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VU DUY PINH
(GV THCS Phii Thdi, xa Phti Théi, Hai Phong)

L. Ky thuidt su dung biét thic Delta dé giai
phuwong trinh vo ti

Mot s6 phuong trinh vé ti hay nhung rit khé. Néu
khong c6 mdt phuong phap khoa hoc thi rit kho
giai quyét dugc dang toan nay. Chinh vi thé viéc
may mo bién dbi nhim dua phuong trinh vé ti vé
dang phuong trinh tich s& dé dang giai quyét hon.
Bai toan 1. Giai phwrong trinh:

3x2 + 2% +3 =4x+3,

Phan tich. 3x* +2x* +3 =4x+3 (%)
St +3+20x7 +342x2 —4x-6=0.

Xem day 14 mot phuong trinh bac hai 4n v/x? +3,
s o3z -, ' _12 _ 2 _ _

khi d6 ta c6: A'/5— =1 1‘(2x 4x 6)

=1-2x> +4x+6=-2x* +4x+7.

T A vy ta khong dua dugc vé binh phuong cua

mét biéu thirc nén cac bién doi trén khong giai
quyét dugc bai toan.
Tir d6, ta phai bién doi vé mot phuong trinh béc
hai khac nhu sau:
(*) = 3x* —2Vx* +3+4x+3=0
2 +3-2Ux? +3 —4x* +4x=0.

Coi day 1 mot phuong trinh bc hai 4n vx? +3,

.. ' _(_ 2 . 2 -
taco: A’ =(-1)° ~1.(~4x* +4x)

= 4x® —4x+1=(2x-1)".

Vay phuong trinh da cho c¢6 nghi¢m la:

\/xz—+—=1+211_1=2x; 1-2x+1

243 = =2-2x.

Do d6 bién dbi phuong trinh thanh:

(\/x2+3—2x)(\/x2+3+2x—2):0.
TR e =3
Loi giai. Diéu kién: x > i

(*) > -3x2 —2Vx* +3+4x+3=0

©x2+3—2x\/x2+3 +2x\/;2+3
—4x® —2x* +3+4x=0

= x2+3( x2+3—2x)+2x( x2+3—2x)
—2( x2+3—2x)=0

<:>( x? +3—2x)(\/x2 43 +2x—2)=0.

o Vx2 +3-2x=0 hodc Vx> +3 +2x-2=0.

—2x=0 Vx> +3=2x ().

x 2 0. Khi do:

THI:
DKXD:
() ox?+3=4x ©3x’=3ox* =1

<> x =1(thoa man) hodc x =-1 (loai).

TH2: Vx? +3+2x-2=0

oVxt+3=2-2x ().
DKXD: x <1. Khi do:
(2) @ x> +3=4-8x+4x? & 3x2 -8x+1=0.

CoA'=(—4)’ =3.1=13>0.

Phuong trinh (2) c6 nghiém x = (loai) va

4—13
3

4+\/l—§
3

x= (thoa man).

TOAN HOC

S§582(12-2025) & 1




scces ) A
i oidi kién: x e R.
Vay phuong trinh da cho ¢6 hai nghiém x=1 va Lo gidk Fllc e

2
Hnf13 pT(*)¢:>—7x2—2x\/x +x+2+13x-2=

X = .

3 ¢>x2+x+2+2xm—2 x2+x+2

2 r 'y A
Cha y. Phuong trinh nay con c6 the bien doi ve
" 2 —8x? +2VxT +x+
tich don gian nhu sau: —4xm 8x” +8x X+2+4x_4 =0

2 2 242 __2)
PT(M < 4x? —dx+1-x? —34+2Jx2+3-1=0 e x +x+2(\/; +x+2+2x
Q(ZAT_I)Z‘(VXZ+3*1)2=O- —4x(\/x2+x+2+2x—2)+2(m+2x—-2):0

Tur diy ta dé dang dwa vé tich, nhung khong phai Q( P —2)(\/x2 +X+2-4x+ 2) =0
bai nio ciing dé dang va thuan lgi nhu vay.

2 +2x-2=0 1

Bai toan 2. Giai phiong trinh: Sl R 0
75?4 20 x4 2 - 13x+2 =0, hoge Vx* +x+2-4x+2=0 (2).

Phén tich. 7x* +2xVJx? +x+2 -13x+2=0 (*)  THI: Vx* +x+2+2x—-2=0. DKXD:x <1,
S X" +x+24+2xyx’ +x+2 +6x2 —14x =0. Khi d6: (1) Vx* +x+2=2-2x

9 L] — 2 2_ —
Coi day la phuong trinh bic haidn Vx> +x+2, ta < x’ +x+2=4-8x+4x> < 3x* —9x+2=(

g 2 5 9+ \/57 .
CO: Am :(—2X) —41(6)( —14X) S x = 5 (1031)
=4x? - 24x% + 56x = -20x” + 56x. o
Khéng dua dugc biét thirc Delta vé binh phuong e 3 = (€162 roan),
cua mét biéu thirc nén ta phéi bién déi vé phuong 1
. 2 _ =3 x> —
L e—— THZ». Vx“+x+2-4x+2=0. PKXD: x> 5
(M) -7x" = 2xyx* +x+2 +13x-2=0 Khi dé: (2) < a2 + x+2 =4x—2

S +x+2-2xVxt +x+2 -8x* +12x -4 =0 S x Hx+2=16x2—16x+4
& 2 2 2 i il
Co: Am:(zx) —4.1.(—8x +12x—4) < 15x “17x+2=0& (x—1)(15x-2)=0

=4x? +32x2 —48x + 16 = (6x - 4)2, < x =1 (thod man) hoic ,r:li_ (loai).
D

Vay phuong trinh da cho ¢6 nghi¢m la: Vay phuong trinh di cho c6 hai nghié¢m:

\/‘x2+x+2:=—\2x+§x"4=4x-2 9-/57

x=1vax=
6

va  Jx'+x+ =‘2x—gx 2 =-2x+2. Bai toin 3 (D¢ chon HSG TP. Hai Duong nim
hoc 2022-2023). Giai phuong trinh:

Do d6 phuong trinh tr¢ thanh:

28 4 6x 45— (24 5){ Vi s 3 e 1)
( x2+x+2—4x+2)(\/‘x2+x+2+2x-2)=0. ( )
Phan tich,
Tir day chung ta c6 hudng dé tich dua phuong 2
\ 2x"+6 = N *
trinh v€ dang tich va c6 1o giai nhur sau: y o (2x+5)( i e —1) &
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c:nc2+3x+4—(2x+5)\/x2 +3x+4 +x2 +5x+6=0.

Coi day la phwong trinh bac hai 4n vx? +3x+4,
ta co:

Am = [‘(2?5 + 5)]2 - 4.1.(x2 +5x+ 6)

=4x> +20x + 25— 4x2 —20x - 24
=12

Vay phuong trinh da cho ¢é nghiém la:

Vx2 +3x+ =M=x+3;
2
Vx? +3x + =¥:x+2.

Do d6 phuong trinh duoc bién déi thanh:
(\/x2 +3x+4 —x—3)(\/x2 +3x+4 —x—2)=0.
Léi gidi. (*) < x° +3)c+4—()c+3)\/x2 +3x+4
—(x+2)Vx? +3x+4 +(x+2)(x+3)=0

<:>\/x2+3x+4(\/x2 +3x+4 —x—3)

—(x+2)(m—x—3)

Il

0

@(\/xz +3x+4—x—3)(\/x2+3x+4—x—2):0

oV 4+3x+4-x-3=0 €))
hodc Vx2 +3x+4-x-2=0 (2).
THI1: Vx* +3x+4 —x—3=0. PKXD: x > -3.

Khidé: (1) < Vx? +3x+4 =x+3

S +3x+4=x>+6x+9 & 3x=-5
<:>x=_75(thoé iR

TH2: Vx? +3x+4 - x—2=0. DPKXD: x> -2.

Khido: (2) o Vx +3x+4=x+2

& x*+3x+4=x"+4x+4 & x =0 (thoa man),

Vay phuong trinh (*) c6 nghiém x = —TS va x=0.

Bai toan 4. Giai phuong trinh:
x* +5x-1-(x=2)3x +2 =0.
Phan tich. Ta cé:
x2+5x—l—(x—2) 3x*+2=0 *)
3" +2-(x-2)V3x* +2-2x% + 5x-3=0.
Coi day la phuong trinh bac hai 4n 3x* +2, ta
- —[fv_nT _ ) _
€6 A s = [~ -2 - 4.1 (24 +5x-3)
=x* —4x+4+8x* —20x+12
=9x? ~24x+16=(3x—4)’.

Phuong trinh c6 nghiém la:

V3x2+2 =x_~2+3—x——4=2x_3

2

EW N TRL ot . s S

2
Do d6 phuong trinh dua dugc vé dang:

( 3x%+2 —2x+3)(\/3x2 +2 +x—l)=0.

Loi gidi.

(*) @3> +2-(x-2)V3x? +2 -2x? +5x-3=0

&3 +2+(x-1)V32 +2
~(2x-3)V3x2 +2 —(x—1)(2x-3)=0
&3 +2(\/3x2 +2 +x—1)
—(2x—3)(\/3_m”—1)=0
@(\ﬁxz—nn—l)(M—sz):o

SV +2+4x-1=0 1)

hodc V3x2+2-2x+3=0 (2.

THL: (1) & V3x2+2 =—x +1 (PKXP: x<1)

&3P +2=x?-2x+1

< 2x2 +2x+1=0.

Phuong trinh ndy c6 A = -4 < 0 nén v6 nghiém.

, TOAN HOC
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TH2: (2) = V3x2 +2 =253 (PKXD: xZ%)
& 3% +2=4x*_12x+9

<:>x2—12x+7=0 <3x=6+;[2_§=6+\/5§

(thoa man) hodc x =6-+/29 (loai).
Vay phuong trinh (*) ¢6 nghiém x = 6 +/29.
Bai todn 5. Giai phirong trinh:
93 +8v + 2\[¥2—+i -2=0 (*.
Phdn tich. Day 13 bai toan kho doi hoi ky thuat
bién ddi khéo mai dat duge dich dén.
PT(*) < —9x2 —8x—23/x* +1+2=0
& 3(x? +1)-24x2 +1-12x2 -8x-1=0.
Coi day 13 phuong trinh bac hai in vx? +1, ¢6:
A= (-1)* =3(-12x* —8x-1)
=36x +24x+4=(6x+2)’.

Phuong trinh (*) c6 nghiém la:

JPa =285+ 2 o
3
va m:1—6x—2 _ —6x—l‘

3 3
Do d6 phwong trinh dua dugc vé dang:

(\,/x2 +1—2x—1)(3 x2+1+6x+1)=0.

