Tir' (*) 'suyra: (4B,DM)= (MN,DM).
2 N Y
Xét AMND cé: cos DMN = N _+MD” - ND
2MN - MD
- 2
5 ()£
V2 2 2 ) 3
= =—>0
a aJ— 6

5 M b, £

2 2
= DMN 1a géc nhon.

TOAN HOC
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Véy (4B,DM)=(MN,DM)= DMN nén
cos(4AB,DM) = ?

Khi d6 c6 thé ra ciu héi dang thirc 2 nhwr sau:

Cho tir dién déu ABCD ¢ canh bang a,M [

trung diém canh BC, N la trung diém cua AC. Khi

do:

a) MN //AB.

b) MD:ND:“‘f.

¢) (AB,DM)= (MN,DM).
V3

d) cos(AB,DM) =T'

Thi du 4. Mot chdt diém dang chuyén dong voi
vin toc v, =16 (m/s) thi ting toc véi gia téc
a(t)y=>+3t (m/s*). Tinh quing duong vit di
dwoc trong 4 gidy ddu tién ké tir liic bdt dau ting
toc.

Loi gidgi. Goi v(t) 1a vén toc cua chat diém & thoi
diém ¢t thi v()

a(t) =1*+3t. Vi (1) =

la mft nguyén ham cua
——+3t +C nén khi t=0
3 2

c £ 3, <
thi C=16, do d6 v(t)=—+51 +16.Quang

duong vat di dugc trong 4 gidy diu tién ké tir Iic

bét dau ting toc 1a S = I v(t)dt

p PP Y
j—-+—z +16 |dt=| —+—+16¢ | ===(m).
) 12" 2 N

Khi d6 c6 thé ra cau héi dang thirc 2 nhir sau:

M6t chdt diém dang chuyén dong véi vn toc

Vo =16 (m/s)  thi
a(t) =t> +3t (m/s*).
a) Goi W(t) la vén téc cua chét diém ¢ thoi diém

ting téc véi gia téc

t thi v(t) la mét nguyén ham cua a(t) =t* +3t..
b) v(t)—£+ 3t2 +10
3 2 :

c) Vén tdc ciia vit tai thoi diém t=2(s) la
70 (m/s).



d) Quang g, : e
Siditng var di dwoc trong 4 gidy dau ticn

¢ e hic by g
ké tie hic by ga tang toc la = (m)
: A

Thi du §,

Biéu dién mién nghi¢m cria h¢ ba

X220
pheong trinp, 5. _ 4y <10 (%)

. 4x + S5v<10

Loi 813 Dusmg thing x =0 13 trac Oy. Diém
(4;0) thoa man diu kién x>0 nén min nghiém
cua bﬁ" Ph“?ng trinh x>0 13 nira mét phing bo
Oy chira diém (1;0). Trong mit phing toa d9, ta
vé duong thing 4 .sy_4y-10=0, diém
0(0;0) EhOfl man bét phuong trinh 5x -4y <10
nén Mien nghigm cua bit phuong trinh
5x-4y<10 13 mit phing bd
d,:5%~4y —10=0 chia diém 0(0;0).
Trong mét phing toa d6, ta vé dwong thing
dy:4x+5y=10, diém 0(0;0) thoi man bAt
phuong trinh 4x+ 5y <10 nén mién nghiém cia
bét phuong trinh 4x+5y <10 1 nira mit phing
b0 d,:4x+5y-10=0 chia diém O(0;0).
Mién nghiém cua bat phuong trinh (*) 1a tam gidc

nwra

5) .,
trong d6: A(0;2), C[O;_EJ va B(-—;— .

Khi d6 c6 thé ra ciu hoi theo dang thirc 2 nhu
sau:
Cho x,y lacdc $6 thuc thod man hé phwong trinh
x=0
Sx—4y<10  (%).
4x+5y<10

a) Mién nghi¢m cia bar phuong trinh x>0 |4
nwea mdt phang he: Ov chia diém ( 1;0).

b) Mién nghiém ciia bl phicong trinh 5x - 4y <10
la mia mat phang bér d,:5x -4y -10=0 khing
chita diém 0(0;0).

¢)  Mién nghi¢m
4x+5y<10 la

' A
cua bat

mat

trinh
phing  bo

phurong
nira

dy:4x+5y—10=0 chira diém 0(0:0).

d) Mien nghiém cia hé bt phuong trinh (*) la
mot tam giac vai tog dg ba dinh lan lugt la

(0;2),(0;—2) va (%&)
2 41 41

2
THSi6. Bhoddmss = filo)= 2 a4

x+1
Tim m dé qua diém A(0;1) khong co dwong thing
nao la tiép tuyén cua do thi ham sé da cho.
2x* +4x
(x+1)*°
DPuong thing (d) qua A4(0;1) hé §6 goc k co
phuong trinh y = kx + 1. (d) khong tiép xuc voi d6
thj ham s6 da cho khi hé

23 +mx+m

Loi gigi. VGimoi x#-1: f'(x)=

=ke+1 (1)
x+1 o cn
) vO nghiém.
2x" +4x
—= (2)
(x+1)
Thay (2) vao (1) ta c6:

(m=3)x*+2(m-Dx+m-1=0 (3).
Dé thdy m = 3 phuong trinh (3) c6 nghiém

x=_71:>m=3 bi loai.

Xét m#3, (d) khong tiép xuc véi do thi ham sé
di cho khi va chi khi phuong trinh (3) v6 nghi€ém
hodc (3) c6 nghiém kép x =-1

A'=(m-1)*-(m-1)(m-3)<0
= A'=(
i {m—-3—2(m—l)+m+l=0
m-1<0
| [A=2m-1)=0=m<].
L{ -2=0

Khi d6 c6 thé ra ciu héi theo dang thirc 2 nhw
sau:

TOAN HOC 4
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2 +mx+m

Cho ham so ji= Fix)i= . Khi do
X+
" 2x' -4
a) Vxz-1:/ (.r):-)L ‘x.
(x+1)

b) (1) = g

. 2 | |
¢) Duong thang qua diém A(0;1) hé so goc k co
phwong trinh la y = kx + 1.
d) Qua diém A(0;1) khéng ¢6 dwomg thang nao la
Ir'é'p tuyén cia do thi ham s6 da cho khim > 1.
C#ch 2: Bit diu tic mt béi cinh, héi 4 khia
canh khéc nhau tir béi cinh dé
e Bit dau tir mé hinh hinh khong gian nhiw hinh

chap. hinh lang tru, hinh lap phuong,... ta co the

xdy dung cau hoi dang thiee 2 nhur sau:

Thi du 1. Cho hinh chop S.ABCD, day ABCD
la hinh thoi tdm O canh a, goc ABC = 60". Tam
gide SAC déu, tam gige SBD can tai S, Khi do:

a) (SAC) L (ABCD),

b) ((SBD).(ABCD))=60".

(I\/i

) SO =——.
c) 3
d) ((SCD),(ABCD)) = 60,43".
Két qud. a) Ping; b) Sai; ¢) Sai; d) Sai.

Léi gigi. Tam gidc SAC déu c6 O 1a trung diém
AC nén SO L AC (1). Tam giac SBD can tai S

c6 O la trung diém BD nén SO L BD (2).
Tir (1) va (2) suy ra SO L (ABCD).

Mit khiac SO chita trong hai mit phéng
(SAC),(SBD) nén (S4AC) L (ABCD),
(SBD) L (ABCD).

Céc tam giac

ABC, ACD lin lugt cin

tai B va D, ma

ABC = ADC =60° nén 5 Al Ok

hai tam giac

ABC,ACD déu canh a. Ké duong cao OM cua
tam giac QCD. Ta co:

TOAN HOC
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CD 1L OM
{ = CD L (SOM)=> CD 1 SM.

CD 1 50
(SCD)N(ABCD)=CD
Khi d6: {OM L CD,SM L CD

OM < (ABCD),SM c (SCD)
= ((SCD),(ABCD)) = (SM,0M) = SMO.
Tam gidc SAC déu nén SO =£‘/—5 - ‘L‘Z/_i
Ta co: OC—ATC=§ OD = m/_. Tam giac

OCD vudng tai O, duong cao OM nén
1 _ 1 1 oc-0D__ a3
OoM* 0C* 0D Joct+op? 4
Tam gidc SOM vuéng tai O cé:
a3
=rze SOF 9

tan SMO = —
oM

=0M =

=2=> SMO ~ 63,43

i~
*l&

Viy ((SCD),(ABCD)) = SMO = 63,43".
Thi dy 2. Cho hunh lap phuong ABCD.A'B'C'D',

Goi O la tam cua mar ABCD. Gor M la trong

taim ABCD. Lav N trén doan C'D sao cho
C'N = xC'D. Khi do

a) AB=DC

b) BA+BC + BB = BC"

¢) BD+ AC = BC.

-

d) Neu MN ~ BD' thi x = ;

Két qua. a) Ping; b) Sai; c) Sai; d) Ping.

Loi gidi.

a) Theo tinh chét hinh hop tacé AB=D'C .

b) Ap dung quy tic hinh binh hanh ta cé:
BA+BC =BD.

Suy ra: BA+BC+ BB =BD+DD =

c¢) Ta cé:

BD + AC =20D +2A40 =24D = 2BC # BC.
d) Goi E la trung diém cia DD'.Néi C'D cit
CE tai N'=>N' 1a trong tAm cua tam giac
CDD'.

BD'



Ta c6 OF 1a duong trung binh cua tam giac
BDD' suyra OE// BD'.

Mit khac SN _CM
CE Co

nén MV' //OE suy ra
MN'// BD'. Theo bai ra,

ta co: MN /| BD'

=>N=N.Vi N,N'eC'D = CN=2CD :x%,
3

Thi du 3. Cho  hinh  hop chiv  nhdt

ABCD.A'B'C'D' ¢6 AB = a,AD =b, AA' =c¢. Khi

do:

a) 4B 1L(4DD 4').

b) Khoang cach tir diém A dén dwong thang BD'
Vb +¢°

 Nal+b e

c) Goi 1.J theo thir ti la tém cua cdc hinh chit

nhat ADD'A'.BCC'B'. Khi do 1J la dwuong vuong

goc chung cua hai duong thang AD' va B'C.

bang:

d) Khoang cach hai dwong thang AD' va B'C
bcfng 2a.

Két qua. a) Dung; b) Sai; c) Pung; d) Sai.

Loi giai. K¢ dudong cao AH trong tam giac
ABD', suyra d(A,BD')= AH.

Vi ABCD.A'B'C'D' 1a hinh h{p chir nhat nén
AB 1 (ADD'A’), suy ra AB 1 AD' hay tam gidc
ABD' vuéng tai A. Tam gidc ADD’ vudng tai D
c6: AD' =/ AD* + DD™ =/b* + .

Tam giac ABD’ vuodng D’ c
tai A4 c6 duong cao 4'— . B
AH nén S VNG
11“--—7-1‘—;
1 1 1 o S ik
=t — e P
AH? 4B 4D® LD .

_ 4B-AD_ alB 4

T JaB +AD? Jat+b 4

Vay d(4,8D')=—L
Ja? +b* +¢*

= AH

Vi ABCD.A'B'C'D' 14 hinh hdp chir nh4t nén

AB//C'D’
D& thdy 7,/ lan lugt 14 trung diém cua AD' va
BC' suy ra IJ 1a dudng trung binh cia hinh binh
hanh ABC'D'=1J//AB, ma AB 1 AD’ nén
IJ L AD' (1). Taco:

AB 1L (BCC'B')=> AB L B'C = 1J L B'C (2).
Ta thdy IJ cit ca hai duong thing AD',B'C (3).
Tu (1), (2), (3) suy ra L/ 1a dudng vudng goc
chung cua hai duong thing AD' va B'C. Ta cb
IJ=AB=a.

o Tir béi cdnh la cdc do thi ham s6 hodc bang bién
thién cia ham sé, ta ciing co thé xdy dung dugc
cdc cdu hoi dang thirc 2

Thi du 4. Cho ham s6 y = [ (x). Pé thi ham s6

= ABC'D' )4 hinh binh hanh.

v = [f"(x) nhu hinh vé sau:

}UL

\ A

2 0

Cdc ménh dé sau dung hay sai?

a) Ham so f(x) dong bién trén khoang (1:3).
%

b) 72 — |

) /( )>.f(2j

c) f(5)<f(6).

d) Ham so g(x)= f(|4—-2(\']) nghich bién trén

khoang (l}—J

33
Két qua. a) Ping; b) Sai; ¢) Sai; d) Pung.
L&i gidi. a) Dyua vao do thi ta co:

X —00 -2 1 3 +00 .
f(x) +0 -0 +0 - }
Ham s6 f(x) ddéng bién trén khoang (1;3)1a

ménh dé dang.

b) Ham s6 f (x) ddng bién trén khoang (1;3) nén

2<%=>f(2)<f(§-).

TOAN HOC 1 9
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Do dé f(2)> f(-;—) 18 ménh d@ gai.

c) Ham s6 £ (x) nghich bién tren khodng (3;+c)
nén S<6=>1(5)< f(6) 1A ménh dé saj.

d) Véi x<2 thi g(x)= f(4~2x). Tacé:
g'(x)=-21"(4-2x);g'(x) <0 & f'(4-2x)>0

4‘2.!‘(-2 x>3
@[l Aad | 3.
<4‘2x<3 —< X< -
2 p|

P6i chitu v&i didu kign x<2 duge g(x)

y s 13
hich bién trén (—;-— :
ng 5%7 | 1d ménh dé ding,

Thi du 5. Cho ham so J‘=f(.\‘)c(5 bing bién

thién nhw sau:

X —a0 -1 1 5

y' + 0 - 0 +

& / . \ +o0
—a0 -9 /

Cac ménh de sau duin g hay sai?

a) Ham s6 da cho dat cuc tiéu tai x=-1 va dat
cucdaitai x=1.

b) Ham s6 da cho c6 hai diém cuec tri.

c) Gia tri cuc dai cua ham sé da cho b&ng 2.

d? Khoang 'ca'clf twe diem cuwc dai cua do thi ham
5o da cho dén goc toa dé O bc‘bzg 5.
Két qua. a) Sai; b) Ding; c) Sai; d) Sai.
Léi gidgi. a) Tu bang bién thién ta c6: ham s da
cho dat cuc dai tai x=-1 va dat cuc tiéu tai
x =1. Suy ra ménh dé sai.

b) Tir bang bién thién ta c6 ham s6 da cho c¢6 hai
diém cuc tri, ménh dé dung.

¢) Gié trj cyc dai ciia ham s6 di cho bang 2, suy ra
ménh dé sai.

d) Khoéng céch tir diém cyc dai M (~1;2) cta d6
thi ham sé da cho dén gdc toa 49 O bing:

OM =+/2% +1? =/5. Suy ra ménh d& sai.

e Bdt dau tic mot tinh huong thuc té trong bai todn
thong ké, xdc sudt khi d6 c6 thé hoi 4 khia canh
khdc nhau tir tinh huong do.