Lo gidgi. (*) < —9x> —8x-2Vx* +1+2=0

&3 +1)-2Vx? +1-12x2 -8x-1=0

&3 +1)—6xyx? +1-3x% +1
+6xvx* +1 —12x% —6x+Vx +1-2x-1=0

<3 x2+1(\/x2+1—2x—1)+6x(\/x2+ —2x—1)
+( x2+1—2x—1)=0
C>( x2+1—2x—1)(3 x2+1+6x+1)=0

e Vx2+1-2x-1=0hodc 3Vx?> +1+6x+1=0.

TOAN HOC
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THI: x2+1-2x-1=0.f)1<X£>.xz7

Khi d6: \/;Z—i—Zx—1=O Vx4 =2x+4]

<:>x2+1=4x2+4x+1<:>3x2 +4x=0

& x(3x+4)=0
. 2 —4 .
& x = 0 (thod man) hoac x = 3 (loai).

TH2: 3x? +1+6x+1=0. PKXD: xg%l_

Khi do: 3Wx* +1+6x+1=0
o W+l =—6x—1< 9x° +9=36x2+12x+1

< 27x* +12x-8=0.
CoA'=36+27.8=252nén VA =252 =67,
Phuong trinh nay cé hai nghiém:
L6+ 67 _2+247 (fog)
27 9
—6-6J7 _ —2-247
T 21 9
Phuong trinh d2 cho co6 hai nghiém:

2-2V7
5

Bai toan 6. Giai phwrong trinh:

(x+3)V48—x" —8x=x-24 (¥

Phan tich. Phuong trinh khéng c6 nghiém nguyén

va x (thoa man).

x=0va x=

nén khéng thé chon phuong phap lién hop dé gii.
Néu binh phuong ta ¢6 phuong trinh bic 4 véi
nghiém v6 ti thi phuong phap giai la rit kh khan.
Dit 4n phu ngay ciing khong c6 méi lién hé dé
biéu dién vé phuong trinh mot dn hojc phuong
trinh tich. Do céc hang tir bén ngoai can 1a bic
nhit nén ta chon phurong én nhan thém hai vé véi
2 dé cac sb hang trong cin va ngoai cin twong

dong thuan loi cho viéc tach dé dwa vé dang

phuong trinh bac 2 4n /48 — x? —8x. Ta c6:

() ©2(x+3)48—8x—»* =248




< 48-2x+2(x+3)V48-8x—x? =0
& —x* —8x+48+2(x+3)y48—8x - x?
+x% +6x=0.
Coi day la phurong trinh bac hai 4n V48 — x* - 8x,
ta co: Am =(x+3)2 —1.():2 +6x)=9=32.
Khi d6 phuong trinh (*) ¢6 nghiém:

V48— x* —8x =—x+3+3=_x
va V48— x* —8x =_x+3_3:—x—6.

Do d6 phuong trinh s& viét dugc dudi dang:
(\/48—x2 —8x +x)(\/m+x+6)=0.
Loi giai. Piéu kién: —12 < x £4, Khi do:
(*) < 2(x+3)V48—8x—x* =2x—48

< 48-2x+2(x+3)V48-8x—x* =0

o —x° —8x+48+2(x+3)m
x4 Gr=1.
Pat =48 —8x—x?;¢>0. Khi d6 phuong trinh
trén trd thanh:
2 +2(x+3)t+x"+6x=0
<:>(t+x)2 +6(t+x)=0
o (t+x)(t+x+6)=0.

eNéu t+x=0,suyra t=—x(PK: x<0)ta duoc:

Ja8 —8x—x? =-x < 48-8x—x’ =x’
o x?+4x-24=0c (x+2)" =28
e x+2 =27 hodc x+2=-27
& x =-2+ 27 (loai)
hodc x = -2 —2y/7 (thoa man).
e Néu t+x+6=0, suy ra t=-x-6 (DKt

x £-6), do do ta duoc:

V48 -8x—x?> =-x—-6

< 48 -8x—x* =x%*+12x+36

& X’ +10x-6=0< (x+5)" =31

<:>x+5=\/ﬁ hoac x+5=—\/§

& x=-5++/31 (loai)

hodc x =-5-4+/31 (thoa man).
Vay nghiém phuong trinh (*) 1a:
x=-2-27 va x=-5-4/31.
Bai toan 7. Gidi phiong trinh:
x* = 23x? +x+3-3=0.
Phan tich. Ta viét lai phuong trinh thanh:
-2 +D\B3+x+xt =0 (1)

Taco: A=[-(%+ 1)]2 (24

=4x? —4x+1=(2x—1)%. Khi do:

ﬁ=1(2x2+1+2x—1)=x2+x

1) <

ﬁ:%(zxz +1-2x+D)=x* —x+1

2 +x=3=0
¥ ox+1-43=0

Vay phuong da cho c¢6 4 nghiém la:

_1+41+43

BAI TAP TUONG TU

Bai 1. Giai phuong trinh:

8x2+3x+(4x2 g

Bai 2. Gidi cac phuong trinh:

2)Vx+4=4.

1) x? +1—(x+1)\/x2 -2x+3=0;
2) 2J2x + 4 + 42— x =9x* +16;
3) 2x+N2x+7 =x> +9x+7,

S3 582(12-2025)
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4) 10x? —9x —8x/2x? —3x+1+3=0;

5) X’ +6x% —2x+3—-(5x—DVx* +3 =0;
6) 4Vx+1—-1=3x+241—x +1-x*.
2. Ky thut sir dung bi¢t thirc Delta dé gidi
phuong trinh nghi¢m nguyén
Bai toan 1. Tim cdc so nguyvén x, y thoa man:
X743+ 2yt —x—p+ 320,
Phin ftich. Ta viét phuong trinh dudi dang
phuong trinh bac hai 4n x:
% 4 xBy-1)+2y* - y=-3.
Xét phuwong trinh béc 2 4n x va k 1 hing s6 thoa
min: x? +xGBy-1D+2y* - y+k=0.
Ta co:
A, =(3y-1) -4(2y? —y+k)
=y’ —2y+1-4k.
bé A, 1a mét s6 chinh phuong ta chon k& =0, khi

do A, =y2—2y+l=(y—l)2.

Phuong trinh ¢6 nghiém: x=w=_
va x:ﬂ!z_:—-)_}_*-—l:_zy+l.

Do d6: x* +x(3y—1)+ 2t —y= (x+y)x+2y-1).
Suyra: (x+y)(x+2y—-1)=-3.
T day ta co: x* +3xy—x+2y° -y=-3

< x? +xy-ﬁ-2x)«'+2y2 -x—y=-3

2= x(x+y)+2y(x+y)—-(x+y) =_3

S (x+y)(x+2y-1)=-3.
Pén ddy viéc gidi bai toan khong con khé khin
nira.
V6i nhimg bai dua vé tich hai nhan tir my méi
nhan tir ¢6 3 50 hang 12 nhitng bai todn kho, dé mg
mém thi rét kh6 khan. Sau day 1a mét thi dy,

TOAN HOC )
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1 guy x’)’ hO(l m =

Pphin tich. Viét phuong trinh G dang phuoy

trinh béc hai in x, ta cO:
' 2
2 +x03y+3)+2y +5y=15.

xét phuong trinh: )
2 +x(3y+3)+2y +5y+k=0.

Taco: A, :(3y+3)2 ‘4(2)’2 +5y+k)
=9y2+18y+9—8y2—20y—4k
—yt—2y+9-4k=(y-1)"+8-4k

pé A, la mot sb chinh phuong ta chon k=2, ki

d6 Ax=y2—2y+1:(y—1)2.

Phuong trinh ¢6 nghi¢m:
-3y-3+y-— 1 _

= -y—2
o 2
3y-3-y+1
i x=2X2P gy
2
Do do6: x2+x(3y+3)+2y2+5y+2

=(x+y+2)(x+2y+1).
Suyra: (x+y+2)(x+2y+1)=17.
Dén ddy viéc giai quyét khong con khoé khin nita.
Bai toﬁn 3. Tim tdt ca cac sé nguyén to p sao cho

pb —pP—- 2 S i ; . z
5 la lap phitong cria mot sé tw nhién.

Phan tich. Tir gia thiét ta cin tim sé tu nhién a
thoa man p(p—l)=2(a+l)(a2—a+1).

*Néu p=2 th a = 0 (thoa man).

"Neu p>2 th a+1:p hoic a* —a+l1:p.
THL a41ip, khi g6 p<gel ma df thiy
P>asuyra p=qg4q

D s \
0 do tr p(p—]): 2(a+l)(a2 —a+l) suy ra:

a=2(a2~a+1)©2a2_3a+2___0

(phuong trinh nay v nghiém).




TH2: a* —a+1' p.
Pit @’ —a+1=kp v6i ke N (¥).
Dodo tlr p(p-1)=2(a+1)(a’ -a+1) suyra;
p—1=2k(a+1):>p=2k(a+1)+l (%),
Tir (*) va (**), ta co:
a2~(2k2+1)a+1~2k2—k=0.

Co A=4k* +12k*> +4k -3, cAn tim k dé A 13 s6

chinh phwong. Do k € N* nén:

(2&—2 + 2)2 <A4k* +12k% + 4k -3 < (2k2 + 4)2

suy ra: 4k* +12k% + 4k -3 = (2k2 + 3)2.

T d6 ta tim dugc k=3, suy ra a =20 (nhén)
hodc a =-1 (loai).
V61 a=20suyra p=127.
Vay tim duoc hai sé nguyén td:
p=2; p=127.

Bai todn 4 (cau 4b, dé thi HSG Toan 9 cip TP.
Pa Ning, nim hoc 2024-2025). Cho cdc sé
nguveén x, v, z thoa man:

%% - 3_\72 —z% = xy +3xz —8yz.

Chimg minh rang 5x+19y +15z : 44.

Phén tich. Ta coi phuong trinh da cho la phuong
trinh bac hai theo mdt bién nao d6 va xét Delta
phdi 1a s6 chinh phuong.
Coi phuong trinh da cho 1a phuong trinh béc hai
theo bién x (y, z la tham sb) va xét A phai 1a sé
chinh phuong. Ta cé:

= —(y+3z)x—(3y2 + 22 —8yz)=0.
Co A, =y*+6yz+9z° +12)% + 427 — 327

=13y? +1322 -26yz
=13(y - 2)%.

Vi x,y,z nguyén nén A, phai la s6 chinh

phwong, ma 13 khéng phai s6 chinh phuong nén
(y-2)*=0, suyra y=2z.

Khid6é A, =0 va phuong trinh c6 nghiém

x=L32=2z.
2

Lac d6: 5x+19y +152=5.22z+19z+15z

=(10+19+15)z

=44z : 44 (dpcm).
Nhin xét. Néu coi phuong trinh di cho 1a phuong
trinh bac hai theo bién z (véi x, y 1a tham s8) hoac
theo bién y (védi x, z 1a tham sé) va xét biét thirc A
phai 1a s6 chinh phuong, ta ciing cd cach giai
tuong tu nhu trén.

BAI TAP TUONG TU
Tim sé nguyén x, y thoa man:
1) y? -xy+2y-5x-6=0
Két qua: (y+5)(x—y+ 3)=9.

2) 3y2+xy+2x+y=17

Il

Két qua: (y+2)(x+3y-5)=17.
3) 2x? —xy+9x -3y +4=0
Keét qud: (x+3)(2x—y+3)=5.
4) x> —xy-2y"+x+y-5=0
Két qud: (x+y)(x—2y +1)=5,
5) 3x" + y? +4xy +2x =20
Két qud: (x+y+1)(3x+y-1)=19.
6) 2x* +6y” + Txy—x~y =6
Két qua: (2x+3y+1)(x+2y-1)=5.
7)2x* -y —xp+8y+x =22

Két qua: (x-y+3)(2x+y-5)=7.

TOAN HOC
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HUONG DAN GIAI PE THI VAO

LGP 10 THPT TP. HANQ

MON TOAN (Chuyén Tin)
Nam hoc 2025-2026

A ; S U . L,y g { \ oca cdp S
Cau L 1) Gieo mgt xiic xdc can doi va dong chat 2 Tim tat ca cdp

hai lan lién tiép. Tinh xdc sudt cia bién co A:
“Tich cua hai s6 cham yudt hién trén mat xie xac
trong hai lan gico bang 67,

2) Cho a.b la hai so thie phan biét thoa man

o 4 4 ., b goi o giedl
a+b=6 va a+—=>b+— Tinh gia tri cua biéu
a b

a b

b + 2 '
b~+1 a +1
HD-DPdp s6é.

thie M =

1) Khong gian miu Q={(i;j)‘l <i<6,1<j 36}

V6i 1,/ 1an huot 1a s6 chdm xuét hién khi gieo xuc
xdc lan thir nhat va 1an thi hai.
Khi d6, cac két qua ctia khong gian miu 1a dong
kha nang va n(Q)=36.
C6 4 két qua thuan loi cho bién cé 4 1a:

(2;3). (3 2). (L 6), (6 1).
Vay xéc suat ciia bién cd 4 1a P(4) = % = é-
2) Tir diéu kién s B et g B
a b a

4
-b)|1-—|=0.
= (a )[ abj 0

Vi g, b phan biét nén 1—%=0:>ab=4.
a

=0
b

Tirdé: M——% b _ a+a+b®+b
b*+1 a*+1 a’b*+a® +b* +1

_(a+b)’ -3ab(a+b)+a+b

- a*b® +(a+b)* —2ab+1 .

3_
Suyra p = 8 =3:46+6 10

4246 -2.4+1 3

Cau ll. 1) Cho a, b va c la cac s6 nguyén dirong

, o1 3 5
thoa man —+ = .
a b+2 c+4

Chitng minh abc chia hét cho 4.

TOAN HOC |
8 UGilpe__ S6 582a2-2025)

6 tw nhién (x;y) thod may,
X(.\' o 2.‘)) = )V} - 3)/2 + 2y = ] ‘

HD-Dap 5.
3 5

A iA ]‘ ey
1) T diéu kién ;+b+2 "
:>(c+4)(b+2)+3a(c+4)=5a(b+2) (*).
Néu ca 3 sb a,b,c déu la cac s6 1€ thi mau thyjp

voi (). ; L
Suy ra trong 3 s0 a,b,c ¢ it nhat mot so chan,

Néu a 13 sb chin, suyra a(c+4) va a(b+2) Ia
cac sb chan.

Tir (*) suy ra (c+4)(b+2) hay bc+4b+2class
chin, tir d6 bc 1a sé chin.

Do d6 tich abc chia hét cho 4.

Chiing minh twong tu v&i truong hop b hodc ¢ 13
s6 chin.

Viy abc chia hét cho 4.

2) Tir x(x—2y) =y =3y% +2y -1
:>(x—y)2=y3—2y2+2y_1
:>(x—y)2=(y—l)(y2—y+1)-

Néu y=0=x? =—1 (v I).

Néu y=1=(x-1)> =0= x=1.

New y22 thi y—1 va y2—p+1 Ia hai sb

nguyén duong.

Vi yz—y+1=y(y—1)+1 nén:

y=lvay*—y111a hai s6 nguyén tb cing nhau.

Dodo y-1 va y? =¥ +1 13 hai s6 chinh phuong.

A 4 %2
Sl (y—l) <y2—y+l<y2 nén yz—y+1

lghong th& 14 56 chinh phurrong (méu thuin).
uy ra vgi moi gijj ti y>2, yeN thi

_ 2
(=1)(y =¥ +1) khong Ia s4 chinh phurong



Do d6, trong truémng hop nay khong ¢ cip (x; )

y)2 =(y—l)(y2 —y+1).
Viay ciap s6 thoa min diéu kién bai toan la
(x)=(11).

Cau L 1) Voi a,b va ¢ la cac so nguyén duong

nao thoa man (x -

2 ~ ) .y oy £ \ .
thoa man a+b+c =12, tim gia tri lon nhat va gia

tri nho nhdt cua bicu thie:
2 2 2
4 4 4
P=la——| +|b——| +|c—— -
a b ¢
2) Cho a,b va ¢ la cdc so nguvén dwong thoad
2
man (a+ 211)(2(7 e (az - bc) .

Chirng minh 4ab+1 la so chinh phuwong.

HD-Pdp sé. 1) Ta co:
1 1 1
—+—+—|—24
a b sz

P:(a2+b2+cz)+16(
a’ 16 br 16 ct 16
=l —+—|+| —+— |[+]| —+—
16 a* 16 »? 16 (2
1505 . .2 2
+E(a +b +c*)-24 (1),

Ching minh duoc:
2 2 2
L1055 0185020
16 & 16 b 16 ¢*
Chimg minh duoc:

a +b* +¢? Z%(a+b+c)2 =%-122 =48 (3).

15
Tu (1), 2)va(3)tacd: P= 6+1—6—- 48 -24 =27.
Vi a=b=c=4 thi P=27.
Vay gi4 tri nho nhat cua P la 27.
Vi a, b, ¢ 14 cac s6 nguyén duong

vaa+b+c=12 nén 1<a<10.

T dé (a-1)(a-10)<0=>a’> -11a+10<0

11 <111

22102 10°
Tuorngtutacc’)'
S b

b2 100
Din dén:

Ha
100

3T
2= 100
1111

11¢
a i &
100 ¢? 100

100

16 16 16
P=(a®+b* +c? +[—+ ) 24
( ) 2 B &

s[ll(a+b+c)—30]+16[%—%(u+b+c)}

g 2754
25

Véia=1,b=1,¢=10 thi P=—2—;§—4-

Viy gié tri 6n nhat ctia P 1a 2754,

2) Tir didu kién (a+2b)(2a +¢) = (a® ~be)’
= (a? + 2ab)(2ab + be) = ab(a - be)

T do: (a2 + 2ab)(2ab + bc)

= ab| (a® +2ab) - (2ab +bc)j|2 .

Dit x = a? + 2ab, y = 2ab+bc = x, y 14 hai s
nguyén duong khéac nhau va

xy=ab(x—y)2:>ab:——xy =

L\
x=y

1a s6 nguyén. T d6 suy ra

Do d6 4ab+1—ﬂ—
(x-y)

+
Suy luan dugc a8 4
: -7
4ab +1 1a s6 chinh phuong.
Cau IV. Cho tam giac
(AB < AC),

ABC ¢o ba goc nhon
noi tiép duwong tron (O). Puong
thang qua A va vuong goc vor duong th(fng BC,
cat dirong tron (O) tai diém I (I khac A). Lci\'
diem M thuoc cung nho IC cua dwong tron (O)
sao cho MB < MC. Ké ddy cung MN cua dirong
tron (O) sao cho diong thang MN song song
voi dwong thang BC. Tia phdn gidac cua goc
ACB cdt hai dwong thang AM va AN lan lirot
tai hai diém P va Q.

1) Chitng minh CM . CQ = CP. NQ.

2) Goi E la giao diém cia cieong thang MQ véi
duwong thang BC. Chimg minh dwong thang PE
song song voi duong thang AN.

TOAN HQC
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3) Goi H la diém doi xiing véi diém P qua
dirong thang BC. Goi S la giao diém ciia duwong
thang Ml voi dicong thang BC. Chimg minh

dwong thang SH vuong géc véi dong thang 10.

HD-Pip sé.

1) Chimg minh dugec PAC = BCN va

CPM = QCN.Dan dén APMC » ACNQ (g.g).
Kéo theo CM.CQ = PC.ON.

2) Goi X la giao diém cia AN va BC.

Tu APMC « ACNQ suy ra: MF E
NC NQ
Chimg minh ACNX > AAMC suy ra:
CN _NX
AM ~ MC
Vi EX [/ MN suy ra:
NX _ME
Ng MQ
Suy ra:

MP _MP CN _MC NX NX _ME
MA CN MA NQ MC NO MQ
Din dén PE [/ AN.
3) Goi K la giao diém cua PH va MS. Ta cé:

PK [/ Al v PE /| AN nén HPE =IAN (1),

Ta co: AT!EE:M’Z*—EB’:E}?%EEM

Ma MN // BC nén BCM = NMC.

Do d6, chirng minh dugc MSE = IAN (2).
Tu (1) va (2) suy ra:

10 T?glr\‘uggg S6 582(12-2025)

Aﬁ=fﬁ=fﬁf’=90°—@.
Din dén EH L MS, kéo theo H 14 trye tim oy,
tam gidc SKE, din dén SH L KE (3).
Ta co PK /| Al va PE /| AQ nén:

MK MP _ME

M MA MO
T do KE //1Q (4).
Tur (3) va (4) suy ra SH L 1Q.
Ciau V. Xét bang 6 vuong kich thide nxn, yg
n la so nguyén dirong. Biét rang bang 6 VUONg dg
6 thé dwoe phii kin boi hat loai manh ghép 1x|
va 8x8 sao cho Al;drrg c6 hai manh ghép ng,
chong lén nhau, so lwong hai loai manh ghép

dwoc dung la bang nhau va maéi 6 vuong nhé cig
cac manh ghep chong khit voi mot 6 vuéng nhg

trong bang.
1) Chirng minh n chia hét cho 5.
2) Tim gid tri nho nhat cia n.
HD-Pdp sé. 1) Goi m la s6 manh ghép méi loai
1x1 va 8x8 dugc dung dé phu kin bang 6 vudng
nxn. Sé 6 vuéng trong bang nxn la n*.
Tir d6 n* = 65m = n'5.
2) Goi m 1a s6 manh ghép 1x1 va 8x8 dugc
dung d¢ phu kin bang 6 vuéng dé.
Tir 46 n* =65m. Suy ra n chia hét cho 65 hay
n=65k. T d6 m = 65k>.
Néu k <8 thi n chia cho 8 duge 8k du .
Tir d6 s6 manh ghép 8x8 sir dung téi da trong
bang nay la (8k)* = 64k> < m (vo li).
Néu k =8 = n =520, m = 4160,
Do 520:8 =65 nén ta co thé sir dung:
65. 64 =4160

manh ghép 8x8 va manh ghép 1x1 dé phu kin
bang vuéng nay (TMBK).
Vay gid tri nho nhét cua n 13 520.