20 T?g}‘ug% S3 574(4-2025)

Thi dy 6. Khdo sat thoi glan xem dign thogl trong
mor ngady clia mot s6 hoc sinh khoi 12 thu duge

mdu 8o ligu ghép nhom sau:

" I

Thol glan [0;20) [20;40) [(40,60) | [60:80) (40,100,
(phit) SR SSES— S—

Sd hoc 4 R 12 10 % J
sinh —

;1) Tong 6 hoc sinh dwgc khdo sat la 42.
b) Mot ciia mau s li¢u lon hon 54.
¢) Khodang tir phdn vj cua mdu so li¢u lém hon 38
d) Phuong sai ciia mau 50 liéu nho hon 610.
Két qud. a) Plng; b) Sai; ¢) Pung; d) Dlng.
Lo gidi. a) Tng s6 hoc sinh dugc khao sét la:
n=4+8+12+10+8=42.

b) Nhém cé thn s6 16n nhét 1a [40;60) .
Mét ciia miu s6 ligu 1a

12-8
(12-8)+(12-10)
¢) Goi x,,Xx,,...,%, 1a thoi gian xem di¢n thoai
trong ngdy clia 42 hoc sinh khéi 12 va gia sir day
ndy d sép xép theo thir ty ting dén.
Khi d6 tir phan vi thir nhat Q, 1a trung vi cua day
X, Xypes Xy nén Q =x,. Do d6 O thudc
nhom [20;40).
Tt phén vi thir ba O, 1a trung vi cia day X, Xy,
Xy nén O, =x,. Do d6 O, thudc nhém
[60;80).

M, =40+ (60— 40) = 53,3,

42

=2

Suyra: Q =20+ 48 -(40 - 20) = 36,25.
342 o4

Q3=60+—410 .(80—60) = 75.

Khoang tir phan vi ctia mau s6 liéu la:
AQ=0, -0, =75-36,25=38,75.
d) S6 trung binh ctia mau sé lidu la:
. 4.-10+8-30+12-50+10-70+8-90
42
Phuong sai cia mau s liéu la:
»_4:(10-54,76)" +8-(30-54,76)" +12-(50—54,76)’
42
2 2
. 10-(70—54,76)4-;-8-(90—54,76)

~ 54,76.

~ 605,9.

(Xem tiép trang 42)
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CAC LOP THCS

Bai T1/574 (Lép 6). Cho a, b, ¢ 14 chc sb nguyén
dwong théa man:
@’ +b* + ¢ +4b+6=2a +2c +8abc.
Chimg minh a + b + ¢ 1a s6 chin.
CAO NGQC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién Hué)
Bai T2/574 (Lép 7). Cho tam gidc ABC vudng
cén tai 4. Lay diém M bén trong tam gi4c sao cho

MBC =MCA=15". Puong thing qua M song
song v&i BC cit tia phan gidc cia goc MBA tai N.
Chimg minh rang tam gidc AMN 14 tam giac déu.

NGUYEN NGOC HUNG
(GV THCS Hoang Xudn Han, Puec Tho, Ha Tinh)

Bai T3/574. Tim tt ca céc cap s6 ty nhién (m; n)
sao cho 2™ +5" +1 1a mgt s chinh phuong.

NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHQG Ha Ngi)

Bai T4/574. Cho-tam giac ABC vudng tai 4,

duong cao AD (D thugc canh BC). Trén doan CD

liy diém F (F khac C, D). Ké FE vudng goc véi

AB tai E. Qua A4 ké dudng thing Ax vudng goéc véi

AF, Ax cit duong thing DE tai H. Goi [ la trung

diém cua AF. Chimg minh ba diém C, I, H thing

hang.

BUI VAN CHI

(S6 nha 21/2 Puong Lé Hong Phong,

TP. Quy Nhon, Tinh Binh Binh )

Bai T5/574. Giai phuong trinh +2x +6 = x* +3x.

NGUYEN HOU CHUNG
(K26 Ly I, Truong CDSP Thdi Binh)

CAC LOP THPY

Bii T6/574. Cho ba s thyc a, b, ¢ déu khéc 0 va
hai da thirc
f(x)=ax’ +2bx+c, g(x)=ax’ + bx+2c
6 nghiém chung. Tim gi4 trj nho nhét cta
S =25a’ - 60b” + 4¢” +30.
NGUYEN ANH VO
(GV THPT chuyén Chu Van An, Binh Dinh)

Bai T7/574. K¢ hiéu [x] 1a s6 nguyén 16n nhat
khong vugt qua x. Cho day s6 (u,) véi

u, =[\/n"+4n:‘+6n2 +1 -—\/n2+1], neN".

Tim P=l+—l-+...+ L
u u,

Uons
VU HONG PHONG
(GV THPT Tién Du sé 1, Bdc Ninh)
Bai T8/574. Cho tam giac ABC nhon khéng cén. 1
1 tim duong tron ndi tiép tam giac; 4, By, C; lan
luot 1a diém d6i ximg cua I qua BC, CA, AB.
Chimg minh rang;

a) Pudng tron ngoai tiép cac tam giac 4,BC,
C14B, B,CA cung di qua mot diém. Goi diém d6
1a K.

b) Ching minh ring bén diém 4,, By, Cy, K cing
thudc mot duong tron va duong tron do6 cé tam la
I

HA PINH TIEN ANH
(Trwong THPT chuyén Hung Vuong, Phu Tho)
Bai T9/574. An xép ngiu nhién 5 qua béng vao 5
chiéc hop rong.
a) Goi 4 12 bién cb: “S6 bong trong ca 5 hop la
mot s 16”; B 1a bién cb: “C6 dung 3 hdp co s6
bong 1a s6 18”. Tinh P(4) va P(B).
b) L4t sau An lai xép ngau nhién thém 2 qua bong
vao 5 chiéc hop d6. Goi E 1a bién cb: “Sé bong
trong ca 5 hop 1a mot sé 16”. Tinh P(E |4), P(E |B)

va P(E).
DANG HUNG THANG
(Truong PHKHTN, PHQG Ha N¢i)

TOAN H
; crum% 21
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THN TN O YMPIC TOAN

Bai 1T10/574 Xétdy 88 (x,) thoa min:
x, =1

ot '[‘u-]*[bx"].

wong 46 @, b 1A chc 56 thye. Gid sir a, 4 1A hai
nghiém cia phuong trinh x* ~2025x ~1=0, va
biét @ > A Ky hi¢u [x] 1& s6 nguyén 16n nhét
khong vugt qua x.

a) mng mwﬂg ho‘p a= q, b= ﬂ‘ Chﬁng minh
riing x3025 + 1 chia hét cho 45,

VneN’,

b) Trong truong hop a = o, b =0, tim s du trong
phép chia x5 cho 2025.

NGUYEN TRAN HOANG
(SV Khoa Todn Tin, DHSP Ha Ngi)
Bai T11/574. Tim ham s6 f:(0;4+0) >R lién tyc

tai diém xo = 1 va thoa man

f(xv)+\/p\/; ) f(y)

Vx, y €(0;+o).

NGUYEN VAN XA
(GV THPT Yén Phong 56 2 Bdc ninh)

Bai T12/573 Cho hinh chir nhat ABCD va
a, fe(0;90°). Diém E thay ddi trén canh 4B. Vé
phia ngoai tam gidc ECD dyng cac hinh chir nhat
DEFH, CEGI sao cho EDH =a,CEI=f. Goi N
la giao diém cia FB va AG. Chimg minh ring NE
luén di qua mot diém cb dinh.
PAU ANH HUNG
MEWNDMY SCHOOL .
zl’roblem T1/574 (Grade 6). Given positive
‘integers a, b, ¢ satisfying . ‘

a?+b2+c2+4b+6=2a+2c+8abec.

Prove that a’i- b’-‘ffﬂs even.

l'\\

Problem T2/574 (Gnde ‘7) vaen a right triangle
ABC with the right-angle 4. Let M be the point

22
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(GV THPT chuyén Lé Quy Pon, Quing Trf)
LUC BINK

(GV Truimg Trimg Vieong, Quang Tr)

Bal 1.1/574. Mot lugng khi bién dbi rht chim tis
trang théi | sang trang thai 2 theo db thi nhu hinh
dudi. Hiy tim nhiét 46 cyc dai cha khi trong qué
trinh ndy. Cho biét V, =2 L, V=6 L, p; = 1.8
atm; py = 4,2 atm va nhi¢t 40 & trang thai | |4
228°C.

Pplay
Pl »----% ......... ‘1
"2 4] _v(;)
VIET CUONG (Hd Ngi)

Bai 1.2/574. Mot vong day tron, manh c6 ban
kinh r dét trong mit phing vudng goéc véi céc
dudng strc cua mét tir trudng déu c6 cam (mng tir
B thay ddi theo quy ludt: B = kt, trong d6 k la
mdt hing sb dwong. Hiy tinh cuomg do dién
truong E tai cac diém nam trén vong day.
THANH LAM (Ha Ngi)
Pinh chinh: Bai T3/572 (trang 23, sb thang 2.2025)

da viét: P=\/1+\/2+\/§+\/...+\/;
Xin dugc sira la: P=\ﬁ+ \/2+\/3+\/...+\/;

Thanh that xin 13i tic gia va ban doc.
TH&TT

- PROBLEMS INTHISISSUE ~
inside the triangle so that MBC=MCA=15". The

line tl'u'ough M paraﬁel to BC intersects the angle

blsector of MBA at N. Prove that tnangle A.wV is
an equllateral trxangle R

\Problem 'I'3/574. Find all pairs of natural numbers
(m; n) such that 2" +57 +1 is a perfect square. &~



‘:?“ Problem T4/574. Given a right triangle ABC

with the right-angle 4 and the altitude AD (D
belongs to side BC). Inside the side CD, take a
point F. Draw FE perpendicular to 4B at E.
Through 4, draw the line Ax perpendicular to AF,
Ax intersects the line DE at H, Let I be the
midpoint of AF. Prove that three points C, I, H are
collinear.

Problem T5/574. Solve the equations

V2x+6=x2+3x.

FOR HIGH SCHOOL

Problem 7T6/574. Given three non-zero real

numbers a , b, ¢ such that two polynomials
f(x)=ax2+2bx+c, g(x)=ax2+bx+2¢
have a common root. Find the minimum value of
the expression
S=25a2-60b2+4c2+30.

Problem T7/574. The notation [x] denotes the
largest integer not exceeding x. Consider the

sequence (u,) where
=[Jn4+4n3 +6n2 +1—/n? +1],neN".

‘Find P=1 + - +...4 1
U u

U025 ]

Problem T8/574. Given an acute non-isosceles
triangle ABC and [ is its’ incenter of. Let A;, By,
C, be the reflections of I 'in BC, CA AB
respectively. Prove that

a) The circumcircles of the triangles A,BC, C1A4B,
BiCA pass through the same point which is
denoted by K. i e

b) Prove that four points 4;, By, C1, K belong to
the same circle with the center at /..

- Mem T9/574. An randomly puts 5 balls into 5

a) Let A be the event: "The number of balls in all 5
boxes is an odd number"; B be the event: “There
are exactly 3 boxes with an odd number of balls",
Calculate P (4) and P.(B).

b) Later, An randomly puts 2 more balls into those
5 boxes. Let E be the event: "The number of balls
in all 5 boxes is an odd number". Calculate
P(E |4), P(E |B) and P(E).
TOWARDS MATHEMATICAL
} OLYMPIAD
Problem “T10/574. Consider a seqll.i'_e“tic'e' of
numbers (x,) that satisfies ‘
x =1 : 3
{x,,+1 =[ax, ]+[bx,,]’vmEN :
where @ and b are some real numbférs. S\ipp.ose
that @, fB are two roots of the equation
x2-2025x-1=0, and a > f The mnotation [x]
denotes the largest integer not exceeding x .
a) In the case a = @, b = 3, prove that xps + 1 s
divisible by 45v , - pare - e B S
b):In the case a = a, b ="0, find the remainder
when dividing x;0;5 by 2025. (R 148
T11/574. Find the functions
g (O +0)— R which is continuous at xo = 1

and satisfies f(xy)+\f ( S ( ) J@Jf\/_

Vx ye(O +oo)
Problem T12/574. Given a rectangle ABCD and
a ﬂe(O 90°) A point E varies on the side 4B.

Problem

Outside the triangle ECD, draw rectangles DEFH
and CEGI so that EDH =a,CEI = . Let N be the
intersection between FB and AG. Prove that NE

always passes through a fixed point.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)
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Bai T1/570. Hay tim nhitng ndm ciia thé kv 21 ma
co thé biéu dién dtqn":irni‘l' dang 2" -3.2" trong
do a, b la cdc s0 te nhién (chang  han
2024 =2" -3.2Y).

Loi gidi. Thé ki 21 biit ddu tr nim 2001 dén hét
nidm 2100 nén cin cé:

2001 <2°-32°<2100 (1),

T (1) do 3.2°> 0 nén 2°> 2001 > 1024 = 2" do
d6a=11().

T (1) €6 2°232°> 22 nén 2° > 221 4o ¢4
a>b+2,haylab<a-2.

TWr (1) €6 2°< 2100 + 3.2° <2100 + 322 hay I3
42" <2100 +3.2% , nén 2*? < 2100 < 2" | 4o
d6 a < 14, suy ra a < 13. Két hop véi (2) ta co:

11 <a<13.

o Xéta=11va2"=2048 tx (1) co:

2001 < 2" - 3.2° < 2100 hay 3.2° < 47 < 48 nén
2% < 16, tire 1a b < 3. Véi b bing 0; 1; 2; 3 ¢6 bédn
ndm tuong ung la:

2'1-3.2°=2045; 2" - 3.2' = 2042;
2''-3.27=2036; 2" - 3.2°=2024.
o« Xéta =12 va 2= 4096, tx (1) co:
2001 <2'%-3.2°< 2100,

hay la 1800 < 1996 < 3.2°< 2095 < 2100

nén 600 < 2° < 700, khéng c6 sb nguyén b thoa
man.

e Xéta = 13, tr (1) c6 2001 < 2" - 3.2° < 2100,
hay 1a 6090 < 6092 < 3.2° < 6191 < 6210 nén
2030 < 2° <2070 nén b = 11, c6 mdt ném la:

232" =2"=2048.

Céc ndm tim dugc 1a 2024; 2036; 2042; 2045;
2048.

Nh@n xét. Mot s6 ban cho két qua dung, nhung
khong 18p ludn vé gi trj cia s6 mil a nén khéng biét
dugc con nghiém ndo khéc nira khong. Céc ban sau

24 T?g?'lug% S6 574(4-2025)

¢6 oflu trd 104 ding: Ha NQI: Nguyén Phuong Hoa,
6A2, THCS Linh Dam, Q. Hodng Mai; Quing Ngii:
Pham Thj Bdo Uyén, 6D, THCS Phgm Viin Pdng,
Tvdn Pham Minh Thiy, 6B, THCS Hanh Trung,
Trdn Van Phung, 6C, THCS Nguyén Kim Vang,
Nghia Hanh,

NGUYEN VIET HAI

Bl T2/570. Tim hai s6 hitu ty duong x, y thoa
man dang thire:

(+ 1 4 (p+ 1) =2025+2(x +).
L gidi. Vi xva y 14 hai s6 hiru ti duong nén gia

sir x=-:—;y=§ (véi a,b,c,deN’, (a,b)=1];

(c,d)=1). Si dung céc tinh chét quen thudc aé
bién ddi déing thirc da cho nhu sau:
(x+1)" +(y+1)" =2025+2(x+)
& +2x+1+y  +2y+1=2025+2x+2y

2 2
ot +y' =2023 (%) +(§J =2023

& ald? + b3 c? =2023b%d* (D).

a*d? + b*c? | b?

a’d® i b
dd* 4+ bt i d’ {

Tir (1) suy ra: { bt g

d*iv’
:{b, | (o @) =1 (d)=1).

Vi b*:d* va d*:b® nén b=d, két hop vai (1)
tasuyra: a’ +c* =7.176* (2).

T (2) suy ra: (@* +¢*)i7 (3).

Do mét s6 chinh phuong khi chia cho 7 chi nhén
mot trong céc s6 du 14 0, 1, 2, 4 nén dé (3) xay ra
ta phdi c6 a’ 17 va ¢* ! 7. Tir day, két hop 7 1a
mét s6 nguyén td nén suyra a:7 va c:7, din
&én trdi voi gia thiét (a,b)=1.