TRINH HOAI DUONG

(GV THCS Gidng V3 2, Ha No?)
Gidi thigu




PE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN
TINH NGHE AN

Nam hoc 2025 - 2026
Thoi gian lam bai: 150 phut

Cau I (2,0 diém)

a) Biét ring (1> +1)(22 +1)(32 +1)...(n2 +1) chia
hét cho 1297%, véi n 1a sb nguyén duong. Chirng
minh n > 649.

b) Tim cic s6 nguyén duong a, b thoa man cac
diéu kién sau: a—b 1a sb nguyén 6, a,b 1a sb
chinh phuong va a + b -3 chia hét cho 5.

Cau Il (7,0 diém)

4x? y
(x-2%

a) Giai phuong trinh x? +

x -9y =18x-5)°

b) Giai hé phuong trinh )
x* +4=5(%-1)

Cau I (2,0 diém)

Két thiic nam hoc, thay gido chon ngiu nhién bf')nr

trong nim ban 16p 9A gém: An, Binh, Cuodng,
Diing, Thao dé du hoi nghi tuyén duong.

a) Tinh x4c suit dé trong bén ban duoc chon ¢
ban An.

b) Ban té chirc chudn bj bén phan qua khac khau
danh riéng cho médi ban 16p 9A tham du. Tai hoi
nghi, do quén ghi tén nén ban té chic da phat
ngﬁu nhién qua cho bdn ban, mdi ban nhin mot
phin qua. Tinh xac sudt cia bién cd “cé it nhét
mot ban nhan dung phin qua ctia minh”,

Cau IV (7,0 diém)

Cho tam gidc A4BC nhon (4B > AC) nodi tiép
duong tron tam O, ban kinh R, Cac duong cao 4D,
BE, CF cia AABC cit nhau tai H. Puéng kinh
AK cua dudng tron (O) cit EF tai V.

a) Ching minh tr giac BKNF ndi tiép va
AKD = AHN.

b) Puong thiang qua C song song véi AB cit
duong thing BE tai M. Goi Q 1a giao diém ctia BC
va HK, duong thing EF cit OM tai P. Chimng
minh ABPC vudng.

¢) Gia st 4, C va duong tron (O) cb dinh,
AC<R\/§, diém B di dong trén cung lom AC.
Xac dinh vi tri diém B dé tong chu vi ctia céc tam

giac AAEF, ABFD, ACED 16n nht.

Cau V (1,0 diém)

Cho hai sb thuc a va b thoa man céc diéu kién sau:
1) a <b<420.

ii) V&i moi s6 thuc x, ¥, z thoa man:

as<x<b,a<y<b,a<z<b,
ta ludn c6 (x + y + z — 420)? Snyz.
105

Tinh gia tri 16 nhat cta biéu thitc T = a — .

Ciu VI (1,0 diém)

Trén bang c6 diy sb 1; 2; 3;...: 2025 ta thuc hién
nhu sau: Néu trén bang ¢6 4 sb a; b; c; d sao cho
d=a+b+c thitaxoéadsddovaviét3sd a+b;
b+c;c+a 1én bang. Gia sir tai mét thoi didm

trén bang con n s6 a,; a,;...; a

Chimg minh ring a+a +a +--+a* -9 chia
hét cho 12 va n >1520.

NGUYEN TRAN HOANG

(SV Khoa Todn Tin, PHSP Ha Ni)

Gidi thigu

TOAN HQC
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EP l E?uN EDA ™

THEO CHUONG TRINH VA SGK MO

Trong CTGDPT mdi, Xéc suit va Thong ké dugc
Bo GD&DT dua vio giang day tir cap THCS,
duoc gidng day kha hoan thién & bac THPT. Vi
muc tiéu cung cdp kién thirc, hinh thanh va phat
tridn ning luc mé hinh hoa toan hoc, van dung
kién thirc toan hoc vao glan quyet va dy dodn cac
tinh huéng thuc té doi song, gan hoc voi hanh, gan
kién thire duogc hoc trong truong vdi thue té cudc
song lao dong san xudt cua xa hoi, mach kién thirc
nay da dem lai nhiéu himng tht cho hoc sinh, dong
thoi cing dem lai cho cac em nhiéu khé khan
thach thic. Trong qua trinh gidng day, td chirc cho
hoc sinh chiém linh kién thic ki ning, t61 manh
dan xay dung phuong phap giai bai toan dém cho
hoc sinh 16p 10 nhur mét tai liéu hd trg hoc sinh tur
hoc. tu nghién ciru tim cach giai quyét van dé theo
tinh than cua Thong tu 29/2024/TT-BGDDT.
1. Co s li ludn caa cac phuong phap dém
1.1. Quy tic dém
a) Quy tic cing
Mot cong viéc dugce hoan thanh boi mét trong hai
hanh déng. Néu hanh dong thir nhat c6 m cach
thuc hién, hanh dong thir hai ¢6 » cach thuc hién
khéng trung véi bat ki cach ndo clia hanh dong thir
nhit thi cong viéc d6 c6 m+n céch thuc hién.
V& mit ban cht thi quy tic cong cho ta cong thirc
tinh s6 phan tir ciia hai tap hop hiru han khong
giao nhau: AN B =@ = |40 B|=|4]+|8].
Quy tic cong m& rong:
|4 B|=|4]+|B|-|4n B;
|AuBuc|=yA|+|B|+|C|—|AmB|—1Amcl
-|BACl+|AnBAC|.
Déi véi n tap hop 4, 4,,..,4, bat ki ta cé
nguyén 1i bu trir sau:

12
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b) Quy tic nhan o
Mot Cong viéc duogc hoan thanh bdi hai hanh dong

lién tlep Néu co6 m cach thuc hién hanh dong thy
nhit va ung voi mbi cach d6 c6 n cach thyc hign
hanh dong tht hai thi ¢6 m.n cach hoan thanh

cong viéc.
Ve mit ban chat thi quy tac nhin cho ta cong thirc

tinh sb phan tr cua tap tich Descartes cua hai tap
hop 4, B, ki hiéu 4x B.
Dinh nghia: Tich Descartes cua hai tap hop 4, B
ki hicu AxBla tip hop tat ci céc cdp thi tu
(a,b) véi ae A, beB.
Nguyén Ii nhdn: Néu 4 va B 14 hai tap hop hiru
han thi Ax B ciing hitu han va ta co:
|4x B| =|4|x|B].

1.2. Hoan vi
Cho tap A gdm n phan ti (n>1). Mdi két qua
clia su sap xép the ty n phan tir cua tap hop 4
duqc goi 1a mdt hoan vi ctia n phan tir do. S6 cac
hodn vi clia n phan i, ki hiéu la:

P =nl= n.(n - l).(n - 2)...3.2.1 ,
quy uge 0!=1,
1.3. Chinh hop
Cho tp hop 4 gdm » phin tir (n>1). Két qud
cua viee lay & (1<k<n) phan tir khac nhau tir 7

ﬁ?an tir ctia tap hop 4 va sip xép chiing theo mot
¥t ndo do dwoc goi la mot chinh hop chip
cia n phin tr d3 che, S6 cac chinh hop chap &
cua mdt tip hop cé n phin tir 14
4 n!
(n - k)! '

n



1.4. T6 hop
Gia st tip 4 c6 n phan tir (n>0). M3i tap con
gom k (0<k<n) phin tir cla 4 duoc goi I
mdt t6 hop chdp k ctia n phin tir di cho. Sé cac t
hop chép k ctia mét tap hop c6 n phan tir 1a:
n!
G = k.(n—k)!

2. Cac phuong phiap dém

,VkeZ,0<k<n.

2.1. Phuong phip dém truc tiép

Noi dung phuong phap: Liét ké cac truong hop cu
thé co thé xay ra rdi dung quy tic cong. Phuong
phép ndy chi 4p dung cho cac bai toan don giai va
cho cac tap hop 6 s6 phan tir it. Thong thuong ta
c6 thé ding thém cac cong cu hd trg dé d& dang
théng ké nhu: Bang hai chidu, so dd CaY,..

Thi du 1. Hoi ¢6 bao nhiéu két qua c6 thé xay
ra khi lan lrot gieo ba d‘(;ng xu cdan doi dong chdt
va phan biét?

Phdn tich tim huéng gidi. Pong xu c6 hai mat
nén ta co thé quy udc mot mat la sép, mat con lai
12 ngira. Do ba déng xu doc 14p nhau nén sy xuét
hién mit sip (S) hay ngira (N) cua ddng xu nay 1a
khéng lién quan dén su xuat hién cia cac ddng xu
con lai, do d6 ta c6 hai cach dém truc tiép sau:

Cach 1. Ldp so do hinh cay.

Pongxul S N

) AN P
Dong xu 2 S N S N

, e N o W N N
Pongxu3 S NS N S NS N

Vay ta c6 thé liét ké day di cac két qua c6 thé xay
ra nhu sau:

Q) = {SSS; SSN; SN'S; SNN; NSS; NSN;NNS;NNN}.
Suy ra s cac két qua la 8.

Uu diém: Chi ra cu thé, r6 rang timg két qua xay
ra.

Nhuoc diém: Cach lam dai, chi c6 thé dém khi sb
dong xu dem gieo 1a nho.

Cich 2. Diing quy tdic nhan.

Pong xu 1 ¢b 2 cich xuét hién la mat sép hoac

mat ngira; Dong xu 2 ¢6 2 cach xuat hién 1a mat

sép hoac mat ngira; Bf”)ng xu 3 ¢6 2 cach xuét hién
12 mit sdp hodc mit ngua.

Theo quy tic nhan cé: 2.2.2 = 8 két qua.

Uu diém: Ngin gon, c6 thé dém khi s6 dong xu
dem gieo la rit 1on.

Nhuoc diém: Khéng thé chi ra cu thé, ro rang trng
két qua xay ra.

Thi du 2. Hoi ¢d bao nhiéu két qua cé thé xdy
ra khi lan lwot gieo hai con xiic xdc can ddi dong
chdt va phan biér?

Phan tich tim hwéng gigi. Mbdi con xuc xic co
sdu mat nén ta c6 thé goi tén mdi mit theo sb
chim ¢6 trén mat d6. Ta ¢6 hai cac dém truc tiép
sau:

Cdch 1. Ldp bang hai chiéu.

Conll 2 3 4 5 6
Con 2

1 G | (12) | B3 | (14 | 155 | (1:6)

2 @D | @2 | @3) | @8] 25 |26

3 D 1 32) | G3) |G| (35 | (356)

4 &) | &2) | 33) | &4 | &5 | 46)

5 G |52 | 53 1 GH G5 | (5:6)
] 6 6:1) | (6:2) | (6:3) | (6:4) | (6;5) | (6:6)
C6 36 két qua.

Uu diém: Chi ra cu thé, rd rang timg két qua xay
ra.

Nhueoce diém: Cach 1am dai va chi dém duoc khi sb
con xiic xac 1 2 con.

Cdch 2. Diing quy tac nhan.

Con xuc xic 1: C6 6 cach xuit hién.

Con xiic xic 2: C6 6 cach xuit hién.

Theo quy tic nhin cé: 6.6 =36 két qua.

Uu diém: Ngin gon, c6 thé dém khi sé con xuc
xac dem gieo 16n.

Nhueoc diém: Khong thé chi ra cu thé, 15 rang ting
ket qua xay ra.

Thi du 3. Cho tap hop A={0;1;2;3;..;9}, hoi

¢6 bao nhiéu tip con gom ba phan tir ciia A c6
tong bang 10?

TOAN HOQC
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Phén tich tim huéng gigi. Ta cin chon ra 3 sb
khac nhau sao cho c6 tong bing 10. Pé quaé trinh
Iya chon khong bi lap va khong thiéu truong hop
ndo ta nén lam theo ki thuat sau tam goi la “lua
curu vao chuong cho hoc sinh dé nhg. Nguyén tac
cua ki thuat 1a ta s& dém tir nhirng phan tir dau tién
cua diy va lua vé phia sau dé chon duge bo sé
thod man dé ra; tuyét doi khong quay ngugc vé
phia trudc nira. Lam tuong ty cho cac phan tir lién
ké phia sau cho dén hét.

Loi giai.

0l1]2|3]alslel7]8]9
Bit dau tir s6 0 sé 6 cac bo: (0;1;9), (0;2;8),
(0;3:7), (0;4;6).

0]1/2/3/4|5[6[7/819
Bat dau tir 56 1 ta 06 cac bd: (1,2;7), (1:3;6),

(L:4:5).

{ SN
L0{1{21314ls5l6]7!819

S6 2 dimg dau ta ¢6 bd (2;3;5).

Vi tong cta ba sb bat ki ké tir s6 3 tro di déu 16n

hon 10 nén cdng viéc két thuc.

Nhu vay co téng 8 tap con thoa man dé ra.

Uu diém ciia phuong phap dém truc tiép 14 ¢6 thé

chi ra hét tat ca cac truong hop c6 thé xay ra mot

cach cu thé, 1o rang. Song nhuoc diém 14 chi dém

dugc nhirng tap hop ¢6 kich thudc nhd.

2.2. Phuong phap dém theo vi tri

Noi dung phuong phap: Xét su phu hop cua phan

tir can xep véi mbi vi tri trong day dé xem ¢6 bao

nhiéu cach thiét lap rdi dung quy tic nhan. C6 haj
cach xét:

Céch 1: Chon phén tir cho ting vi tri.

Cdch 2: Chon vj tri cho timg phan tu.

Thi du. Bién so xe may cuia tinh A (néu khong ké
ma sé tinh) ¢6 6 ki tw, trong dé ki tw o vi tri day
tién la mot chir cai (trong bang 26 chir ¢gi lreng
Anh), ki tw o vi tri thir hai la mét chi s6 thuoc tap
{1; 2.

9}, méi ki tw & bon vi tri tiép theo lg mot

TOﬁNH C
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chiv sé thuéc tap {0, 15 25 9} Hoi néu chi ding

5t ma so tinh thi tmh A 6 thé lam duoc nhigy,

mo may khac nhau?

nhat bao nhiéu bién 50 xe

Phén tich tim huong gidi. Sau ki ty tuong img
véi sau vi tri. Mai vi tri trong sau vi tri nay day di
c6 nhing yéu ciu cu thé vé cac phan tir duoc phép
xep vao. Vi viy ta nén chon cach 1 Ia dém s céch
xép phan tir cho mdi vi tri dé giai bai toan,

Loi gidi. Gia su bién s6 xe 1a aja,a;a,aa, .
e Cb 26 cachchon a;; ® Co 9 cach chon a,;
& Cé 10 CéCh chon a3; [ CO 10 CaCh ChQn a4;

e C6 10 cach chon a;; ® C6 10 céach chon aq.
Vay theo quy tic nhan ta co:

26.9.10.10.10.10 = 2 340 000 bién sb xe.
2.3. Phuong phép budc phan tir
Néi dung phueong phap: Khi can dém moét tap hop
ma c6 hai hodc nhiéu déi twong luén dimg canh
nhau trong mét phan tir cua tdp hop thi ta c6 thé
coi cac dbi tuong d6 1a mot, cung chiém mot vi tri
trong sb cic vi tri ciu tao nén phan tir, rdi sap xép
céc doi twong theo yéu ciu dé ra.
Bude I: Buge cac doi tugng thoa min yéu cdu bai
toan thanh mét d6i twong kém theo viéc sap xép vi
tri clia cac déi tuong khi bude ching vao véi nhau.
Bude 2: Sap xép dbi tuong theo yéu cau dé ra.
Budre 3: Ap dung quy tic nhan.

Chu y. Thuong dung cho nhimg bai toan ¢ sur sap
xep, canh nhau, ¢6 mat,.

Thi du. Mot 16 hoc sinh I6p 11A2 ¢6 10 ban, trong
do c6 ban Hg | Anh va Gig Lan, \ep thanh mot hang
doc dé tdp thé duc giita gio. Hoi t6 hoc sinh do co

bao nhiéu e xép hang, sao cho hai ban Ha Anh
va Gia Lan luén ding canh nhay®
Phén tich tim hwéng gigi.

Gia Lan 13 mot phan tr vi
nén c6 2!

ban chiém
xep cho 9

Coi hai ban Ha Anh va
luén dimg canh nhau
cach xép 2 bay gan nhau. Liic nay, hai
mét vi tri trong hang. Khi d6 ta cin sip

doi tuong thanh mgt hang doc dé duoc




e

cach xép thod man dé ra. Cé 2 cach sip xép nhu
sau:

Loi gidi. Cdch 1. Xép 2 ban Ha Anh, Gia Lan lun
dting canh nhau c6 2! cach.

Xép cap Ha Anh, Gia Lan ciing 8 ban con lai thinh
mot hang c¢6 9! cach.

Theo quy tic nhan c6 21.9! cach xép thoa man dé
ra.

Cich 2. C6 8! cich xép 8 ban (khong c6 Ha Anh
va Gia Lan) thanh mét hang doc. Khi d6 8 ban do
tao ra 9 khoing tréng, ta chon 1 khoang trong dé
xép Ha Anh va Gia Lan vio nén c6 9 cach. C6 2
cach dé d6i chd hai ban Ha Anh va Gia Lan.

Viy ta c6 81.9.2=2.9! cach xép thoa min yéu ciu
bai toan.

2.4. Phuong phap chon trude xép sau

NGi dung phuong phdp: Dé dém sb phan tir cia
moét s6 tap hop ta c6 thé xem xét qua trinh hinh
thanh, thiét lap mdi phan tir trong tip hop bang
cach chon ra da s6 luong theo yéu cau roi xép theo
yéu cau dé ra.

Buée 1: Chon ra cho du ) luong va thod man tinh
chat bai toan yéu cau.

Budre 2: Sap xép.

Budc 3: Ap dung quy tic nhan.

Thi du. Cho cac chir $6 {1; 2;3;5,6,7; 8, 9} lap
thanh mét s6 e nhién cé dang a,a,...as, biét rang
moéi chir s6 dwgc sie dung 16i da 2 lan. C6 bao
nhiéu sé lap duoc tir cac chit s6 trén thoa man dé
bai?

Phiin tich tim hudng gidi. Do s6 c6 5 chir sb va
m&i chir sé dugc ding tdi da 2 1an nén xay ra 3
truomg hop: Khong c6 s6 nao lap lai; c6 1 sb lip
lai 2 14n va co hai sb lap lai hai lan. Do d6 ta phai
chon ra cac s thoa mén yéu cau rdi sip xép chiing
theo mdt trinh tu. Tur d6 ¢6 101 giai sau:

Loi gidi.

THI: Khong cé s6 nao lap lai. S§ cac s6 thod man
1a 45 =6 720 sb.

TH2: C6 1 sb lip lai hai lan.

Chon 4 sb trong 8 sé khong lip Cg . Chon 1 sb
trong 4 s nay dé lap C;.

: ) ! :
Xép 5 s0 vira chon dugce co: —;—' cach (vi co do61
chd hai s6 giéng nhau).

. ! ;
Theo quy tac nhén ta co: C{: Cy % =16 800 (s0).
TH3: C6 2 s6 13p lai hai lan.
Chon 3 sé trong 8 sé khéng lip C; . Chon 2 sb

trong 3 s6 nay délap C7.
: : 5! <
Xép 5 sO vira chon dugc: 201" Theo quy tac

nhan ta co: Cg.cf.-z% =5 040 (sd).

Vay theo quy téc cong, so cac s6 co6 5 chir sb lap
duoc thoi mén dé bai 1a 28 560.

2.5. Phuong phap dém loai trir

Néi dung phwong phap: Khi can dém s6 phan tir
cua tip hop ma co nhiéu trudng hop xdy ra ching
ta nén sir dung phuong phéap dém loai trir gom ba
budc sau:

" Buéce 1: Dém s6 phuong an xay ra bét ki ta c6 két

qué n,.

Bude 2: Pém sb phuong an xay ra khong thoa
man bai todn duge két qua n,.

Burée 3: S6 phuong n ding 1a: n=n, —n,.

Thi du. Mot doan dai biéu g5m 4 hoc sinh diroc
chon tir mot 6 gduz 5 nam va 4 nit. Hoi c¢o bao
nhiéu cach chon sao cho co 1t nhdt 1 nam va it
nhat 1 nit.

Phan tich tim hwdéng gidi. Néu dém truc tiép ta s&
c6 4 trudong hop: trong doan dai biéu co dung 1
nam ; ding 2 nam; dung 3 nam va dang 4 nam.
Con dém s6 phuong 4n khong thoa man: khéng cb
nam; khong ¢6 ni.

Loi gidgi. Chon 4 ban bat ki: C;‘ =126 (cach).
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Chon doan dai biéu gdm todn nam hodc toan
nir co6: Ci +C; =5+1=6 (cach).

Do d6 sb cach chon doan dai biéu thoa man dé ra
la: 126 —6 =120 (cach).

Phén tich sai lim hoc sinh thuong gap khi lam
bai.

Khi lam bai toan dém dang ndy noi chung va bai
nay néi riéng, da sb hoc sinh thuong xac dinh sai
céc phuong an khong thoa min dé bai. Khi do, toi
s¢ huéng dan hoc sinh van dung kién thic vé
ménh dé pht dinh ma cdc em di duogc hoc & 16p
10 dé xtr li. Cu thé, véi bai toan nay, khai niém c6
it nhat 1 twong vmg véi khai niém ton tai (3) va
phu dinh cia ménh dé chua ki hiéu tdn tai 13 ménh
dé chira ki hiéu véi moi (V).