Vay khong ton tai hai s6 hitu ti duong xva y sao
cho (x+1)"+(y+1)" =2025+2(x +p).

Nhdn xét. Cach giai cua tac gia dé toan ciing 1a cach
gidi ciua ban Nguyén Bao Chdu, 7A6, THCS Yén
Lac, Yén Lac, Vinh Phiic. Ngoai ra, ban Trdn Vigt



~

rén Diing Ninh, TP, Nam Dinh,

MOt cach ngfin gon bing cach xét
vay,

Khoi, 7AS, THCS T
Nam Bjnh dya ry
tinh chén 1¢ cya

TRAN TH] KIM THANH
Bai T3/570. Chieng minp, rang:

ke s 0 7
127 423" 134" 4450

chia hét cho 11

Lo gigi. Ta co: 2" —1(p4 = I (mod11)

3* _ ~80+
Nem 27 =2%=2,(2°)" =2 (mod11) (1),

1 . 1S
SE =243=1(mod11); 81=4 (mod11)
nén 345 =31024 =35.204+4 =81 (35 )204

=4 (mod11) (2).

Taco 4° =102451(mod11) nén

4" =(#) =1(modll) (3)
Lai c6 5 =3125=1(mod11), 6" =1 (mod5) nén
c6 thé dit 6" =54 +1 (aeN).

Dods 5% =5 =55y =5 (modl1) (4.
Tu (1), (2), (3), (4) suy ra:

12" +23° +3.4% +455 =1242443.1+45

=33=0 (mod11).

Vay 12% +23° +3.4° +4.57 chia hét cho 11.
Bai toan dugc chirng minh.
Nhdn xét. 1) Bai nay khong c6 nhiéu cich gidi, chi
yéu 14 xét dong du cua mdi sb hang trong diu bai
theo modun 11.
Céc két qua chinh cua 16 giai la:

2* =2 (mod11); 3* =4 (mod11);

4% =1(mod11); 5° =5 (mod11).
2) Céc ban yéu toan hoc nén biét thém dinh ly
Fermat nho: Néu p la s6 nguyén td, a la s6 ty nhién
bdt ky khong chia hét cho p thi a’™' =1 (mod p).
Trong bai toan trén c6

2" =1 (mod11), 3 =1 (mod11),...
Céc ban sau day c6 bai giai tbt:
Ha Noi: Nguyén Thanh Nam, 8Al, THCS Linh
Pam, Q. Hoang Mai; Nghé An: Bui Hifu Anh Qudn,

6E, Dgng Bd Khéi Nguyén, Lam Ly Sang, 8D,
Nguyén Bdo Duy, Pdo Cong Ti, 8B, Nguyén Thj
Béng Tdm, 9C, THCS Ly Nhat Quang, D6 Luong;
Cong hoa Ao: Lé Bach Hai Pdng, 2B, Trudng
Qudc té song ngir clp 2,3 GIBS, TP. Graz .
NGUYEN ANH DONG

Bai T4/570. Cho tam gidc nhon ABC ngi tiép
duwong tron (0). Cdc duong cao AD va CE ciia
tam giac cdt nhau tai H. Goi M la trung diém ciia
BC. Tia MH cdt duong tron (O) ¢ 1. Pucng tron
ngoai tiép tam giac BME cdt AM & N, Chitng

. Al AD AN
minh —.——=——.

Do tit gidc BMNE ndi tiép nén AE.AB = AN AM.
Do tir gidc BDHE noi tiép nén AE. AB = AH. AD.
Suyra: AN. AM=AH.AD  (1).
Tir d6 ta c6 tir giic DHNM ndi tiép, nén
HNM =HDM =90".
Mait khac, ké duong kinh 44’ cia dudng tron (O),
ta c0 BHCA’ 1a hinh binh hanh, nén 4°, M, H
théng hang. Do d6 4°, M, H, I thing hang.
Tir d6, do tir giac AIHN noi tiép ta co:
MH.MI=MN.MA (2).
AH.AD AN

==L (3).

Tiur (1) va (2) ta co:
MHMI MN

Mat khic: AAHI ~ AMHD (g.g) = 0= AL (4.
MH MD

Al AD AN

T (3) va (4 : . = .
u (3) va (4) suyra M MD_ MN

TOANH
e 25
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Nh{n xét. Cong cu chinh dé gidi bai todn ndy 13 tinh
chét phwong tich. Céc ban sau diy ¢6 101 gidi tht:
Hii Phong: Hodng Dirc Diing, 8B9, THCS Trén Phu,
Q. L& Chén; Thanh Héa: Lé Phi Dat, 9A7, THCS Ttr.
Canh Nang, B4 Thuoc; Ngh¢ An: Ngupén Tdt Han,
Nguyén Tét Hoang Anh, 9C, THCS Ly Nhft Quang, D6
Luong; Lam Ddng: Nguyén Nam Duong, 9A7, THCS
Phan Chu Trinh, Da Lat.

NGUYEN THANH HONG

Bai TS/570. Giai phwong trinh

x4+ y+xyl- v+ pl-xt =—

Loi gidgi. PK: —-1<x,y<1. Vi mbi y € [0; 1],

xét ham sd:

f(x)=x+x1-p* + pV1-x? +y——?.

Taco: f(-))=-1- 1—y2+y—?
=—(1-y)-l- 2—?&?&

fQ= l+\/1 ¥ +y—£>l—£

Do d6: f(-1)f(1)<0. Vi ham f{x) lién tuc trén
[~1;1] nén theo tinh chat cta ham sé lién tuc ton
tai it nhét mot sé x, e(-1;1) d& f(x,)=0. Do
viy (x,;¥) V6i y tiy ¥ thudc [0; 1] déu 1a cac
nghiém phuong trinh (1).

Nhin xét. 1) Tinh chét cia cia ham sé lién tuc da
duogc su dung trong 101 giai trén. Tuy nhién 101 giai
chi khing dinh phuong trinh d3 cho c6 v6 s nghiém
thudc [—1; 1] ma chua dua ra cong thirc tudng minh

cua nghiém.

33
2) Néu vé phai cua phuong trinh & dé bai 1a Y
tirc la: x+y+x\/l—y2 + -2 =i£ (2), thi

nghiém ctia PT(2) c6 thé x4c dinh cu thé nhu sau:
Ap dung BDT: 2ab < a’ + b, ta co:

R I%%“QJ%(;)

FINH
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xy1-y? =~1-x 3-3yt s —
3 3 2
=L(x2+3—3y2)
23 ’
2 2 o
+{+/3-3x
y 1—x2=iy 3-3x? _<_i Y ( )

Cong theo vé cac BDT trén ta dugc:

1 3 33
VT(2)S (x2+ 2+—— 2 3 =—
\/5 Yy 2 X -y +3 )

Déu déng thirc xay ra khi
r V3
X=yYy=—

2
bg= 3—3y2©x=y=ﬁ_
2
y=+3-3x?
—1<x,y<1

ff]

Vay PT(2) c6 nghiém duy nhit (x;y)= ( R

Ban Nguyén Thanh Nam, 8A1, THCS Linh Pam, Q.

Hoang Mai, Ha Ngi c6 101 giai ding cho PT(2) nay.
TRAN HUU NAM

Bai T6/570. Tim tdt ca cdc so nguyén duong x, y

thoa man phwong trinh

x*+x=y'+y+xy+2005 (1)

Loi gigi (cua Nguyén Tat Hoang Anh, Viong

Khanh Todn, Nguyén Tan Phdt va mot s6 ban).

Ta co:

()& (x=p)’ +3xp(x=y) +(x~y)—xy=2005 (2).

T didy suy ra x>y=>1. Hon nira, néu

—y2>12 thi x>13 va y>1. Khi ay:
VT(2)=(x-y)(x* +y* +1)+(x-y-1)xy
212(132+12+1)+11-13-1=2195>2005.



Viy chi can xét 1< x— y <11, Bién dbi (2) thanh:
3
27(x-y) ~1+27xy(3x =3y 1)+ 9(3x -3y -1)

=2005-27-1-9=>54125 (3).

Vi VT@3) chia hét nén

3x-3y-1
VP(3) = 54125 ciing chia hét cho 3x -3y -1hay

cho

3x-3y-1 1d wéc cua 54125=5"-433, tirc 12
3x=3y -1 chi c6 thé bing 5, 25, 75, 125, ...
Ma 3x -3y -1=2(mod3)nén 54125 = 2(mod3)
trc 1a 3x -3y —1 chi c6 thé bing 5, 125,...

Mat khéc, 1<x -y <11 nén 2<3x-3y-1<32.
Do @6 3x-3y-1=5 hay x—y=2. Khi d6 (2)
tr¢ thanh:

23+3(y+2)y-2+2—(y+2)y=2005

< 59" +10y +10 =2005 < y* +2y —399 =0.
Do y nguyén duong nén y =19 va x=2I.
Pdp s6: x=21; y=19.
Nhén xét. 1) Hai ban Hupnh Phan Kim Ngdn va Vo
Tién Phat phai giri bai riéng.
2) Tét ca cac ban giri bai c6 101 giai tét:
Hung Yén: Tran Gia Phu, 10 Toan 1, THPT chuyén
Hung Yén. Kién Giang: T ran Minh Tién, 10T2,
THPT chuyén Huynh Mén Pat. Long An: Nguyén
Tén Pat, Hupnh V5 Huy Khéanh, Nguyén Minh Tién,
10T1, Huynh Phan Kim Ngdn, 10T2, THPT chuyén
Trin Vin Giau, V6 Tién Phdt, 10A1, THPT Nguyén
Théng. Lam Péng: Trwong Puc Gia Bdo, C10,
THPT chuyén Thing Long, Huynh Nguyén Lé Minh,
9A7, THCS Phan Chu Trinh, TP. Da Lat. Ngh¢ An:
Nguyén Tat Hoang Anh, Nguyén Céng Linh, 9C,
THCS Ly Nhat Quang, P6 Luong; Nguyén Tudn
Khii, 10A2, Nguyén Van Pirc Thing, 10A3, THPT
Hoang Mai. Phi Tho: Trdn Ngoc Ti, 9A, THCS
Nguydn Quang Bich, Tam Nong. Quing Binh:
Nguyén Vin Hop, 11T2, Vuong Khanh Toan, 11T1,
THPT chuyén V6 Nguyén Gidp. Séc Tring: Nguyén
Tén Phat, 10A2, Ha Lé Nguyén Phiic, 10A8, THPT
chuyén Nguyén Thi Minh Khai. Théi Binh: Phan
Trung Hiéu, 10A1, THPT Tay Tién Hai. TP. HO Chi
Minh: Trdn Nhat Nguyén, Nguye:n Pham Minh Phu,

10E1, THPT L& Thanh Téng. Ha NOi: Nguyén
Thanh Nam, 8A1, THCS Linh Dam, Q. Hoang Mai,
Nguyén Kim Thanh, 10 Toan 2, THPT chuyén DHSP
Ha Noi, Va mdt ban khong ghi tén.

TA DUY PHUQNG
Bai T7/570. Giai h¢ phueong trinh
Jm-‘y +2y' +35=0
|5x% + 5y +2xy +5x 413y =0
Loi gidi. Cdch 1. Nhan hai vé cua phuong trinh

thtt hai véi 3, roi cong theo vé véi phuong trinh
thir nhét ta dugc:

6x*y+2y’ +35+15x* +15y" +6xy +15x+39y =0
<33Ry +5)+3x2y +5)+ Yy’ 2y +5)

+5yQ2y+5)+7(2y+5)=0
& 2y +5)(3x* +3x+y +5y+7)=0

<:>(2y+5){3(x+—;-) +(y+§j J=0.

Xay ra hai truong hop:
a)2y+5=0 ¢$y=—%. Thay vao phuong trinh

, 12
thir nhét cua hé, ta dugc: —15x" — TS +35=0

5 1 | 1
&S x' =—<< x=— hodac x=—.
4 2 2

1Y 5Y
b) 3| x+—=| +|y+=| =0
3(x+3) +(+3)
5

@x+l— +§—0<:>x——l- =——
D) A}

Viay hé phuong trinh c6 hai nghiém (x; y) la:

(-2)(53)

6x’y+2y’ +35=0

Cdch 2. Ta co:
5x* +5y* +2xy +5x+13y=0

- (x+y) —(x-y)+35=0
3(x + y)* +2(x—y)2+9(x+y)—4(x—y)=0‘
bit u=x+y; v=x-y, ta nhin dugc h¢ phuong

3_ 3 = *
rinh: u —v +35=0 ™
3u +2v +9u—4v=0

S85744-2025) ! Cludilye




T 6 suy ra:

w -V +35+3(3u® + 20 + 9y -4v)=0
SW+3) -(v-27=0
QU+I=v-2&Sv=y+5,

Thay vao phuong trinh (*), ta dugc:
u --(u+5)J +35=0u’ +5u+6=0
=-2 hodic u=-3,
Vé‘iu=—2tbi\’—3. D006x+y=-—2;x_y=3.
] 5

Tir 46 tim dwoc x=5;y=—-i,
Voiu=-3thiv=2.Dodéx+y=-3;x-y=2.
T\r d6 tim dugc x=—%;y=—§.
Nhdn xét. Bai ndy c6 nhiéu ban tham gia giri bai va
déu lam theo mot trong hai céch trén. Tuyén duong
céc ban sau c6 16i giai tot. 1ap ludn chat ché va ngin
gon: )
Ha N@i: Nguyén Kim Thanh, 10 Toan 2, THPT
chuyén DHSP Ha N¢i; Hung Yén: Trin Gia Phi,
Lé Quang Anh, 10 Toén 1, THPT chuyén Hung Yén;
Thai Binh: Phan Trung Hiéu, 10A1, THPT Tién
Hai; Ngh¢ An: Nguyén Cinh Phuéc Hung, Nguyén
Tan Hoang Anh, 9C, THCS Ly Nhat Quang; Dang
Hoang Luong, 11A1, THPT Yén Thanh 2, Nguyén
Van Piec Thang, 10A3, THPT Hoang Mai; Kién
Giang: Tran Minh Tién, Tran Hodng Bach, 10T2,
THPT chuyén Huynh Mén Pat; Long An: Nguyén
Minh Tién, Nguyén Ngoc Uyén Nhi, Ngé Nguyén T
Huong, 10T1, Huynh Phan Kim Ngdn, 10T2, THPT
chuyén Tran Vin Giau; TP. Hd Chi Minh: Nguyén
Chdnh Thién, 10CT1, THPT chuyén Lé Hong
Phong; Pdng Thap: Pao Chi Hiéu, 11A1, THPT
chuyén Nguyén Quang Diéu; Séc Tring: Nguyén
Tan Phdt, 10A2, THPT chuyén Nguyén Thi Minh
Khai; Lam DPdng: Huynh Nguyén Lé Minh, 9A7.
THCS Phan Chu Trinh.

PHAM THI BACH NGQC
Bai T8/570. Cho tam gidc ABC ngi tiép duong
tron 6 ban kinh bang 1 va cd trong tdm G. Chitng
minh é'i+£+CA > AB+BC +CA.

GC GB

Loi gigi. Ki hiéu a,b,c tuong tng 1a d¢ dai cac
canh BC,CA,AB; con m,, my, m. twong ung 1a do
dai cc duong trung tuyén ké tir 4,B,C.