Phuong phédp dém nay chira dung co hoi rat t6t
cho céc em phat trién tu duy bién ching va tu duy
giai quyét véan dé, ciing nhu rén luyén cac ki nang
1ap luén, trinh bay.

2.6. Phuong phap tao vach ngan

N¢i dung phirong phdp: Khi can dém sb phan tir
clia mot tip hop ma mdi phan tir co yéu ciu cac
doi tugng cau thanh cu thé nao do khong dugc
phép xép gan nhau ta chon phuong phép tao vach
ngin thong qua cic budc sau:

Bude 1: Sap xép m d6i tuong vao m vi tri tao ra
m véach ngan, m +1chd trong.

Buoc 2: Sép xép cac dobi tuong khac theo yéu cau
bai todn vao m +1 chd tréng.

Burée 3: Ap dung quy tac nhan.

Thi du. C6 hao nhiéu s tw nhién co 10 chiy $6 doi
mot khac nhau, trong do cac chir $61,2, 3,4,5,6
diroc xé’p theo thur ty tang dan tir trai qua phai va
chit s6 7 luén dimg trudc chir 50 6.

Phan tich tim hudéng gidgi. Vi cdc chirs6 1,2, 3, 4,
5, 6 duoc xép cb dinh theo chiéu tang dan nén sép
xép cac chir sb nay truéc. Sau do xép chit sb 7
theo yéu ciu dé bai, rdi dén $6 8,9 va cubi cung la
s6 0 vi s6 0 khéng thé dimg dau. Do d6 ta c6 1o
giai sau:

TOAN HOC
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Loi gidi.

Buoc I: Xép 6 chir s6 1, 2,3,4,5, 6 theo thy "
tang dan tir trai qua phai thi col c.:éc%l_ s:iu c}}ﬁ- sé
nay tao thanh 6 vach ngin va 7 vi tri trong gom 5

khodng giita cac vach ngin va 2 vi tri bén ngoaj,

Lbgdslabsiel
Budc 2: Vi chit sé 7 ludn dimg trudc chit 6 6 ngy
khéng thé xép s6 7 vao vi tri bén ngodi phia say,
Do d6 céch xép s6 7 1a Cg céch.
Burée 3: Sau khi xép s6 7 s& tao duoc 7 vach ngin
va 8 vi tri tréng nén sé cach xép chir s6 8 13 el
cach.
Bude 4: Tuong ty chit s6 9 c6 sb cach xép 1aC)
cach. , 7
Buée 5: S6 cach xép dé chit s6 0 khong the dimg ¢
vi tri dau tién la C9l cach.
Vay tong s cac s6 thoa man dé la:

Ci.C3.Cy.Cq =3 888 (cach).

Phin tich sai lim hoc sinh thuong gip: Hoc sinh
thuong mac sai 1am & budc 3, budce 4 va bude 5.

O bude 3 va buéc 4, hoc sinh thuong chon luén sb
cach xép hai s6 8, 9 1a 42, cach lam nay s& din
dén hai s6 8, 9 s& luén khéng duge ding gin nhau
trong ddy sb, ma gia thiét khéng yéu cau diéu kién
ndy dan dén thiéu truong hop hai sb 8, 9 duoc
dimg gan nhau, tr phan tich d6 hoc sinh s& biét
cich khic phuc nhw 16i giai trén hodc bd sung
thém truomg hop thiéu vao 1oi glai.

O bude S, hoc sinh hay xép s6 0 1a C|, cich hoidc
lam be\’i todn bang céch niy ma xép sb 0 trude
hodc xép dong thoi cing céc sé 7, 8, 9. Lam nhu
vy, séq 0 c6 thé ditng & vi tri dau tién cua day $0.
Kh,i hi€u duge didy nay hoc sinh sé& tu biét cach
khac phyc ¢ cac tinh huéng khéc nira.

-y Phuong Phip dit bién

iji dung phirong phdp: Trong nhimg bai todn
dém phic tap, céc déi twong dém 6 méi lién bé
chdt ch& voi nhau ma d& bai laj chua cho cc k&t




qua cu thé phuc vu truc tiép qua trinh dém thi ta
phai sir dung phuong phap dit bién (giai bai toan
bang céch 1p phuong trinh va hé phuong trinh) dé
tim thém c4c dif kién rdi méi thyc hién dém.

Bude 1: Dit bién va dya vao gia thiét dé 1ap cac
phuong thinh theo bién da dat. Néu lap hé thi dat
bao nhiéu bién phai lap duogc biy nhiéu phuong
trinh.

Bucc 2: Giai cac phuong trinh, hé phuong trinh
hodc phuong trinh nghiém nguyén vira 1ap dugc
dé tim ra nghiém.

Bude 3: Ap dung cac phuong phap dém dé giai
quyet bai toan.

Thi du. Mot giao vién chudn bi 7 cuén séch Toan,
9 cuén sach Li va 8 cuon sach Hoa dé lam phan
thwong cho 12 hoc sinh trong do cd hai ban Hoa
va Lan. Cdc cuon sach ctng mén la nhw nhau.
Moéi hoc sinh nhén dwoc 2 cuéon sdch khdac mon.
Hoi gido vién c¢6 bao nhiéu cach chia phan thuong
cho 12 hoc sinh?

Phén tich im hwdng gidi. Trugc hét xét xem 24
cudn sach dé cho duoc phan thanh bao nhiéu cap
(Toan; Li), (Toan; Hoa), (Li; Hoa) rdi chon s6 hoc
sinh twrong Umg dé trao cac cap sich noi trén.

Léi gidi. Goi x,y,z lan luot 1a sb hoc sinh nhén
dugc cac phan thudng gdbm sach Toan va Li, Toan
va Hoa, Li va Héa, x,y,z€N.

Theo gia thiét, ta c¢6 hé:

=12
x+y+; =4
x+y= P
x+z=9
z="5
y+z=28

Do d6 sb cach chia 24 cubn sach gf)m 7 cubn sach
Toén, 8 cubn sach Hoa va 9 cudn sach Li dé lam
phin thuéng cho 12 hoc sinh, mdi hoc sinh nhin
duoc 2 cudn sach khic mén la:

Cl.Ca.C3 =27 720 (cach).

Phn tich sai lim hoc sinh thuwong gdp: Hoc sinh

khong chia dwoc 24 cubn sach ra thanh timg cép.
Cach khic phuc: dat 4n hodc chon sach timg mon
dé chia 1an lugt cho dén hét, ta c6 cach lam thi 2
nhu sau:

Lugt 1: Chon 7 hoc sinh dé chia sach Toan c6 C172
cach, trao 5 sach Hoa cho 5 ban con lai.

Luot 2: Chon 3 trong 7 hoc sinh di nhén sach
Toan dé chia nét 3 cudn sich Hoa nén C; cach, 9
ban con lai nhén 9 cudn sach Li. Khi d6 nhin
duge két qua: C7,.C; =27 720 (cach).

2.8. Van dung cac phuong phap dém dé giai bai
toan bing nhiéu cach

Thi du. C6 bao nhiéu cach sdp xép cdc ki ty trong
tir THANHCONG sao cho 2 ki tr giong nhau
khong dimg canh nhau?

Léi gidi. Cach 1. Phuong phap tao vach ngan.
TH1: H khong dimg gitra hai chir N.

Xép 5 ki tu khac nhau ta ¢6: 5! cach.

Chén 2 chir N vio cac khoang tréng ma cac vach
ngin tao nén c6: C¢ cach.

Cheén 2 chit H vao cic khoang trong ma cac vich

- ngan tao nén c6: Cy cach.

Vay s6 cach xép 1a: 51.CZ. Cg =50 400 (cach).
TH2: H dimg giira 2 chir N.

Coi 2 chit N 1a mot ki twr ta ¢6 s6 cach xép 2cha N
va 5 ki tu khic 1a:6! cach. Chén mét chir H vao
gitta 2 chir N ¢6 1 cach, chén chit H con lai vao 7
khoéng trong khac ¢6 7 cach. Vay c6 7! cach.

Viy téng sb cach xép 1a: 5LCZ. C2 +71=55 440
(cach).

Cich 2. Phuong phdp dém loai trir két hop véi
dém theo vi tri.

Sé cach xép 9 ki tyr trén thoa man dé bai ta lam
nhu sau: coi nhu ta c6 9 6 trdng xép thanh hang
ngang. Do ki tu N va H dugc lip lai 2 1in nén ta s&

, TOAN HOC
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Xép S ki tw con lai truéc thi sé cach xép la
9.8.7.6.5, sau d6 ta xép 2 ki tu N vao 4 chd con lai
ta co 6 cach.

Khi hai ki tu N dimg canh nhau ta ¢6 thé coi dé la
ki tu NN va sb cach xép la 8.7.6.5.4.3 va tuong tu
v6i HH. Ta nhan thiy hai trudng hop nay bj tring
nhau trudng hop xuat hién dong thoi NN va HH
va s6 cach xép d6 1a 7!. Vay téng sb cach xép thoa
min dé bai la:

9.8.7.6.5.6 —(2.8.7.6.5.4.3 - 71) = 55 440 (cé4ch).

Cdch 3. Phuong phdp dém loai trir két hop voi
budc phan ti.

x . z z x . C N
S6 cach sap xép ngau nhién 9 chir cai la—2—'—2—'
cach.

S6 cach xép cho hai chir H hoic hai chit N dimg
N |
canh nhau déu la % cach.

Xép cho hai chit H dung canh nhau, 2 chit N dimg
canh nhau la 7! cach.

Ta c6 s6 cach xép thoa man dé ra la:

| | !
9 (_8_- .9 7!) — 55440 (cach).
221 (217 2

Cdc sai lam thieong gap cuia hoc sinh:

Trong cach 1, khi tach cac ki tu NN va HH bgj 5

ki tu khac nhau, hoc sinh quén mat truémg hop 2
laHco thé dung gitia hai chit N hodc N dimg gy,

hai chit H, din dén ket qua 1a 51.C2. C} =50400
Trong céch 2, hoc sinh khéng nhdn thiy hy;
truong hop NN, HH ding gan nhau bi tring nhay

truong hop xuat hién dong thoi NN va HH, dip

dén két qua: 9.8.7.6.5.6 —2.8.7.6.5.4.3=50 400

(cach).
2.9. Bai tip tu luyén
Bai 1. Giai bai toan bang phuong phép chon vi trj:
Cé bao nhiéu s tu nhién co 10 chir sb doi mot
khac nhau, trong dé cac chit 6 1, 2, 3,4, 5,6
duoc xép theo tht tu tang dan tir trai qua phai va
chit s6 7 ludn dimg trudc chix s6 6.
Bai 2. C6 bao nhiéu céch sdp xép céc ki tu trong
tir “THANH TAI” sao cho 2 ki tu giéng nhau
khong dimg canh nhau? (Goi y: dung dém loai trix
va quy tic cong md rong).
Bai 3. C6 thé lap dugc bao nhiéu s6 tu nhién ¢6 6
chir sé d6i mét khac nhau ma trong d6 hai sb chin
khong thé dimg canh nhau?
Pdp s6: Bai 2: 32 040 sb.

Bai 3: 11340 sb.

SAI L/L)‘[ . 0 o (Tiép theo trang 47)

MGt hoc sinh da gidi bai todn nhuw sau:

LYY

d
c B
F
O \E z
I\ A T
\
2\

Mién nghiém cta bit phuong trinh 2x+y>2 1
nira mit phing khong bi gach k& ca duong thing
d . Dién tich phan chung giita mién nghiém (H)

va mién hinh vudng ABCO 1 phin to sim.

Ta co: S=SABCO_SAOEF =042 —'%OEOF

1
=q? —5.1.22(12—1 .
Vﬁy a? —-l:—l-c>a2 =§©a=£
4 4 2"
Theo em 101 gigi trén c¢ ding khong?
TRAN DUC PHUONG
(GV THPT Giao Thiy, Ninh Binh)




CAC LOP THCS

Bai T1/582 (Lop 6). Tim tit cic cac sé tu nhién

ab (c6 hai chit s8) sao cho thoa mén:
ab +5ab = (a + 3b)%.

HUYNH THANH TAM

( CB Buu dién phuong Binh Dinh, Gia Lai)

Bai T2/582 (Lép 7). S6 Palindrome 1a s6 nguyén

dwong doc xudi hay doc nguoc déu gidng nhau. Vi

du: 323 1a s6 Palindrome c6 3 chur s6; 2552 1a sé

Palindrome c6 4 chir s6; 47974 1a s6 Palindrome

c6 5 chir sb. Hoi sé Palindrome c6 5 chir s& nho

nhét 14 boi sé cia 99 1a bao nhiéu?
NGUYEN PUC TUONG
(Pleilau)

Bai T3/582. Cho da thic f(x) bac ba c6 hé s6 cao
phit 12 moét s6 nguyén duong thoa man
£(2024)=3 va f(2025)=5. Ching minh
£(2026) — £(2023) 1a hop sb.
NGUYEN PUC TRUONG
(GV THCS Pa Tén, xa Bt Trang, Ha Noi)
Bai T4/582. Cho dudng tron (O; R) c6 hai duong
kinh 4B L CD. Goi E la diém di dong trén cung
nhé BC. AE cit DB tai F, DE cét AC tai G, BE cit
OC tai H, CE ¢4t OB tai I, HG cat IF tai K. Ching
minh:
a) Tich FI.GH luon khong doi.

b) EK luon di qua mt diém ¢ dinh.
LUC BINH

(GV truong Trnumg Vieong, Déng Ha, Qudng Tri)
Bai T5/582. Chox, y,zlaba s6 thyc thoa man:
|x|53, ]yl £3, |z|$3.

Tim gi4 trj 16n nhat cia biéu thirc

P=| oo gm0 l

Ix2+16 y2+16 z° +16
NGUYEN KHAC TOAN
(36 Dao Nhudn, Hai Phong)

CAC LOP THPT
Bai T6/582. Ching minh ring trong biéu dién
thap phan cia sé (9+4+/5)%°% thi ding sau diu
phay c6 it nhat 2025 chir s6 9.
NGUYEN KIM SO
(TT Boi duing va Phat trién tai ning
Todn hoc Nam Sang - SMATH)
Bai T7/582. Giai phuong trinh
2026 = 2024+ 10055 (2024 -+ x 1083095 2026 ).
NGUYEN:VAN XA
(GV.THPT Yén Phong so 2, Bac Ninh)
Bai T8/582. Cho ‘diém B nam trong doan thang
AC. Ching minh rang
d(B,m) < max {a’(A,m),d(C,m)}
voi m 1a dudmg thing bat ky trong khong gian.
LA PAI CUONG
(GV THPT Cam L§, Quang Tri)

36a 7b N c
b+c c+a a+b

Bai T9/582. Cho biéu thirc 0=

trong do a, b, c la cac s6 thue thoa man dicu kién:

a+b>0,b+c>0,c+a>0.Tim gia tri cua a

khi bidu thic P dat gia ti nho nhat va
a+bt+tc=1.

PHAM HUY THONG

(49 Bach Mai, Ha Noi)

TIEN TOI OLYMPIC TOAN
Bai T10/582. Cho day cac da thire (P, (x))'" thoa

min: B(x)=0, A(x)=x+2va
P, (x) = 2P, (x)(Pyy (¥) + 1) (28,5 (x) + 1) + B,_5 (),
YneN, n>2.
Chirng minh rang voi moi s6 nguyén duong &, m,
néu k|m thi B, ()| B, (x).
KIEU DINH MINH
(GV THPT chuyén Hung Vieong, Phi Tho)

TOAN HOC
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Bai T11/582. Tim tat ca cac ham s§ f:N' —» N
tang ngat théa man:

nf(f(n)) = (f(n))2 ,VneN".

NGUYEN TUAN NGOC

(GV THPT chuyén Tién Giang, Tién Giang)

Bai T12/582. Cho tam gidc ABC khong can ndi

tiép duong tron (O) va ngoai tiép duong tron (1).

Céc duong thang A/, BI, CI cit lai (O) twong ung

tai D, E, F. Goi D',E",F' lan lugt ddi xing véi
D, E, F tuong ing qua BC, CA, AB.

a) Chirmg minh cac tam gidc ABC va D'E'F' ¢o
chung tam duong tron Euler.

b) Gia su cac duong théng ID', IE',IF' 1an luot cét

BC, CA, AB tuong ung tai X, Y, Z. Chung minh X,

Y, Z cing nam trén duong thing vudéng goc véi
duong thang Euler ctia tam giac D'E'F'.

LE VIET AN

(Ocean Education, 40 ds 9, p. 10, KDC CityLand,

Go Viap, TP. Hé Chi Minh)

Bai L1/582. Mot dtra tré bi st ¢ nhiét 4o 101 °F

duogc cho dung thudc ha sét. Gia sir co ché bay hoi

PROBLEMS IN 1

FOR SECONDARY SCHOOL
Problem T1/582 (Grade 6). Find 2-digit numbers
ab such that ab + 5ab = (a +3b)*.

Problem T2/582 (Grade 7). A palindrome
number is a positive integer that reads the same
forwards or backwards. For example, 323 is a 3-
digit palindrome number; 2552 is a 4-digit
palindrome number; 47974 is a 5-digit palindrome
number. What is the smallest 5-digit palindrome
number that is a multiple of 997

Problem T3/542. Given a cubic polynomial f(x)
whose the highest coefficient is a positive integer
and satisfying /(2024)=3, f(2025)=5.Prove
that £(2026)— f(2023) is composite.

Problem T4/582. Given circle (O; R) with two
“diameters AB L CD. Let E be a moving point on
the minor arc BC. Suppose that AE intersects DB
at F, DE intersects AC at G, BE intersects OC at
H, CE intersects OB at I, HG intersects IF at K.
Prove that

TOAN HOC
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ctia md hoi la cach duy nhét dé 1am gidm nhiét dg
co thé. Khéi lugng cua dia tré 12 30 ke. Nhig
dung riéng cua co thé con nguoi b‘ang Ehlet dung
riéng ctia nudc 1a 1000 cal/kg;K va nh:gzt hoi ,hci
ctia nudc khoang 580 cal/g. Néu con sot ha xuéng
98 °F trong 20 pht thi toc d6 bay hoi trung binh
do thuéc gay ra udc tinh khodng bao nhiéu g/phit?
Két qua lam tron dén hang don Vi.

VIET CUONG (Ha Ngi)

Bai L2/582. Vao thoi diém hién tai, uranium ty
. 2 A : 4 235 « 238

nhién chira hai dong vi phéng xa “9U va “gU,
. s B 238 .7

véi ti 1é so hat ZSZSU va so hat 5,U la m

Biét chu ki ban ra cua hai dong vi ny lan luot Ia
0,7 ti ndm va 4,5 ti nam. Hoi cach day bao nhiéu

ti ndm, uranium tu nhién c6 ti 1€ sb hat 25’25U va
X 238 . __1_ 9 5 y k: 5 d: =
s0 hat ‘U la L Lam tron ket qua dén chir
s6 thdp phan thie nhat.
THANH LAM (Ha Néi)
HIS ISSUE
a) The product FI.GH is fixed.

b) The line EK aiways goes through a fixed point.
Probiem T5/582. Let x, y, z be three real numbers
satisfying ‘x’ <3, y‘ <3, |z| <3.

Find the maximum value of the expression

¥ 416 )1 +16 2% +16|
FOR HIGH SCHOOL
Problem T6/582. Prove that the decimal form of

the number (9 +41/5)2025 hag at Jeast 2025 digits
9 behind the decimal point,

Problem T7/582. Solve the equation

26V =
2026™ =2024 + log,,. (2024 +/x logygs 2026)-

Problem T8/582 Given a point B on the lin€
segment AC. Prove that

(B, m) < max {d(4,m),d(C,m)}
where m is any line in the space.

P=

(Xem tiép trang 37)
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Bai T1/578. Tim cac so nguyvén diong phdn biét

a b . Ay o A
a, b sao cho P=Z—+—+ 2025 la mot s6 nguyén.
h a

¢ may will b i
Loi gidgi. Néu P = %+— + 2025 1a mot s0 nguyén
a

fhi P — 2025 = %Jﬁ la sé nguyén. Dit ude sb
a

chung 16m nhat cia a va b 1a (a, b) = e thi a = me
va b = ne vdi cac sO nguyén duong e, m, n va
(m,n) = 1. Tu do:

—+— = —f—=—d—= la s6 nguyén.
ne me n m  mn

Do d6 m* + n” chia hét cho mn (*).
Tur (*) suy ra m” + n” chia hét cho m, ma m* chia
hét cho m nén n” chia hét cho m . Do (m, n) = 1 thi
n* chia hét cho m chi khi m = 1. Thay m = 1 vao
(*) duoc 1 + ” chia hét cho n , do n* chia hét cho
n thi xay ra 1 chia hét cho n, suyran = 1.
Teum=n=1thia=me=evab=ne=e,din
dén a = b, didu nay khong thoa man gia thiét a, b
1a cac s6 nguyén duong phan biét. Vay khong co
cac sb nguyén duong phan biét a, b nao théa man
dé bai.

b a%+b?

a
Mot sb ban xét —+—=
a ab

la so

Nhan xet.

nguyén suy ra @ + b? chia hét cho ab. Tir d6 suy ra
&+ b? chia hét cho b nén 4* chia hét cho b, dén day
suy ra b (khac a) bang 1 hodc bang a” . Lap luén nay
khong dang. Ching han voi a = 6 thi udc s6 clia 36
co thé 1a 1; 2; 3; 4, 6; 9; 12; 18; 36. Cac ban sau c6
16i giai ding. Phd Tho: Nguyén Hitu Khanh, TA6,
THCS Yén Lac, xa Yén Lac; Thanh Hoéa: Lé Minh
Huy, 6B2, THCS Dong Bic Ga, P. Hac Thanh;
Nghé An: Pham Nguyén Nguyét Linh, 7B, Truong
Binh Quéc Anh, TE, THCS Ly Nhat Quang, xa Do
Luong.