TOAN HOC
28 " cusitge
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2(b2 +c? ) ~a?
4
ding thirc Cauchy ta co:
2(a2 + b2 +c2)=4m3 +3a% 2 4\3am,.

nén 4p dung bit

Ta co: m,f =

a’ +b? +c?
243
Chimg minh tuong ty, ta co:
2,32, 2
b, B HET

23

Suyra: am, <

2 2 2

a“ +b° +c
>————— =23,

a +b"+c

23

Cha y la GA=§ma,GB=§mb,GC=—3%mc nén

bét dang thic trén cho ta:
BC (4 AB
+
GA GB GC 23/3.
Mit khac theo dinh 1y ham sé sin thi
AB + BC + CA=2R(sin A +sin B +sin C)

=2(sin A +sin B +sinC).

Ap dung bit déng thirc quen thudc

33

sinA+sinB+sinCST,

ta suyra: AB+ BC + CA 33\/3.

Tir day suy ra:
86 A AB i BE 404
GA GB GC

Ding thtc xay ra khi va chi khi tam gidc ABC la
tam giac déu.

Nhin xét. Bai toan ndy dé, co nhiéu ban tham gia
gii va ddu giai dung. Céc ban sau 6 151 giai tot:

Ha Ngi: Nguyén Kim Thanh, 10 Toén 2, THPT
chuyén DHSP Ha N¢i. Hung Yén: Pham Van
Phong, D6 Quang Anh, 10 Toan 1, THPT chuyén
Hung Yén; Kién Giang: Pham Trinh Kim Tién,



Thr 46 suy ra:
W= 435430 + 20% 4 9y - )= ()

SWu+3) -(v=-2) =0
Su+I=v-2Syvay4s,
Thay vao phuong trinh (*), ta dugc;
uJ - (u +5)3 +35=0& 4! +Su+6=0
u==2 hojic u=-3,

vaiu=—2thl v=13 Dod6x+y=_2;x..y=3.
T 46 tim dugc x=%;y=~§
Véiu=-3thiv=2 Dodéx+y=..3;x_y=2.
T d6 tim dugc x=-%;y=—§.
Nhin xét. Bai ndy c6 nhiéu ban tham gia gui bai va
déu 1am theo mét trong hai cach trén. Tuyén duong
céc ban sau c6 101 giai t6t. 1gp lugn chit ché va ngfn
gon:
Ha N§i: Nguyén Kim Thanh, 10 Todn 2, THPT
chuyén DHSP Ha Noi; Hung Yén: Trdn Gia Phi,
Lé Quang Anh, 10 Toén 1, THPT chuyén Hung Yén;
Théi Binh: Phan Trung Hiéu, 10A1, THPT Tién
Hai; Nghé An: Nguyén Canh Phudc Hung, Nguyén
Tan Hoang Anh, 9C, THCS Ly Nhat Quang; Ping
Hoang Luwong, 11A1, THPT Yén Thanh 2, Nguyén
Vian Purc Thang, 10A3, THPT Hoang Mai; Kién
Giang: Trdn Minh Tién, Trin Hoang Bdch, 10T2,
THPT chuyen Huynh Man Dat; Long An: Nguyen
Minh Tién, Nguyén Ngoc Uyén Nhi, Ngé Nguyén Tii
Huong, 10T1, Huynh Phan Kim Ngan, 10T2, THPT
chuyén Tran Van Gidu; TP. HS Chi Minh: Nguyen
Chanh Thién, 10CT1, THPT chuyen Lé Hong
Phong; Dong Thap: Pdo Chi Hiéu, 11A1, THPT
chuyen Nguyén Quang Diéu; Séc Tring: Nguyén
Tan Phat, 10A2, THPT chuyén Nguyén Thi Minh
Khai; Lam Dong Huynh Nguyén Lé Minh, 9A7.
THCS Phan Chu Trinh.

PHAM THI BACH NGQC
Bai T8/570. Cho tam giic ABC néi tiép duwong
tron cé ban kinh bang 1 va cé trong tam G. Chirng

AB BC CA

minh —+—+——2> AB+ BC + CA.
GC GA GB

Loi gidgi. Ki hiu a,b,c tuong umg 1a 46 dai cic
canh BC,CA,AB; con mg, mp, m. tuong tmg 13 d9
dai cac duong trung tuyén ké tir 4,B,C.

TOAN HOC
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Z(h2 +¢? ) -t
4
diing thirc Cauchy ta co;

2(a2 +b? 4! ) =4m? +3a* 2 4\/§a.ma.

nén 4p dung bit

Ta co: m,f =

a* + b +o*
23

Ching minh twong ty, ta c6:

Suyra: am, <

a’ +b* +c?
N
om <L tb Hct
‘ 23
b ¢ a* b

a
Trd6: —+—+—= + +
m, m, m, am, bm,

c

bm, <

2,2, 2
2t =2
a“+b" +c
23
Ch ¢ 1a GA=§ma,GB=§mb,GC=§mC nén
bét dang thirc trén cho ta:
BC CA 4B
+ + 2 34/3.
GA GB GC \/—
Mit khéc theo dinh 1y ham s sin thi
AB+BC+CA=2R(Sil’1A+SinB+sinC)

=2(sin A+sin B +sin C).
Ap dyng bét dang thirc quen thugc

smA+smB+smC<3‘/—

tasuy ra: AB+ BC +CA <3./3.

T day suy ra:
BC CA4 AB
P A.
GA GB GC 2AB+BC+C.

Ping thirc xay ra khi va chi khi tam gi4c ABC 1a
tam giac déu.

Nhén xét. Bai to4n nay dé, c6 nhidu ban tham gia
gidi va déu giai diing. Céc ban sau cé 10i giai tot:

Ha Nbi: Nguyén Kim Thanh, 10 Toan 2, THPT
chuyén PHSP Ha Noi. Hung Yén: Pham Vin
Phong, B6 Quang Anh, 10 Toén 1, THPT chuyén
Hung Yén; Kién Giang: Pham Trinh Kim Tién,



Nguyén Gia Bdo, 10 Tokn 1, THP

T chuyén Huynh
Min Pat; Long An; Huynh

\ Ddng Khanh, Nguyén
Ha My, Dang Hodng Khanh Ngoc, 10T1, Hupnh
Phan Kim Ngdn, 10T2, THPT chuyén Trin Vin
Gidu; Ngh§ An: Ding Hoang Licong, 11A1, THPT
Yén Thanh 2; Hai Phong: Pang Pinh Minh Tri,
9D?, THCS Lac Vién, Ngé Quyn; Quang Binh:
Tran Dirc Phdt, 11 To&n 1, THPT chuyén Vo
Nguyén Giap; TP. Hd Chi Minh: Nguyén Chi Pai,
10Al, TH, THCS&THPT Lé Thanh Téng, Q. Tén
Phi; Théi Binh: Phan Trung Hiéu, 10A1, THPT
Tay Tién Hai.

NGUYEN TIEN LAM

_1445

Bai T9/570. Cho ba s6 a.,b,c lon hon

thoa man abc = 1. Chirng minh
1 1 I
2\-4_ 2 + 9 2 3
a+a-1 b°+b-1 c*+c-1
Lai giai. (Dua theo 10i giai cua ban Trdn Gia Phi,
10 Toan 1, THPT chuyén Hung Yén, Hung Yén)
Tacd: @’ —(a* +a-1)=(a-1)*(a+1)20.

1Y s
Do do: a32a2+a—1=(a+—) -=>0.
2 4
Suy ra: L 2 1 Tuong tu ta c6
—> o:
ad+a-1 o 5%
1 1 1

S N VO TG |
B*+b-1 & F+c-1
Cong theo vé ba bat déng thirc trén ta thu dugc:
1 1 1 1 1 1
a*+a-1 +b2 +b—1+ c*+c-1 Z—c_z?+—l;3_+? .
Miit khac ap dung bét dang thirc Cauchy ta co:
:_3+51?+ci32£;=3 2.
Tir (1) va (2) ta thu dugc bét déng thirc cn ching
minh.
Nhén xét. Day la mét bai toan khong khé va co
nhidu hwéng gidi nén c6 nhidu ban giri 141 gidi vé toa
soan. Hau hét c4c ban c6 191 giai ding. Tuy nhién da
s6 cac ban khong st dung gia thiét @8 chi ra cac mau
thirc 16n hon khong trong khi ap dung bat déng thirc
Schwarz dang phan thirc hodc @& suy ra cac bat dang
thirc khac (vi du nhu trong 161 gidi trén can chi ra

a* +a~150). Néu b gia thiét ba sb a,b,c 16n hon

—l+\/§
2

thi bai todn khdng con dang niva, Pa sb cac

*x IN

ban cho I6i gidi theo huéng dit a==,b=2,c=
y 2

hodc dit x =—]—,y=%,z et 1 5w 85 4p dung bit
a c

ding thic Schwarz ciing cho 1o giai ngén gon. Mt
sb ban dua vé& bai toan thudc
1 1 1
2 + 2 + 2
a*+a+1 b +b+1 c" +c+l

quen

21 va ciing cho

16i giai ding. Cac ban sau day c6 i giai tot:

Phu Yén: Pham Thi Khanh Doan, 10 Toan 2, THPT
chuyén Luong Vin Chdnh; Long An: Nguyén Gia
Bdo, 10T1, Hupnh Ddng Khanh, Nguyén Gia Hung,
Chéu Thanh Nhdt, Nguyén Ha Vy, 10T1, THPT
chuyén Tran Vin Giau; Séc Tring: Nguyén Tan
Phat, Nguyén My Anh, 10A2, THPT chuyén Nguyén
Thi Minh Khai; TP. H6 Chi Minh: Trdn Quang
Minh, Nguyén Chdanh Thién, 10CT1, THPT chuyén
Lé Hong Phong; Nguyén Chi Pai, 10A1, Nguyén
Pham Minh Phi, Tran Nhdt Nguyén, 10E1, Lé Khdc
Tri Nguyén, 10E2, TH, THCS&THPT Lé Thanh
Tong; Hai Phong: Dang Dinh Minh Tri, Phung Nam
Khanh, 9D2, THCS Lac Vién; Hung Yén: Pham
Vin Phong, 10 Toan 1, THPT chuyén Hung Yén;
Quing Binh: T ran Pirc Phat, Vwong Khanh Toan,
11CT1, Pham Xudn Khoi Nguyén, Nguye:n Van Hop,
Nguyén Phuong Nam, 11CT2, THPT chuyén V&
Nguyén Giap; Nghé An: Dang Hoang Luong, 11A1l,
THPT Yén Thanh 2; Nguyén Tat Hodang Anh,
Nguyén Thi Bang Tam, Nguyén Cdanh Phuéc Hung,
9C, THCS Ly Nhat Quang, D6 Luong; 7 ran Quang
Nhat, 11A1, THPT chuyén Pai Hoc Vinh; Nguye’n
Van Puc T hd'ng, 10A3, THPT Hoang Mai; TP Hué:
Nguyén Duy Phic, 11 Toan 1, THPT chuyén Qudc
Hoc Hué; Ha Ngi: Nguyén Thanh Nam, 8A1, THCS
Linh Pam, Q. Hoang Mai, Nguyén Kim Thanh, 10
Toan 2, THPT chuyén DHSP Ha N¢i. Lim Pong:
Pham Quang Minh, 9A3, Huynh Nguyén Lé Minh,
9A7, THCS Phan Chu Trinh, TP. Pa Lat; Thai
Binh: Phan Trung Hiéu, 10A1, THPT Tay Tién Hai;
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logu Glang: Ngwén Twdn Haw, 10T, Tvdn Mink
Tién, 10T2, THPT chuyén Huynh Min Dt

HOANG NGQC MINH
Bai T10/S70. Chimg mink wing phieomg mink
Vaveas v oot mhat mor cdp nehiém nEnYeén
dwomg (1 V) WMo gid ] ngunven cua a.
Lov gidi (Cha ban Vwong Khdnh Todn, 11CT],
THPT chuyén V3 Nguyén Gidp, Quing Binh).

Xét a=20. Voi x=8a’8a* +1)eN' ta co:

M +x+ad =[8a‘ (Ra* +l)]“ +8a°8a' +1)+a*
=262144a" +98304a" +122884" + 5764 +94°
=(512a° +96a’ +3a)’.

Vi |512a° +96a° +3a|eN' nén phuong trinh da

cho c6 nghiém nguyén dwong la:

x=8a"8a" +1), y =[512a" + 964’ +3d|.

Xét a = 0. Phuong trinh tré thanh:

Frx=y o a2 +1)=y?,

Gia su phlrong trinh ¢6 nghiém nguyén duong
(x, »)- Vi(x, x° +1)=1 nén ta co:

¥ +1=2zeN S (z=x)(z+x)=1

ok

Thanh the v6i @ = 0 phuong trinh khéng c6
nghiém nguyén duong

—x=z+x=1

=x=0¢N".
—Xx=z+x=-]1

Nhén xét. 1) Phuong trinh di cho c6 it nhit mot
nghiém nguyén duong (x; y) véi a nguyén khac 0.

2) Rit it ban tham gia giai bai toan nay. Ngoai ban
Toan, chi c¢6 ban Nguyén Gia Bdo, 10T1, THPT
chuyén Tran Vin Giau, Long An c6 1di giai dung

v61 mot cach giai khac dai hon.

PANG HUNG THANG
Bai TI11/570. Xeér 2022 s6 thuc tiy v
a,.a,,a,,....a,, VOi a,=d,,, =0, cdc sé con lai

khac 0. Chirng minh rang voi moi so thuc k thi:

2019

Zla —ka;,

lao Ia*oﬂ

1#7'

TOAN HOC
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L gidi. (Dya theo y cun da sd cic ban) Xét ce

da thire: P(x) = x* ~ kv |

Iull

i Q)= ay axtax’ ot donX

Vi tam thite bie hai P(x) c6 hai nuhlem vai tich
ca ching bing -1 nén c6 mot nghiém khic 0
pdm trong [-1: 1]. Goi nghi¢m do ld z thi
0<|z]<1. Sir dyung gid thiét a, = ayy, = 0, ta co:

0= P(2)Q(2)

2019 5
= —a, —ka,z + Z (a, - kam @,,)2
im0
2022 2029
= kay 2"+ Ay 2
2019

= (lo(_l - ki.") + z (al - kahl =4, )2”2
i=0
2 —/(Z)

2021
+8y0,2" (2

2019

hay a(,z2 = Z(a,. -ka,, -

i=(
Tiép theo, sir dung tinh chat cla gia tri tuyét déi,
ta thu dugc:

i+2 202l

@,,)2" + Gy 2

T i+2 2021
|a0||zz| < Zlai —ka,,, —aMI ; +|a202,”z l
= Z|a ka,, -a,,, zzl+|am|”zz|
hay laol —|a2021l 2 Zlai —ka,, -a,,| (dpcm).
i=0

Nh@n xét. Diy 1a dang toan co ban vé uéc lugng
day. Ban T ran Pirc Phat, 11T1, THPT chuyén Vo
Nguyén Giap, Qudng Binh c6 nhan xét la bai toan
van dang khi thay s& 2022 boi mot sé tu nhién iy
y 16n hon 1.
Cac ban giri bai déu cho két qua ding:
Long An: Nguyén Gia Bdo, 10CT1, THPT chuyén
Trén Vin Giau; Quéng Binh: Virong Khdnh Toan,
Tran Dirc Phat, 11T1, THPT chuyén V& Nguyén
Giap; Nghé An: Nguyén Vian Dirc Thang, 10A3,
THPT Hoang Mai.

NGUYEN VAN MAU

Bai T12/570. Cho tam giac ABC noi tiép dwong
tron ¢6 (0). Goi I la diém bat ky trong m@t phang
chita tam gidc. Tiép tuyén tai B cia (O) cat duong
tron ngoai tiép tam giac ABI tai diém D: tiép



tuvén tai C e = : :
) ' ,( cua dwang ron (0) cdir lai duong tron

120qQ1 fie "

A & '(’/f tam gidac AIC 1qi diém E. Goi P la tam
dwong tron ngogi tiep tam ¢
rang diém P nam trén dyon
thang BC.

iac DIE. Chirng minh
g frung tryc cua doan

Loi giai. Trong 16i giai nay, ki higu (X7Z) chi
dudng tron di qua cac diém X, v, Z.

B qua trudng hop don gian BC di qua O.

Vi BC khéng di qua O nén BD va CE khong song
song.

Goi T'1a giao diém ctia BD va CE: K, L theo thi tw
1a tam cua céc duong tron (ABI), (ACI).

D thay tir gidc OBTC néi tip va TO 1a phén gidc
trong cua goc BTC (D).

Tir (1) suy ra TO 13 mét trong hai phan gidc cua
goc (TD,TE) (2).

Tir (1), chil y ring O 14 tim dudmg tron (4BC); chc
b6 bén diém (4, C, 1, E) va (4, B, I, D) cing thudc
mdt duong tron; CE, BD tiép xiic v6i (O); P 1a tim
cac dudng tron (IDE), suy ra:
(TD,TE) = (TB,TC) = (OB,0C)
=2(AB, AC)(mod )
= 2(BA,BC)+2(CB,CA)
=2(CA,CE)+2(BD, BA)(mod )
= 2(IA, IE)+2(ID, I4)
=2(ID, IE)= (PD, PE)(mod ).
Do d6 bdn diém P, D, T, E cing thuéc mot dudng
tron (3).
Két hop véi PD = PE , suy ra TP 1a mt trong hai
phan giac cua goc (TD,TE) (4).
Chu y ring
PK 1 ID;PL L IE;AB 1 OK;AC 1 OL
va céc bo bén diém (4, B, I, D), (4, C, I, E) cling
thudc mdt dudng tron, ta co:
(PK, PL) = (ID,IE) = (ID,14)+(I4, IE) (mod )
= (BD, BA)+(CA,CE)
= (CB,CA)+(BA,BC)(mod )
= (4B, AC)=(0K,0L)(mod 7).

Do d6 céc diém P, K, L, I cung thufc mot duong

tron. Tir d6, cht ¥ ring PK, PL theo thir tyr 12 phan
gidc trong cua cic goc IPD, IPE v

OK 1 AB;OL 1 AC, suyra:

(PD, PE) = (PD, PI) +(PI, PE)
= 2(PK, PI)+2(PI,PL)(mod2r)
=2(PK,PL)=2(OK,OL)
=2(A4B, AC) =(0B,0C)(mod 27).

PD OB . b
——=1=——, suy ra cac tam giac
PE oc

PDE, OBC d6ng dang cung huéng (5).

Néu TO L TP thi, chi y dén (5), ta co:

Két hop véi

% =(TO,TP) = (TO,TC)+(TE,TP)(mod )

= (BO,BC)+(DE,DP)
=(BO,BC)+(BC,B0)=0(mod 7),

méau thuin.

Tir d6, cha ¥ dén (2) va (4), suy ra T, O, P thing

hang. Két hop véi TB=TC;0B=0C, suy ra T

thudc duong trung truc cia BC (dpcm).

Nhén xét. 1) Bai toan nay khong kho, kha nhiéu ban
tham gia giai. Tuy nhién, vi khong biét sir dung goéc
dinh huéng nén 1a giai cia cic ban déu phyu thudc
hinh V€.

2) Xin néu tén mot s ban c6 1o giai tuong déi tot:
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Phti Tho: 7rdn Viét Tung, 10TA, THPT chuyén
Hing Vuong, TP. Viét Tri; Thira Thién Hué:
Nguyén Duy Phic, 11T1, THPT chuyén Qudc hoc
Hué; Séc Triing: Trdn Nhdt Tién, 10A2, THPT
chuyén Nguyén Thi Minh Khai; Kién Giang:
Nguyén Son Khanh, 10T2, THPT Huynh Mén Dat.
3) M6t s6 ban viét 16i gidi viét bing tay sau d6 chup
lai nhung ban chup md nén khéng doc dugc. Lan
sau, néu viét 1di gidi bing tay thi cdc em can viét va
chup rd nét hon.

NGUYEN MINH HA

Bai L1/570. Mot pit-téng cach nhiét dar nam
ngang. pit-tong ¢ vi tri chia xi lanh thanh hai
phan bang nhau, chiéu dai cua méi phan la 30
cm. Moi phan chica mét heong khi nhw nhau o
nhiét do 17°C va dp suat 2 atm. Mudn pit-téng
dich chuvén 2 cm thi phai dung nong khi ¢ mot
ph&n lén thém bao nhiéu dé? Ap sudt cua khi khi
pit-tong da dich chuyén la bao nhiéu?

> e

Loi giai.

+ Dbi voi phan khi bi nung néng:

— Trang thai ddu: py; V1 =1S; T, (1).
— Trang thai cudi: py; Va=(I +ADS; T,  (2).
+ Dbi v6i phan khi khéng bi nung néng:
— Trang thai ddu: p; V; =IS; T, ).
—Trang thai cudi: py;V; =(I-Al)S; T, =T, (3).
Taco: P =PV _PYVy
L L f
Vi pit-téng & trang thai cin bang nén: p) = p,. Do
g5 Yo P2 (14ADS _ pi(1-A)S
g % %
- T‘Z - ﬂ]’;
I-Al
Vay phai dun néng khi & mgt bén l1én thém AT d¢:
[+ Al 2Al
AT=T,-T,=——-1T1, -7, =——T
R BN 1-Al

AN H
39T cég

S§ 574(4-2025)

2.0,02

=—=_290~41,4 K.
0,3-0,02
vi 2L _ 2 gy,
. I
p, = PV, _ plS (T +AT) _ Pl (T +AT)
*nT TL(I+ADS T.(I + Al)

~2.0,3(290 + 41)
290(0,3 +0,02)

Nhgn xét. Chic mimng céc ban di c6 10i giai dng
cho dé ra ki nay: Nguyén Thanh Danh, Ho Ha
Duy Kha, 10A2, TTGDNN - GDTX, quin O
Mon, Cn Tho; Lé Thi Hing Nga, 12H, THPT
chuyén Nguyén Quang Diéu, Pong Thap; Huynh
Trinh Vinh Phic, 11A1, TH, THCS&THPT L&
Thénh Tong, quin T4n Phi, TP. H Chi Minh.

PINH THI THAI QUYNH

Bai L2/570. Mot tram phar dién, cé hiéu dién thé
0,5 KV truvén di mgt cong sudt 50 kW trén mot
dwong ddy ¢ dién tro té;ng cong 4 Q toi tai tiéu
thy. Néu truée khi dwa lén duong day tai dien,
nguoi ta néi hai cye ciia mady phat dién voi mot
may bién thé I tuomg co i so6 cac vong ddy cua
cuon SO cdp trén cuén thir cdp la 0,1 dé tang ap.
Hay tinh hiéu sudt truyén tdi va hiéu dién thé tai
noi tiéu thu. Coi hé s6 céng sudt ciia hé thong la
k = 1 va khéng thay déi (P = kUI).

Lai gidi. Cong suat hao phi trén duong day:

~ 2,14 atm.

2
AP p2 (50000)
U " (5000)*
=400W = 0,4 kW.
Hiéu suét truyén tai:
H= P_AP.IOO% = 50_0’4.100% =99, 2%.

Do giam thé trén dudng day bang:
aU=RI=RE 2420900 _ 4oy,
U 5000
Hiéu dién thé noi tiéu thy bing:
U,=U-AU =4960V.
Nhin xét. C6 2 ban gui bai nhung chi c6 ban:
Nguyén Tudn Khdi, 10A2, THPT Hoang Mai, TX.
Hoang Mai, Ngh¢ An c6 15i giai dung.
NGUYEN XUAN QUANG



Trong mot s6 bai toén vé day sb, viec lap ddy $6
nghich déo cia diy ban ddu c6 thé gitp tim dugc
cbng thirc s6 hang tdng quét, t d6 tim dugc gidi
han hofic gii quyét c4c bai toan tinh téng hang tir
cua diy ban dau. Sau day 12 mot s bai tip minh
hoa

Bai 1. Cho day s6 (u,,) xdc dinh boi:

u

Uy =1’ un+] = o S5 n=l,2,
u, +1

n

Tim: P=lim 2025(“1 + 1)(“2 -+ 1)(14" + 1)
2026n
Léi gigi. Tir u,, =" =1 3.1
un+l Unyi Up
Tir d6 suy ra:
1 1
—=1+—;L=1+L-...;L=1+-—1—
4z U U3 ) U, n-1
Cong theo tirng vé ta dugc:
1
—=n—1+—l-=n=>un=l=>un+ =—'11
u, U n n
= (uy + 1)y + 1.1, +1)—3%.1’—+—1=n+1
n
p= llm2025 n+1 hm2025(1+1) 2025
2026 n 2026\ n 2026
Bai 2. Cho ddy s6 (u, ) xdc dinh boi:
u l; " YUn- n=2,3,
2 2nu, | +1
Tl’nh S =u1 +u2 +...+u2025.
‘Ijbfgi&L\Tﬁvun=*-—£"—’l——:>L=2n+ by
2nu,_ +1 u, 7
Tir 46 suy ra:
i_zz l 1=2,3+i; ,L=2n+ L
Uy U L) U, n-1

Cong theo timg vé ta dugc:

-1—=2(2+3+...+n)+i=2

u, |

n(n+l)_2+_l_
2 U
=n(n+1)
1 1 1

n(n+l) n

111, 1
1-—+—
>§=1-2+773"

~ 1 2025
2026 2026

Bai 3. Cho day s6 (x, ) xdc dinh boi:

>u, =

2025 2026

2 Xn
—— = ,n=1,2,....
1= T 500 4 1)x, +1

n
Tim P= lim ) x;.
n—)—vao,.:l

Xn

Loi giai. Taco: x,, =m
=2(2n+1)+i.
Xn+1 Xn
1 1 1
Tir d6 suy ra: -l—=2.3+—; —=254+—; ...
X2 X X3 X3

=p

=2Q2n-1)+
Xn Xn-1

Cong theo timg vé ta duoc:

—=2(3+5+...+2n—1)+i
Xp X

=2(1+3+5+...+2n—l)—2+-1—

X

4 3
_(@n-D@2n+1)
2
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2 ) |

W BRT OO NP EAR B s

» —
LT I PO TR M R Ty
Tt 86 suy ra; x,-l»%;

e
1 5
| |
”-—-——u--———-—.
2n-«l 2n+1
=f:x -]~
i ZIH'I

[
li = lim |- =],
= lim Zx, ( 2n+l) I

LB sl = N=y4
Bal 4. Cho day so (x,)) xac dinh hoi,

= 2026, %, =x,~x,4l,n=12, .

4
(1 | |
2026 4 ¢4

Dat v, Tim P=limy,.
'YX Xn )
wgldLTacb:x,,,,-x,z,—x,,H
DX, -1=x,(x,~1)
- P B __1_'
%=1 x(x,-1) x,-1 x,
Suy ra: : =—l—--—1-;
»n-1 x-1 x
LIS
n-1 xn-1 x’
11 1
xm»l']_xn—l_z'
Céng theo timg vé ta dugc:
(Ll D)
Y=l Hm=1 \n x Xy
:-1-+-l-+.,,+i= et
n Xy 2025 X, -1

1 1
=lim y, = 1im2026 - .
= P=limy, =lim [2025 - -1)
Pé tim lim y, ta tim limx,.

Vi x,,, —%,=(x,-1)> 20,¥n=12, ... nén (x,)
14 day t4ng, ta chimg minh
34 T * Cludilpe 54 574(4-2025)

2, >n41,Ynm1,2,., (*) bhng quinsp.
DE thhy (*) dang vbi n =1, gih »it nb dang v6i n
(a chimg minh (*) dtng véi n+ 1, Thit viy:
Xpoy = X, (%, = 1) 41> (n41)n+1
-n2+n+l>n+2,wzl,
Véy (*) dng vbi n+1, suy ra (*) dang v6i n
bt k. T (x,) 14 diy thng 4

X, >n+1,¥n=12,.. (*)=limx, =+,

2026
Tir 46 suy ra; P = |
yra: my, = ms
B 5. Cho diy v (a,, ) xac dinh i

a4 =2,00a, +3a,a,  ~4a, ; = 0.

Tim lima,,.
LMW Tﬁ 10(1 +3a,,a,,-, "4a”__| = 0
4a I 3 5 1

.__L_:_..-_.’.._
3, ,#10 a, 4 2a

n-1

1 5
n=‘-+5=u,, =3 u, ;. Suyra (u, )14 cép

$6 nhin vGi cong bi q=é;u1 =-!—+—1—=1
2 a 2

\i-1 n-1
=u, =(§) ,n=1,2,...:>-l-+%=(%)
. a

n

1
=a,=

5
2 2

Bai 6. Cho day s6 (x,) xdc dinh boi:

. Tir 46 lima, =0.

X =2x, =%(xf +1),n=12, ...

bat §, = l + l +...+ :

I+x 1+x

. Tim limS,.

1+x,
Ldi gidi. Trugc tién ta chimg minh (x,) ting va
khong bi chin trén. Ta c6:

X =X, =%(x,, -1)220,Vn=12,..

=(x,) ting va x, 2x, =2,Vn=12, ..



Gia s (x
han limx, =a= 4> 2 Miit khéc

" 1
limx,,, =5(a2 +D=>a =%(a2 +)=>a=1

méu thuln véi q > 2. Véy (x,) ting va khong bi

chin trén = men = 40,

. 1
Ta cé: x,,, —1=5(xn ~1)(x, +1)

= 1 = 2 - 1 _ 1
Y=l (x =D(x, +1)  x, -1 x, +1
1 1 1
= - " N
X+l x _1 P, Tur do:
1 1
Sn= + +...+ 1
I+x  1+x, 1+x,

») bi chin trén thi né c6 givi han hiru

That vy, dé thiy x,,, > x,. Taco:
x=1+x;
’ xy=14xx,>1+x;
X4 =1+ x2%3 > 14 x5

=x(1+x)" =21

Vay (x,) ting va khong bj chan trén. Do d6:

lim(x,,, -1)=+00=1limS, = 2.
BAI TAP TUONG TY
Bai 1. Cho diy s6 (u,) xac dinh bai:

u

== =—" _n
M= T 4 3y, +1

b) Tim lim(u, +2021).

| [ 1 1
. —
Xy =1 Xy~

1 1 1 :

= = =1- =1lim§S, =1.
X =] Xn+1 -1 Xn4l —

Bai 7. Cho day 56 (x,,) xdc dinh boi:

X1

x=Lx,,=1+xx.X,,
- 1

Y. —. Tim lim§S,,.
k=1%k

Pt S, =

Loi gidgi. Ta c6: x,,, =1+ xx,..%,
DX —1=x2..x,
= X, (% )

=x,(x%y.. X, +1-1) = x, (%, —1)

)

Bai 2. Cho ddy s6 (a,) xac dinh bdi:

2
1 an
a =—54,41 =2——, n=1,2,
2 a, —a, +1

. =12,....

Ta ching minh (x,) ting va khong bj chén trén,

—1=xx..x, > x(1+x)1+x)..0+x)

Chimg minh ring véi VneN’, tacé: _Zai <1.

i=1
Bai 3. Cho déiy s6 (x,) xéc dinh béi:
x=1x,, =x3 + X n=12, ...

Tim lim L + 1 e e - .
I+x 1+x, 1+x,

Bai 4. Cho ddy sb (u,) x4c dinh béi:

D SRS U VS S S " Y
xn+1_1 x,,—l Xp Xn xn—l 'xn+l_1 ul:g;unH:m,n:l:z,m
Y =i+_1_+_“+_1_=_}_+( L. J Tim cong thirc u,,.
? X X X, X xZ"l X3—1 ; ’
1 1 Bai 5. Cho dy so (x,) xac dinh boi:
+ —
* (xn—l x,,+,-1J X =%, =x =2, n=12,...
1 1 1 1
<hypd Lo 2 gLt Tim lim| L+t ]
6 x-1 x,4-1 Xn+l X XXy  XXpXy

TOAN HOC
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(Ky 2)
II. PHAN THU HAIL UNG DUNG CUA DAY SO
Bai todn 14 (D& thi chon hoc sinh giéi Quéc gia
2x
l+x*
Haéy tim tdt ca cdc ham s6 f(x) xde dinh lién tuc

nam 2001, Bang A). Cho ham sé glx)=

trén khoang (=1;1)va thoa man hé
(1-x)f(g(x)=(1+x*)’ f(x) v
xe(-L0).

Sau day 13 101 giai bai toan 14 cla tic gia bai vit
nay (loi gidi nﬁy khac véi dp 4n cua Ban chim
thi).

Cich tiép cgn Ioi gigi: Ham f(x)thoa man
f@=—=.
Xétham sd h: (-1;1) > R sao cho:
h(x) =(1-x*)f(x),Vx e (-1;1).

Suy ra h(g(x))=h(x),Vxe(-Ll).

Mot tinh hudng xay ra khi xét diy (u,,) dugc xdc
dinh =g(u,),
VneN 1a "H_Em“n =1, nhung 1 khong thudc tap

thure

moi

Vx e (-1;1) thoa man dé bai.

baoi

u=x(0<x<l)u,,

xc dinh ctia ham s6 g(x).
Chung ta xét ddy (u,)(n € N") dugc xac dinh boi

llu

u=z€0)u,,= ,vn eN*

n
Béng phuong phap quy nap ta ching minh dugc
O<u, <1,VneN’. Tirdo6 suy ra:

u,, <u,,VneN"

36 T9§?-'ugue S3 574(4-2025)

Suy ra day (u,) c6 gi6i han hiru han khi n — +o0
va "li_’lﬂ)u,, =0. Tacé u, =g(u,,,) . Suyra:
h(u,,,) = h(g(u,.,)) = h(u,).
Vi h(x) 12 ham lién tuc trén (-1;1) nén
h(x) = h(u;) = h(0).
Tuong tu h(x) = h(0), Vx € (-1;0).
Vay h(x)=c(cla héng sb). Suy ra:

f(x)=1 € Vxe(-1).
Thu laitathéy ham sé f:(-1;1) > R sao cho
f®=1"x

min dé bél.

Vxe(-—l 1)(cla hing sb) thoa

III. PHAN THU BA. MOT SO CHUYEN DE VE
DAY SO (dugc viét bai tac gid bai viét nay).
CHUYEN DE 1. Vé mjt bai todn tim giéi han
ciia day sé trong ki thi chon hoc sinh giéi Quéc
gia nam 2005.

Trong ki thi chon hoc sinh giéi Quéc gia nam
2005 c6 bai toan sau:

Bai toan 15. Xér day sé thuc (x,)(n=1,2,....)
duwoc dinh

—133 2
X, = 3%, =Tx;, +5x,

xdc boi X, =a va

voi moi n=1,2, ... trong
d6 a la mét s6 thue. Hay xdc dinh tat ca cac gia
tri-ciia a dé day sé (x,) co gici han hitu han khi
n—»+0. Hay tim giéi han cia day so (x,)
trong cdc truong hop do.

Sau ddy 1a 15 gidi bai toan 15 cua tic gia bai viét
ndy (1o giai nay khac véi dip 4n cua Ban chim
thi).



Gia st lim x =b,(beR)

R340 N
=>b=3b3—-7b2+5b = 3p% — 7p? +4b=0
=>b€{0;1; g} Xét ham

S(X)=3x* ~7x? + 5x co:

x=1
f(®)=9x*-14x+5=0| 5.
X = -9'
Ta c6 bang bién thién ctia ham sé f(x) nhu sau:
- |
x -0 0 E 1 4 +00
9 3
f'(x) + 0 - 0 £
275

f(x)

N

( U(l)=1,f(§)=i;~,f(0)=o,f(§)=2—7§>.

243
THl: a=0 =x,=0,vneN = lim x, =0.
TH2: a=1 = x,=1,VneN = lim x, =1.

4 .
TH3: a=§:xn =§,VneN = lim x, —_-g

TH4: a >§:>x,l >§,‘v’neN‘

=%, —x =x,(x, -1)(3x, -4)>0,YneN".
Suy ra diy (x,) ting. Gia sir ton tai nl_lglw x,=b
(beR) =b>x, =>b>§.

Mit khic b e {0; 1;-‘31} . D6 1a didu vo 1. Vay day

(x,) khéng c6 gidi han hiru han khi n — +oo.
THS: a<0

=x,<0,VneN =x,,~x,<0,VneN

=x ,,,<x,VneN = diy (x,) la day gidm.

Giasirtdntai lim x, =b (beR) =>b<x <0.
n—>+w

: 4
D6 1a didu voly vi b e {0;1;3}.

TH6: l<a<g-. Khi 46 x, e(l;%).VneN' va

X, —%, <0,VneN =diy (x,) la ddy giam

n—y+o0

= 3 lim xn=b(lsb<-§) =b=1.

TH7: 0<a<l ﬂxne(o;—g—),‘v’neN'.

+Néu 3n, eN" saocho x, >1. Suyra:

lim x, =1.

n—+w
+Néu 0<x, <lLvneN =x,, 2x,, Vn2l

= 3lim x, =b (0<b<1)=>b=1
n—r+

Tom lai, ddy (x,) 1a day hgi tu khi va chi khi
ae {0;%] , va khi do6:

e lim x, =0 néu a=0.
n—+w

' 4 4
e limx,=—néua=—.
n—+o0 3 3

o lim x, =1 néu ae(O;g:).

n—>+00

CHUYEN DE 2. Vé mét bai todn tim giéi han
ciia ddy s trong ki thi chon dgi tuyén Vigt Nam
du thi Olympic Todn Quic 16 nim 1993

Trong ki thi chon d¢i tuyén Viét Nam du thi
Olympic Toan Quéc té nim 1993 c6 bai toén sau

Bai toan 16. Day so (a,) duoc xdc dinh boi

a=1a,,=q,+ (n>1). Hay xdc dinh tat

a

n

cd cdc 6 thuc asao cho day (u,) dwoc xdc dinh
aa

boi u, =—"-(n=21) co gioi han hiru han khac 0
n

khi n — +oo.

Loi gidi. Tacé: a, =2,a

_ 1
n+l T an + \/'_
an

1
=a), =a +3+3a,/a, +

a,\Ja,
| >a,3I +3an\/a—"-+%

S48 574(4-2025)
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k|
= Ja:*, > J;ﬁ%: a; >-%(n-l).\1n22.

: 1 3
Véi k21,tacd <=
Yk

2 3
3 2
= lim a_;=(§_) = lim a—"=§.
n—o+o = 2 n—+0 p 2
13
3
a 2 9
Néeu az>g thi lim 2= = lim a—"a: 2 |=+o0,
2 n—+o0 p n—+o| p
a
Néu a<é t =),
2 n—+o p
Str dung dinh li Stolz ching ta c6 thé giai dugc bai
3
a? 3
toan 16: Ta ching minh lim 2 G _ 2
n—+00 n

That vay ta cé l_i,l?ooa" =+00. Xét hai diy (x,)

S oW

va (¥,) dugc xac dinh béi x, =a?
y,=n(neN"). Tacoé:

o> >0V, lim 3, =420 i

3 3
: Xns1 ~ Xn 2
lim 22" = lim | a2, —a;

va

st i S
3 3
= hm an+l an
x—w 3 %
2
an+1 + an
2 2
- hm (an+1 —a )(an+l +a +anan+l)
n—>+0 3 g
n+l % a
1
\/—‘ (a + an+l +anan+l)
= 1im Y £
n—+w 2 3 2
+ 02

n+l

38 TOMUOS  ssomaann

Bai toan sau |4 bai todn thng quét clia bai tohn 16

Bat todn 17. Cho cae 8 thiee dieomg v, a. Xt diy

4
so  (x,) dwgpe xgc dinh bol - x =4,
X i®%,4 ' (n21). Chimg minh ring ton tai
X
X”
cde hang o a, A vao cho Il!n no= A,
n n

Ldi gidi. Ta chimg minh
J
x, >[(r+1)(n-1)]+ (1),YneN",nz2.

J

Vi n=2 thi (1) trd thinh @ + = > (F + 1. Xét
a
ham sd
i
=x+—(x>0) co
f(x)=x x,(x )

r xt-yp g
f'(x)=l—xr+]= xr+ =0®x=r’+l'

Bang bién thién ciia him sé i (x) nhu sau:

T%A'x"“ 0
0 rr+|

J'(x) = 9

i

s

rnl

:f(x)>f(r’+’)- Vx>0 Mit khac

rr+l

1
r+1 >(r+1)’*1 =>a+i>(r+l)”‘
a

r"+l
Véy (1) ding véi n=2. Gia s (1) ding véi
n =k 22. Ta ching minh:

X >[(r+ l)k]r+l ,

R
That véy, vi [ (7 +1)(k —1) ] > 771 nén

%o = £(5) > £({(r+ D)k ~D)]4)

[+ 1)k D] + :

[(r + 1)k = D]
Ta chirng minh:



[ +Dk-D)]r 4 1
[+ Dk -y

>[(r+ 1)k]’rl+i ().
Thit vay, (2) twong dwong vei

(r+1)-’:_l[k-’:'--.(k__])r+.|i|< 1
[+ 1)k 1))

Xét ham sb g(X)=(r+ l)x:':i (xe [k - l;k])

(keN',k22). Taco: g'(x)= xTZI_
Theo dinh li Lagrange 3b € (k - 1; k) sao cho
g(k)-g(k-1)=g'(b)

r

1
a(r+l)[km—(k—1)$}=b‘m,
ViO<k-1<b<k nén

T < p <(k—l)-r—r+l_

Suy ra:

1
1, < (r+1)[k7¥i —(k _1)71:1}
kr+l
1

e
(k1)

LU
=+ [k’*' —(k—l)ﬁ] < L -
[(r+ 1)k -D]+
= (1) dang. V&i n23 taco:
n-1 1

X,=a+—+y —

<a+__r+"z_l . =
T2+ -]

71 12
—ar o)
a r+1 k=1km

r

[ 1 ]FII - 1
<| — r+D(n=-2y"+a+—
r+1 ‘ a

r+l

___b(r+l)(n—l) <x,,
n n

B s r+l
< l[(r +1)*(n=-2)" +a+ —-]7]
n a

r+l

. X
= lim 2—=r+1.

n—=+o pn

CHUYEN PE 3. Vé su hfi tu ciia mgt day s6
Bi toan18. Gid st a la 50 thue dwong. Xét day
(x,) dugc xac dinh  boi X, =0 g

X = a* NneN".. Tim tat ca ca gia tri cua a

dé day (x,,) co gidi han hieu han khi 0 — +0.

C6 nhidu ban doc quan tim dén viéc tim 1oi giai

cho bai toan 18. Trong bai viét ndy, tdc gid xin

dugc gi6i thigu voi ban doc 161 gidi cua bai todn

18.

e THI1: a=1.Khid6 x, =1,Yn>2(neN"). Suy

ra nl_i’lpmx,, =1.

e TH2: a>1. Bing phuong phip quy nap ta

ching minh dugc x, 2 0,vneN".

Xét ham s6 f(x)=a" (x20)co
f'(x)=a"lna>0,Vx>0.

Suy ra f(x)dong bién trén [0;+w0). Ta c6

x, =1>x,. Bing phuong phép quy nap ta chimg

minh dugc  x,,, > x,,VrneN". Suy ra day (x,)

la day ting. Gia sur day (x,) c6 gioi han hiru han

khi n— 4. Khi d6 PT x=a" (1) c6 nghiém

duong.
PT(1)¢< xlna=Inx < xna-Inx=0.

Xét ham sb g(x) = xIna—Inx(x >0) cé:

xlna-1

1
g'(x)=Ina——= (x> 0);
X
1
"X)=0& x=—.
g(x) =

1 . . "
bat x, = - Bang bién thién cua ham s6 g(x)

nhu sau:
TOA
S6574(4-2025) ¢ gﬁgg 3 9




- g(x) _ -
s(x) |

Vi phmmg trinh (1) ¢6 nghi¢m d\mng nén
8(%) <0 =>x Ina-Inx, <0
1 1
—_— —
lnln 0=>ln1MZI

1
=>-l—.>_e=>lnas1 oa<et,
e

=1-

Ina
1

Nguoc lai gia st a < €. Bing phuong phép quy
nap ta chimg minh dugce X, <e,VneN'. Suy ra
diy (x,) c6 gidi han hiru han khi n — 4o,
e TH3: €° <a<1.Bing phuong phip quy nap
ta ching minh dwge 12 x, 20,Vne N".
Xéthamso f(x)=a* (12 x20). Ta co:

X =f(x,),VneN
vai  f'(x)=a"lna<0, Vxe(0;l).
Suyra f(x)nghich bién trén[ 0;1].

Tacd: x; =a>x, =0= f(z,;) < f(z,)

=X, <% = f(x)> f(x) = x5 > x;5.

Bing phuong phép quy nap ta chimg minh dugc:
Xy g < XgpasXag > Xppyp, VA EN.

Vi vay cdc diy so (x,,_,),(x,;) cé giéi han hiru

han khi k — 400 . Khi d6 ton tai céc s6 thuc b,c

saocho:  lim x,, , =b, lim x,, =c¢

(0<b<1,0<c<l),b=a’vic=a".

Suy ra b=a” va c=a”. Suyra ¢>0.

Xét phuong trinh x = a® @ (x> 0) Ta c6:

Xét ham s6 g(x)=—1¥—]na (x>0).

1-(xlna)ln
Tacd g’(x)=-——(x—x;;li.

40 TOMNHOL  sssraucsms

Xétham 8§ h(x)=1-(xIna)Inx (x> 0) cb:
h'(x) = (=Ina)(1 +In x)(x > 0)
hx)=0x=¢".

Bing bién thién cia ham s6 A(x) nhu sau:

v o e

o (x)

S

Chung ta xét hai trudmg hop
€ Taco: h(e")=1+l“e—">o

h(x)

ja>e

= h(x)>0,Vx>0=>g'(x)>0,Vx>0. Suy ra
g(x) déng bién trén (0;+0). Suy ra phwong trinh
g(x)=0c6 khong qud 1 nghiém. Mit khéc
g(b)=0va g(c)=0nén b=c. Viy diy (x,)co
gidi han hiru han khi n — +o0.
€ Khidé h(e™)=0. Suy ra:
h(x)20,Vx>0; h(x) =0 x=¢".
Suyra: g'(x)20,Vx>0; g'(x)=0e>x=¢"".
Suy ra g(x) dong bién trén (0;+w). Suy ra
phuong trinh g(x)=0c6 khéng qua 1 nghiém.
Mit khéc g(b)=0va g(c)=0nén b=c. Viy day
(x,) c6 gioi han hiru han khi n — +o.

na=e

e TH4: 0<a<e™® Xéthamsb
A(t)=a' -t (0<t<]).

Taco A'(t)=a'lna-1<0,Vt e (0;1).
Mat khic A(f) lién tyc trén [0;1]nén A(¢) nghich
bién trén [O;l]. Ta co:

0<a<e*=lha<-e =>e'lna<-1
el c 1= <o,
Suyra A(e™') <0. Mit khac 4(0)=1>0. Vi vy
ton tai £, € (0;e™") sao cho A(f,)=0.
Vi A(f) nghich bién trén [0;1]nén phuong trinh
A(?) = 0 c6 nghiém duy nhat.

=Ina



Xétham s6 @(t) = g9 _,; 0<t<1) .

Taco ¢'(1)=a® a'(na) 1,vr e (0;1)
va a® =t, =fna=Iny,
Vi t; <e ' nén

Inz, <-1= 12 (In a)? =(Inz,)? >1.
Suy ra @'(f)) =15 (In@)? 1> 0. Mt khac do
@'(?) lién tuc trén (0;1) nén tén tai t,,t, €(0;1) sao
cho t, <1, <t,va @'(t)>0,Vt €(tt,).
Suy ra o@(f)ddng bién trén [tl;tz]. Suy ra
et)<o(t) <e(t,). Vi (1)) =0
@) <0< @(t,). Ta co @(0)=a>0nén ton tai
t; €(0;2,) sao cho ¢(z,)=0.

nén

Xéthamsé B(1)=a® (0<t<1). Ta co:
B'(t)=a a'(Ina)® >0,V  (0;1).
Suyra f(t) dong bién trén [O; 1:|. Ta c6:

% =0,x = 4(x).
Vi x,<t;nén PB(x)<p(t).Suy ra x; <t
Béng phuong phap quy nap ta chirg minh duoc:
Xy <4, VkeN".
Gia s diy (x,)cé giéi han hiru han khi
n—> 400 va nhm x, =b((beR).
Khi 46 lim x) ,=b va be[0l]Vi
X, <t,VkeN" nén b<t;. Suy ra b<t,
Miit khic ta c6 b=a®. Suyra b=1,. Mau thufin
nhén dugc ching to rang ddy (x,) khéng c6 gidi
han hiru han khi n — +oo.
Tém lai diy(x,)cé giéi han hiru han  khi

1
n —> +ookhi va chikhi e * <a<e°.

Cudi cing 1a mt s0 bai tap danh dé luyén tap.
BAI TAP

Bai 1. Xét ddy so thyc (x,) (n21)dugc xé4c dinh

bodi x,=a(aeR) va x,,=2x ~5x +4x véi

n>1. Tim tat ca cic gié trj cia a dé day (x,) c6

_ gi6i han hiru han. Hay tim gi6i han cua day sb

(x,) trong cac trudmg hop d6.
Bai 2. Cho diy sb thuc (x,) duogc xic dinh béi

x=0,x=2vax, =27" +% (n =1,2,3,..)

Chimg minh rang ddy s6 (x,) co gi6i han hiru han
khi n — +0. Tim gi6i han dé6.
Bai 3. Cho s thyc duong a. Xét diy (x,) dugc

N 1
x4c dinh boi x, =a,x,,, =X, +x—2(n 21).
n

Chimg minh ring tdn tai cic hing s6 duong a, 4

a
x’l

sao cho lim =4

gy
Bai 4. Xét diy sd (x,)(neN") duoc x4c dinh

1
=x +—=—=(nz21)
n 3
3xn

Hiy tim tit ci cdc sd thuc & sao cho diy

boi X =l,xn_’_1

(u,)(n=1) dugc xéac dinh béi u, = Zn (n21)
n

c6 gidi han hiru han khac 0 khi n — +©
Bai 5. Cho diy s6 (x,)(neN") duge xdc dinh

Xn
boi x1=0 va xn_*_l:(%J ,Vne N*. Ching

minh ring diy (x,) c6 gi6i han hiru han khi

n—+o0. Tim lim x,.
n—-+c0

Bai 6. Cho ddy sé (x,)(n>1) dugc xéc dinh boi

Tim ,,ll,rﬂo X,.
S48 574(4-2025) TQ@',-“uggg 4 1



Bai 7. Cho thp hop F gdm tht c& cdc ham sb
f:R. >R’ thoa mén didu ki¢n:

fB3x)2 f(f(2x) +x
vé&i moi s6 thyc duong x. Hiy tim s thyc e 16n
nhét sao cho v&i mei ham s6 fthudc tap hop F ta
dducé f(x)2ax véimoisé thyc duong x.
Bai 8. Tim tit ca cdc ham lién ue /R >R

R~ f(x2 +—:1,;x+%)= f(x),VxeR

Bai 9. Cho day s6 (u,)(neN")thoa man dong
thoi hai diéu kién sau O<u,<l,VneN' vi
um(l—u,,)Z%,VneN’. Chimg minh ring

—l-——l—<u,l s%,VneN'

BAi 10. Cho ddy b thye (x,) duge xéc dinh béi

VX2 +ax, | X, (¥n22),

x,=—12- va x, =

2
Véi mdi sé nguyén dwong n, dit y, =Z-—1—2-
hl%

Chimg minh réng day s6 (y,) c6 gi6i han hiru
han khi n — +o0, Hay tim gidi han dé.

Bai 11. Xét day s6 thuc (u,) (neN")duoc xac
dinh béi u, =a (aeR)

Va U, =-;—ln(l+uf)—2024, vneN',

Chimg minh rang (u, )12 mot day hoi tu.

sk 3 3 3 sk ok 3 ok 3 3k 3k K 3K ok 3k ok 3k 3 3K ok sk sk 3K ek sk sk ok ok ok S Sk Sk ok Sk sk sk 3ok ok ok ok ok ok ok ok ok 3k 3K 3k e ok ok ok ok sk 3k 3K oK 36 ok 3K Sk ok o ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok K K

TU BAI TOAN ...
Thi du 7. Lap 124 co 30 hoc sinh, trong do co 17

ban nir con lai la nam. Co6 3 ban tén Hién, trong

(Tfe}) theo trang 20)

do co 1 ban nir va 2 bgn nam. T hay giao goi ngcfu
nhién 1 ban lén bang.
. TPt TR
a) Xdc suatr dé goi mot ban tén Hien la B
b) Xdc sudt dé co tén Hien, voi diéu kién ban do
oy e et
gioi tinh niz la —.
17
¢) Xac suat dé co tén Hien, voi diéu kién ban do
- . 2
gioi tinh mam la —.
13
d) Néu thay giao goi mot ban tén Hién lén bang
, £, ad y Bt o
thi xdc suat dé ban'dé mang gioi tinh nir la =
Két qua. a) Pung; b) Sai; ¢) Ding; d) Sai.
Léi gigi. Goi A la bién c6 "Hoc sinh duoc goi 1én
bang tén 1a Hién", Goi B 1a bién c6 "Hoc sinh

dugc chon mang gidi tinh nir".
a) Xac suat dé thiy gido goi mot ban tén Hién 18n

42 T?g}“ug% S3 574(4-2025)

b) Xéc sudt dé thdy gido goi ban d6 lén bang c6
tén Hién, nhung véi diéu kién ban d6 nit la
17 1
P(A|B). Taco: P(B)=—, P(ANnB)=—,
(418) (B)=3g+ P(4nB)=5
1
P(4nB) 30 _1
P(B) 17 17
30

¢) Goi C la bién cb " Hoc sinh dugc chon mang

do do: P(A41B)=

giéi tinh nam".
Xac suét thiy gido goi ban d6 1én bang c6 tén
Hién, v6i diéu kién ban d6 nam la P(A41C).

Ta c6: P(C) ___,;%, P(ANC) =3—20.
2

P(AmC)_i__z_
p(c) 13713
I3 1 30 2
d) Néu thay gido goi 1 ban c6 tén la Hieén 1€n bang
thi x4c xuit dé ban d6 1a ban nir 1a P(B 1 4).

Do dé: P(41C)=

Ta co: P(BlA)=f(Pi(j-)B—)=

L
3.

glwl8]-



TIENG ANH QUA CAC BAI TOAN
BAI SO 115

a sequence given by

the itterative formulq v - X+ L x =2.5
ne 2 "“.,l — Loy~

X

,

converges then it converges to a real root of the

PROBLEM. Show thi if ARAR P-lP-6=0
nd neénce =t —0=VU,

Then the given sequence converges to a real root

of the equation x’ =x” =6 =0,

squation v . 6=0 Remark: This problem is based on a problem on
¢ ailc J St - -
' an A-level Math paper.

Solution. Assume that x, =1,

. TU VUNG
Let n — o m both sides of the equality ’
iterative lap
X, = X, + i converge - hoi tu
x’l
NGUYEN PHU HOANG LAN

weget [ = [+% . Therefore, [* =] +_6_. (University of Education, VNU, Hanoi)

BAI DICH SO 113

BAI TOAN. Mdi mdt ciia mét khdi da dién o hinh
du?"f la mot hinh tam gige hodc mot hinh vuéng.
Moi hinh vuéng giap vai vai 4 hinh tam gidc, moi
hinh tam giac giap voi 3 hinh vuong. Biét khoi da
dién co 6 hinh vuong, hoi hinh da dién cé bao
nhiéu hinh tam gidc?

Léi gigi. M&i hinh vudng giép voi 4 hinh tam giac
va c¢6 6 hinh vudéng nén ching ta nhan dugc 24
hinh tam gi4c trong d6 mdt sé hinh tam gidc c6
thé dugc tinh nhiéu hon mot lan. Mbi hinh tam
gidc duge dém 3 1an vi n6 gidp véi 3 hinh vudng.
Do d6 s hinh tam giac trong khéi da dién la:

24 :3 =28 (hinh)
Lueu y: Béi todn nay dwgc swu tam, chuyén thé tir
mot dé thi toan Kanggaroo.
Nhin xét. R4t tiéc 1a Toa soan khong nhan dugc
bai dich nao cta bai nay giri vé Toa soan.
NHU HOANG (Ha Néi)

s 3 o e e ok 3 e o o o 3 3 e o o ok o ok 3 ok ok o ok ok ok sk ok ok 3k o e ok ok e Sk ok ok ok ok ok ok ok ok ok 3k sk ok o e sk e sk 3k e ke ok ke ok ok ok ke ok ok ok ke ok ik ok ok ok ok sk ok ok R kok

TIN BUON
Toa soan Tap chi Toan hoc va Vin hoc trong nha truong (TH&VH TNT) v6 cung thuong tiéc bao tin:
Péng chi H6 Quang Vinh, sinh ngay 29/9/1971, 14 thu ky Toa soan Tap chi TH&VH TNT, sau mt thoi
gian 14m bénh, mic du di dugc gia dinh, ban bé tan tinh chim séc, céc thay thubc hét 1ong ciru chira,
nhung do bénh ning, déng chi da tir trAn vao ngay 10/3/2025. Péng chi H6 Quang Vinh mat di la mét
sy mAt mat khong gi c6 thé bu ddp dugc di véi gia dinh, ban be, ddng nghiép va Tap chi. Cau mong
dbng chi yén gidc ngan thu trong cdi vinh hing.

Toa soan Tap chi TH&VH TNT kinh béo.

TOAN HOC 43
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BAI TOAN 94. Gidi phwong trinh sau trén tdp 50
thirc

(1_x)\/m+(l+x)\/:=2\/1+x:.

Loi giai.
Céch 1. PK: —-1<x<1. Phuong trinh dugc viét

lai dud dang:
(Virx-1)+ (i =1) ¢ x(VI—x - Vi)

=2(m —1).

Bang cach nhén lugng lién hop ta dugc:
x ) ( -X J ( -2x )
—_— || —=——+x
(\/1+x+1 Vl-x+1 Vi-x+Jl1+x
2
=2[_x_)
Vi+x? +1

@x( 11 J_ 2"
V+x+1 J1-x+1) J1-x+V1+=x
I

V1+x2 +1

-2x
T ) [Ji—x )iz +4i1%)
| _ P ’_ D x* ~0
VI-x+1+x  1+x? +1

1

(J1+x +1)(«/1—x +1)(\/ij;+\,/-l—-_l-—x)

o 217

1 1

+ + = |=0.
N R JI—J

Téi day ta thiy ring phuong trinh chi c6 nghiém
x =0 théa mén diéu kién.

Cich 2. PK: —1<x<1. Khi d6, vi hai vé ciia
phuong trinh 13 c4c sb khong 4m nén binh phuong
hai vé ta dugc phirong trinh twong dwong:

TOAN HOC
44 7 crusitge

S6574(4-2025)

(l—x)z(l+x)+2(l—xz)~/l_——x?+(l+x)1(l-x)
=4(l+x2)

& 2(1-x1)+2(1-2)1-2 =4(1+x7)

& (1-x)W1-x" 1432

Pén day vi hai vé déu khéng 4m, ta tiép tuc binh
phuong va dugc phuong trinh twong duong:

(1-x) =(1+322)

& 1-3x7 +3x* —x® =1+6x" +9x*

o x®+6x' +9x° =0

<:>x2(x4+6x2+9)=0.
Téi day, vi x* +6x* +9>9 nén phuong trinh da
cho chi cé nghiém x =0 théa man DK.
Cach 3. PK: -1<x<1.
Pit a=1-x;b=+1+x,a,b >0 thi phuong trinh
da cho tr¢ thanh:

a'b+ab’ =22 -a’b® véi 0<ab<2 (¥).

Mit khéc ta co: @’ +b°=1-x+1+x=2 nén ta
c6 hé phuong trinh:

a*+b* =2 (1)
a’b+ab® =22-a’b* (2)
Vi DK(*) ta co:

(2) @ a’b’ +a’b* +2a°b’ =8 - 4a’b’

< a*b*(a* +b*) +2a°b® + 4a’b* =8

< 2a*b* +2a°b’ +4a’h* =8 (do (1))

& a’h’ +3a’h -4=0

& (ab-1)(ab+2)' =0

< ab=1 (do (¥)).
Vé6i ab=1,taco: VI-x-1+x=1

oVl-x¥ =lel-x*=1ex=0.

Vay phuong trinh da cho chi c6 nghi¢m x=0
thda man DK.

Céch 4. PK: =1<x<1, binh phuong hai vé ta

duge: (l—xz)(2+2m)=4(l+x2)
& (1) (1+41=x) =2(14+27).



DAt 1 = V1~ x? RO )y eyl m] g
Ta duoc phwong trink: Cen)=2(141-7)
az'+3z’—4-0a(r-1)(:+z)* =0,

Dén dfly, ta duge 1 =] = y =, Viy phwong trinh
dii cho chi 6 nghiém x =0 thoa man DK

Cdch 5. BK: -1<x<1. Phuong trinh duge viét
lai: v1-x? (\/l+x+ l-x)=2\/l +x°,

Hai vé déu khong am, binh phuong hai vé ta duge
phwong trinh trong duong:

(1-#)(2+21=7) =41+ 2
@(l-x‘)(l+~[l-—f)=2(l+x2).

V6i dicu kién da cho, dit x = cost, e [0;7], ta
dugc phuong trinh:
sin’t(l+sint)=2[l+(1-sin’t):|
@sin’t+3sinzt—4=0¢|:s%m=1 .
sin? =-2 (loai)
Véi sint=l=>x=cost=0, thi lai x=0 1a
nghiém cua phwong trinh d3 cho.
Cach 6. PK: —1<x<1, phuong trinh dugc viét
lai:
\/l—_xz(\fh-—x+\/l—_x)=2\/l+7.

Ap dung bit ding thirc Bunyakovsky, ta cé:

ok ok o o o o ok o ok ok oo oK o ok ok o o ok ok ok o ok kockok ok ook ok ok kR sk ok ok Rk ok ok R R R R

SAILAM. .. (Tiép theo trang 47)

Goi A4 1a bién cb "C'hpn dugc mot tam cdn ma
khéng phdi tam gidc deu"

Xét dinh 4, cia da gidc déu A 4,... A4, ta c6 thé
chon dugc 8 cap dinh (mdi cap dinh d6i ximg
nhau qua O4, ) dé cing véi dinh 4, tao duge 8
tam gidc can c6 dinh 4, (trong s6 d6 c6 1 tam
gidc déu).

Sé tam gi4c can (khong déu) 1a 8-1=7.

ﬁ:;4.ﬁ:s\[(_l’ +I’)(Jr+_;'+ l-x')-z

vi J-x1sl+2.
Do dob: Jr—x’(\ﬁ+x+sfl—x)$2Jl+f.

DAu biing xay ra khi va chi khi x=0.
Thir lai x =0 14 nghi¢m cia phuong trinh d2 cho.
TRAN MINH V0

(GV THPT chuyén Gia Lai)

Nhdn xét. Ky nay ban Huynh Thanh Tric, 10 Ton
1, THPT chuyén Tién Giang, Tién Glang déng gop
mot cach giai nhu cach 3, va cac ban: Ha Lé Nguyén
Phiic, 10A8, THPT chuyén Nguyén Thj Minh Khai,
Séc Tring, Tir Thai Qudn, 10E1, TH, THCS&
THPT Lé Thanh Téng, Q. Tan Phi, Vii Quic Thang,
THPT Téy Thanh, TP. Hd Chi Minh déng gop mét
céich giai nhu céch 6 trong 18i giai trén cua ban Tran
Minh Vii. Xin hoan nghénh cac ban.

HOANG CHI (Ha Ngi)

AL
KkkkkkkkkkkkkkkkkkkkkEhkkkkkx

Véi cac dinh con lai tir 4,,4,,..., 4, thi cing cho
ta két qua twong ty.
Viy sb tam gic can (khong déu) la
18.7 =126 hay n(A4)=126.
Do vay:
n(4) 126 21

PO

136
Theo em 10i gidi ciia Hodng két qua cé ding
khong?

NGUYEN THANH GIANG
(Truong THPT chuyén Hung Yén)

TOFINHOC45
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BAI TOAN 102 (IMO short-list 2002). Cho tam
gidgc ABC va diém F nam trong tam gidc thoa
man {’Fb’ = B‘/?E = (:EI. Goi D va E lan lieot la
giao diem cua Bt voi AC va CF voi AB. Chimg
minh AB + AC 2 4DE (1)

Lo gigi. Cdch 1. Chung ta cin nhén xét sau: Cho
tam gidc DEF. P va Q lan heot nam trén céc canh
FD, FE sao cho PF 2 ADF, QF > AEF véi A\ > 0.
Néu PFQ >90° thi PQ > \DE.

Thay vay, dat
@ =a thi
do a>90°
nén

—cosa >0.
Theo dinh ly B C

0 sin ta co:

PQ* = PF* + QF* —2cosa.PF.QF
>(ADFY +(AEF)* —2cosa(ADF)(AEF) = (ADE)’.
Vay PQ > ADE. Quay tr¢ lai bai toadn.

Dung ra phia ngoai tam giac 4BC céac tam giic
déu AQB va APC. Dé thiy cac tir gidc AOBF va
APCF ni tiép va cac diém Q, E, F, Cva P, D, F,
B thang hang. Ké FP, L AC (P, € AC). Goi M la
trung diém cia AC va P, = PM N (APC). Suy ra
PD PM S PM _ 3
DF FP ~ MP,

= PF 24DF. Tuong tu: QF >4FEF.

PM 1 AC. Ta co:

Do DFE =120° nén theo nhin xét trén ta c6:
PQ >4DE. Theo BDT tam giéc ta co:
AB+ AC=AQ + AP 2 PQ > 4DFE (dpcm).

46 T9g{-"ug',% S6 574(4-2025)

Chii y. C6 thé ching minh PF 2 4DF nhur sau:
Sire =S4 4+ Sepp <> AF.CF = AF.DF + CF.DF

= DF =AFCF 4 Theo dinh Iy Ptolemy ta cé:
AF +CF
2
PF = AF +CF = 2E _AF+CFY 4

DF AF CF
Cdch 2. Dat AF = x, BF = y, CF = z. Theo (*) ta

Xy xz
.+ EF =—— . DF =—,
co: g va tuong ty: s Ap dung

dinh ly c6 sin cho cac tam gidc ABF, ACF, DEF,

BDT(1) trd thanh: I +xp + y? X+ xz+ 2

2 2
2] G e
xX+y X+z x+y x+z
x+y> xy vi

4 x+y 4
dugc chirng minh néu ta chimg minh dugc:

xX+z_ xz
nén BDT(2)
+z

v

Vi

\/xz +xp+ Y AN A xz+ 2
Z'\/(x+y)2 +(x+z) +(x+y)x+2z) ().

Taco: (3) P+ e’ +xz+2

+2\/(x2 Fxp+ Yt +xz+2%)

2(x+y)z +(x+z) +(x+y)(x+2)

< 2\/()‘2 +xp+ )X +xz+28)2xP +2(y+z)x+yz

2
<=>4(x2+xy+y2)(x2+xz+zz)Z[x2+2(y+z)x+yz]
& 3(x—yz)* 2 0. BDT cubi ding suy ra dpcm.

Nhén xét. Rt tiéc 1a Toa soan khong nhan dugc bai
giai nao cua cac ban cho bai nay.

NHU H_(_)ANG

Sau day 14 bai thp d¢ mehi, Ban doo hiy gii loi
gidi vé Toa soan TH&TT trudc ngay 31/5/2025.
f ik} 30 0

ob drih 4490 10ia) Biib gkl 8 o
BAI TAP DE NGHI
BAI'TOAN 104. Cho cdc'sé thire a, b, ¢, d. e théa
man . cdc diéu . kién: a+btct+d+ ef"‘;§ va
al +b? +Cz +d2 +ez =16. Tim gid i lom t_l_lldt.\)ﬁ
gid trj nho nhat cua a. (L

. KHANH HU'U (Ha N¢i)

-

AT



GIAI DAP: KfT QUA NAO
(Dé dang trén TH&TT o 570, thang 12 nam 2024)
Phan tich sai lam. Tp tai duy nhit géc a thoa

man

cosa =§ Do déb

va -Z<a<o.
2

sin| 2 - Z - . o ‘

“ 3 chi c6 duy nhit mot gia tri. Ban Ha

két luan ring cos 2 = i% 11 khong ding.

5 T
Vi —5<a<0 va

9

OOS(—;[J=O<cosa=%<cos(—:) V2

nén -Z<a<-Z dintsi -7 <2a<-=.
2 4 2
v X 7
Vi thé cos2a < 0. Ta tinh dugc cos2a =-—§.

Loi gidi ding 1. Vi ——72£<a<0 nén sina <O0.

22
Do d6: sina =—v1-cos’ x = ——;/_—. Suy ra:
2\/'2']1__4\/5

sin 2 = 2sin@ cos & =2.( 3

3 9

Ta lai co: 2
o 2] _49
cos’2a=1-sin’2a=1- 5| “"

. A
Vi —E<a<0 va

V2

ad L cos| 2=
cos| =3 =0<cosa—§ 2] 2

T

V4 R oL —_

nén _£<a<—-z, dintoi —7 <2a < 5
2

Vi thé cos2a < 0. Suy ra cos2a =—%. Viy

sin(2a - E) =sin2a cosE —CoS 2asin£
3 3 3

__ 421 7V3 42-743
9 2 9 2 18
Loi gidgi ding 2. Ta cé:
: 1Y i
cos2a=2cos’a-1=2.|-| -1=—,
3 9

., T & i
Vi —E<a<0 nén sina <0.

Do d6: sina =—1-cos® x =—¥.

Suy ra:

sin2a = 2sin@cosa = 2.(———).—- =,

Viy sin (Za - %J =sin2a cos-;E —Ccos2a sin-;£

__H21, 73 4h-1
9 2 9 2 18

Nhén xét. Hoan nghénh ban Nguye:n Hung Cuong,

xd Nhon My, TX. An Nhon, Binh Dinh da phat hi¢n

duoc sai 1am va dua ra 151 giai dang..

KET QUA CO PUNG KHONG?

Trong d& kiém tra c6 bai toan: Cho mot da giac
déu c6 18 dinh noi tiép trong mot dwong tron 1am
O. Goi X la tap hop cac tam giac co cac dinh la
dinh cua da giac trén. Tinh xac sudt dé chon duoc
mot tam giac tw tap X la tam giac can nhung
khong phai la tam giac déu.
Ban Hoang dwa ra loi gidi bai todn nhw sau:
Sé tam giac co 3 dinh 1a dinh cua da giac déu 18
canh 1a n(Q)=C,.

(Xem tiép trang 45)
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GS. TSKH. TRAN VAN NHUNG
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Téng Bién top NXBGD Viet Nam
PHAM VINH THAI
Vién tnrdmg Vien nghién ciu Sdch vi HLGD

L. HONG SON

HOI DONG BIEN TAP

Tdng bién tap : TS. TRAN HOU NAM
Thu ki Toa soan : [ThS. HO QUANG VINH]|

Phé thng bion tdp : CN. TRAN THI KIM CUONG
75. LE HONG MAI

75, TRAN DINH CHAU, ThS. NGUYEN ANH DONG, 75, TRAN NAM DONG, 7. NGUYEN MINH DUC, 75, NGUYEN MINH HA,
7S. NGUYEN VIET HAIL PGS, 7S. LR QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIFT,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 75, PHAM TH| BACH NGOC, PGS. TS. TA DUY PHUDING,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS, 5. PHAN DOAN THOAL, ThS. VO KIM THUY, PGS. TS. VO

DUUNG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co sd

For Lower Secondary School
Nguyén Vén Ban - Ung dung mt bai todn hinh
hoc trong chimg minh bét diing thic.

o Huéng diin gidi dé thi hoc sinh gioi TP. Ha N
16p 9 chp THCS, ndim hoc 2024 - 2025,

o Pé thi chon hoc sinh gioi todn 9 tinh Thanh
Héba, ndim hoc 2024 - 2025,

@ 1 sire trde ky thi THPTQG - bé s6 4.

@ Diln dan dgy hoc todn
Nguyén Thanh Giang, Qudch Thj Tuyét Nhung

— Tir bai todn ty lufn xdy dyng céu hoi theo
dang thirc 2 trong clu triic dé thi tét nghigp
THPT tir ndm 2025.

Problems in This [ssue

0 Pé ra ky niy
T1/574, ..., T12/574, L1/574, L2/574.

€ Giii bai d truse

Solutions to Previous Problems
T1/570, ..., T12/570, L1/570, L2/570.

o Ban doc tim toi
Dwong Vin Duy - Diy sb nghich dao.

@ Phuong phép gidi todn
Trén Xudn Ddng - Tim gi6i han cia diy sb
(ky 2).

o Tiéng Anh qua céc bai todn — Bai s 115 -
Bai dich s6 113.

Q Nhidu cdch gidi cho mdt bai todn — Giai bai
toan 94 — P& bai toén 96.

0 Du ljch thé giéi qua céc bai todn hay — Giai
bai todn 102. Pé bai toan 104.

0 Sai lim & dau?
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I TAP NANG CAO VA
OT SO CHUYEN DE

AL TH : BAI TAP
NANG CAO NANG
VA MOT SO ' SAS
CHUYEN DE

TOAN

6dch “Bai tdp ndng cao va mét s6 chuyén dé” mén Todn cdp THC: duocbién socr phdt

'/ triénndngluc, giup ciing c6 va nang cao kién thrc, béi dudng hoc sint khd gidi o v - an,

Cudn sdch c6 ba phdn: S6 hoc, Hinh hoc va Théng ké — Xdc sudt. Méi pi:<in €6 cdc chuor . 101 chu’dng
g6m nhiéu bai. Méi bai bao gém cdc muc:

* BO SUNG: Phdn nay gidi thiéu thém nhdng kién thuc lién quan dén chu dé cua bai hoc ma sdch gido
khoa chua dé cap.

& Vi du: Méi bai c6 mét, hai vi du minh hoa cdc van dung kién thdc co ban dé gidi todn va cdch trinh bay
bai gidi. Cu6i méi vi du thudng c6 nhan xét, luu y hodc binh ludn vé phuong phdp gidi.

>)(< Baitap: Phdn nay cé cdc bai tap duoc phdn logi tir co ban d@én ndng cao.
'Ngodira cén ¢6 cdc chuyén dé, dugc sdp xép xen ké trong cdc chuong, tuong (ing véi kién thiic dang hoc

Cubi sdch la phén huéng dén gidi, chi dén hodic ddp s6. Cdc ban c6 thé kiém tra 16i gidi cia minh
chiéu vdi1oi gidi trong sdch dé rut ra nhiing kinh nghiém gidi todn.

Cudn sdch con la téi liéu tham khdo cho cdc thdy gido ¢d gido chon bai cho tiét luyén tap,
hoc sinh. Cdc bdc phu huynh ciing c6 thé dung cuén sdch nay dé huéng dan con em hocttdp.

NGTY 6 PHAN DICH VU XUAT BAN GIAO DUC HA NOI

Pia chl: Téng 4, Toa Diamond Flower, s 48 L& Van Luang, Q. Thanh Xudn, TP Ha NG
‘Dién thoai: 02435121533 (s6 méy 1é 118) -0904893398 | Fax: 02435123278
Email: kinhdoanh heps@gmail.com | Website: http.//xbgdhn.vn/
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NHA XUAT BAN GIAO DUC VIET NAM

Gi01 thiéu bo sach

BAI TAP NANG CAO
VA MOT SO CHUYEN DE

Bo6 sach “Bai tap nang cao va mc}t s6 chuyén dé
Toan” gdm Gic cudn:

— Bai tap nang cao va mét s6 chuyén dé - Dai s6,
Giai tich, Xac suat, Théng ké.

— Bai tip nang cao va mét s chuyén dé - Hinh hoc
M6i cu6n sach gém hai phan:

Phan mét gém cac chuong, bai bam sat Chuong
trinh gido duc phé théng 2018, mbi bai gom:

- Tom tat kién thic: téom tit nhitng kién thic
trong tdm cua bai, duoc van dung dé giai cac
bai tap, cac dang toan trong bai. Tuy theo ndi
dung ting bai ma & phan nay c6 thé c6 thém
phan Kién thic b6 sung nang cao lién quan dén
chi dé cha bai hoc.

» Vi du minh hoa: phuong phép giadi, cac vi du
giup hoc sinh hiéu sau, réong hon nhiing kién

G

n tai Xi nghiép Ban do 1 - BQP
n xong va ndp luu chiéu thang 4 nam 2025

thic da hoc, déng thdi c6 dugc nhing ki nang
can thiét cho viéc giai toan.

- Bai tap dé nghi: bé sung cac bai tip dé nghi
cho'méi dang toan. Cac bai tap duoc phan loai
tlf co ban dén nang cao.

Phan'hai gém cac Chuyén dé (danh cho hoc
sinh kh3, gioi): cdc dang toan thudng xuat hién
trong cac ki thi vao Pai hoc&Cao dang, trong
cac ki thi hoc sinh giéi va Olympic. Cac chuyén
dé sé giup hoc sinh phat trién kién thic da
hoc, cung cap cho hoc sinh co s& cia nhitng
phuong phap gidi todn thudng st dung.

Sach dugc bién soan theo Chuong trinh Gido
duc phé théng 2018 d& hoc sinh ¢6 thé cling c6
kién thuc cia minh ngay sau mai gi& hoc trén
I&p, dongthdi bé sung va khac sau thém mot s6
van dé li thuyét nhdm béi dudng hoc sinh gidi.
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