NGUYEN VIET HAI

Bai T2/578. Dt
I N L TPV
921 42-] 62-1 ~ 2026%-1

Chitng minh l<S<l.
L NN

Kol R0 T G5 S sfosomegi
1335 57 20252027

1(1_11111%_{ 1 1j
20 33357 - 225 2027
—-1-[1 lj:l2026
2\ 2027) 22027
2027 2026 2
1 1 0., .
13735 57 20252027
> : t E t 1+---% : .
24 46 68  2026.2028
R SR S

.+__——
24 46 68 2026.2028
._1 1 11 1 SEpp— | 1 1

“2l2 44 6 2026 2028
_11013_ 1013

i1 1 !
2\2 2028 22028 5.1013 5

Mit khac: S=

Ma

1
4

e S>§ (20, TR (1) v (2) - %<S<%.

Nhin xét. Ngoai cach giai tic gia dua ra, nhidu ban
tham gia c6 101 giai ngin gon va chinh x4c. Tuyén
dwong cac ban sau c6 10 giai tot.

Ha Noi: Duwong Pirc Anh, TM, THCS Ngé Si Lién,
Cua Nam; Pha Tho: Bui Thién Long, 6A6, Pham
Quynh Chi, Nguyén Bdio Chdu, Nguyén Hitu Bdo
Chdu va Nguyén Van Hodng, 7A6, THCS Yén Lac,
Tam Hong; Quang Ngii: Tran Pham Minh T huy,
6B, THCS Hanh Trung, Nghia Hanh; Nguyén Pdng
Khoi va Pham Thi Bao Uyén, 6B, THCS Pham Vin
Déng, Dinh Cuong; Trdn Vian Phung, 7C, THCS
Nguyén Kim Vang, Dinh Cuong; Biic Ninh: Nguyén
Thdi Son, 7A, THCS Yén Phong, Yén Phong; Vinh
Phiic: Nguyén Xudn Ting, 6A6, THCS Yén Lac,
Tam Hong; Nghé An: Pham Nguyén Nguyét Linh,
1B, Thai Bii Ha Anh, TE, THCS Ly Nhat Quang;
Cing hoa Ao: Lé Bach Hdi Ping, 3B, truong Québce
té Song ngit cép 2,3 GIBS, TP. Graz.

TRAN THI KIM THANH

TOAN HOC
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Bii T3/578. Tim cac b s6 nguyén duong (x, v, 2)
thoa man x®+(y?+3)* =z(3x2y2+9x2-22) (1).
Loi gidgi. Bién dbi (1) thanh
x8+(y2+3)3+23 =3x22(y2 +3).
bat a=x?,b=y?+3,c=z.
Taco: a’+b*+c3=3abc (2).
Nhan thay :
a3 +b*+c3-3abe=(a+b)3 -3ab(a+b)+c3 -3abc
=(a+b+c)[(a+b)? —(a+b)c+c? |-3ab(a+b+c)
=(a+b+c)(a?+2ab+b? —ac—bc+c? —3ab)

=(a+b+c)(a?+b?*+c?—ab-bc—ac)
=%(a +b+c)[ (a—b)* +(b—c)? +(c-a)? ]

Do x, y, z nguyén duong néna + b+ ¢ > 0, suyra

dang thire (2) xay ra khi
(a=b)?+(b—c)?+(c—a)?=0=a=b=c.

Din dén x2=y2+3=z.

Tu x?=y2+3 suyra (x—y)(x+y)=3.

Do x, y nguyén duong nén chi xay ra:

x—y=1 x=2

{x+y=3<:>{y=1'
Suy ra z = 2% = 4. Viy b s nguyén dwong duy
nhat thoa man (1) 1a (x, y,2) = (2, 1, 4).
Nhdn xét. C6 nhiéu ban tham gia giai bai ndy va da
sb giai theo céach trén. Mot sb ban di van dung ngay
bat ding thirc Cauchy cho ba s6 dwong dé c6
a3 +b3+c3>3abe , ding thic xay rakhi a=b =c
va cho két qua ding.
Tuyén duong cic ban sau ¢6 10i tht:
Ha Noi: Durong Dirc Anh, TM, THCS Ng6 Si Lién;
Dodén Hai Duong, 9A6, THCS Thanh Xuan, Nguyén
Thanh Nam, 9A1, THCS Linh Dam, Hoing Mai;
Phi Tho: Ta Minh Hang, Nguyén Bdo Chdu, 8AG6,
THCS Yén Lac; Nguyén Thanh Mai, Chu Ngoc Anh,
9A, THCS Ly Nam Dé; Nghé An: Phgm Ho”‘ng
Qudn, 8B, THCS Ly Nhat Quang; Thanh Hoa:
Nguyén Ba Pirc Anh, 8A, TH va THCS Luong Chi,
Tinh Gia; Mai Thién An, 9B, THCS Chu Van An,
Nga Son; Ha Tinh: Nguyén Mai Trim, 9A6, THCS

22
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Lé Vin Thiém, Thanh Sen; Quang Tri: Nguyén
Chinh Quén, 8/2; THCS bong Hai; TP. Hd Ch
Minh: Mai Phu Khang, 9A12, THPT chuyén Trip

Pai Nghia; Tr in Khanh Ting, 9/2, THCS Tran Quéc

Toan, Binh Tan.
PHAM THI BACH NGQ(C

Bai T4/578. Cho hai diong tron (O) va (0°) cdt
nhau tai hai diem H va L. Dpiém X nam trén (0.
Cac dirong l/nmg HX, LX cat (0) lan luot tai E, F
(E, F khac H, L). Cac tch Imen tai H va L eq
(0 cdt nhau tai Y. Ching minh /ung duong
thang XY di qua trung diém cua EF.
Léi gidi. Truée hét ta chimg minh bo dé sau:
Tam gide ABC ndi tiép dwong tron (O), hai tiép
tuyén tai B va C cdt nhau tai P. Goi E la trung
diém cia BC. Khi @6 BAP=CAE .

A

) P
Day 1a két qua quen thudc vé duong dbi trung, cb
nhiéu céch chimg minh bd d& trén. Ching i gidi
thigu cach chimg minh st dung dinh 1y Ptolemy.
Goi D 14 giao diém thir hai ctia AP vi dudng tron
(0), ta co:

e APBD wn» APAB (gg), suy ra Q:EQ .
PA AB
PC CD

P4 AC

Ma PB = PC (tinh chit haj tiép tuyén cét nhau) nén
BD
(1)

¢D
AB AC
® Trén canh BC 13y didm M sao cho
‘ {14A'C‘=5-/173,511yra MAB=DAC.
Tir d6, d& thiay AAMC e» AA4BD (g.g), suy ra

AC.BD=4D . MC (2).
Tuong ty, AAMB v AACD, suy ra

Tuong ty,

vhay ACBD = AB.CD



AB .CD=4D . MB 3).
Tir (2) va (3) suy ra:
AB.CD + AC.BD = AD.BC 4).
Tir (1) va (4) suy ra:

AD.BC=24C.BD AP _BD
AC EC
Tl d6 suy ra: AABD & AAEC (c.g.c).

Do d6 E =M, hay BAP=CAE .

Tré lai bai todn, goi K 14 giao diém cia XY va EF,
M 1a trung diém cia HL. Ap dung bd dé trén, ta co
YXH =MXL

Mit khac, theo tinh chét goc ndi tiép ta co:
LHE=LFE; FLH=FEH.

Suy ra: XEF=XLH.

Tur d6 AXKE > AXML, do do:

Vay EF = 2EK, do d6 K 13 trung diém EF.

Bai toan dugc chirng minh xong.

Nhin xét. 1) Ding thirc (4) la déng thic Ptolemy, ding
cho mét tir gidc ndi tiép ABDC bit ky.

2) Ban Trén Pirc Hiéu, 10 Toan, THPT chuyén Thang
Long, Lam Dong st dung tinh chat ctia hang diém diéu
hoa, chim didu hoa dé giai.

3) Cac ban duéi day ciing cho 10i gidi tot:

Thanh Héa: Nguyén B Dirc Anh, 8A, TH va THCS
Luong Chi, Tinh Gia; Nghé An: Lé Vil Quynh Nhu,
9A, THCS Phung Chi Kién, Hing Chau; Hoang Van
Duy, 8D, THCS Ly Nhat Quang, D5 Luong; Ha Tinh:
Neuyén Mai Trim, 9A6, THCS L Van Thiém, Thanh
Sen: TP. Hd Chi Minh: P4 Hodng Quan, 9A2, THCS
Dio Duy Anh, Phi Nhugn; Ha Noi: Nguyén Thanh
Nam, 9A1, THCS Linh Pam, Hoang Mai; Quang Tri:
Nguyén Chinh Qudn, 8/2, THCS pdng Hai; Ninh

Binh: Pao Viét Trung, 9B, THCS Thanh Son; Hai
Phong: Nguyén Viét Cueong, 10C1, THPT Vinh Béo.
NGUYEN THANH HONG
Bai T5/578. Cho cdc sé thuc khong ém a, b, c
théa man a + b + ¢ = 1. Tim gia tri nho nhdt va
gia tri lon nhat ciia biéu thire:
P=(1-5ab)2+(1-5hc)? +(1-5ca)?.
a+b p atb+c_1

Loi gigi. Ta co: Jab<s=——<
2 2 2

:OSabslj—lSI—SabSI
4~ 4
= |l-5ab|<1=>(1-5ab)" <1.
a=0

Déu déng thirc xay ra khi va chi khi [b—O ;

Tuong tu: (1—5bc)2 <I; (1—5ca)2 <l.

Suy ra: P=(1—5ab)2 +(1—5bc)2 +(1—5ca)2 <3, diu
déang thirc xdy ra khi va chi khi

(a,b,c)z(0,0,l) va cac hoan vi clia chung.
Viy maxP=3, gia tri d6 dat dugc khi va chi khi
mot trong ba s a, b ,c bang 1 va hai s6 con lai
bang 0.

5
Mit khéc ta co: (ab—l] >0=>a?b? Zz;‘b—i.
9 9 81
Tuong ty: b%c? 2—%Z——1—; c2a? Zzﬂ—L.
81 9 81

Cong theo vé ba bit déng thirc trén, ta dugc
2(ab+bc+ca) 1

9 27"
Do d6: P=3-10(ab+bc+ca)+25(a?b? +b%c? +c2a?)

a?b?2+b%c?+ cta?>

,
23—10(ab+bc+ca)+25{H(ab+gc+ca) 217}

:>P22§—4—0(ab+bc+ca).
27 9
Lai co 3(ab+bc+ca)S(a+b+c)2 =1, suyra:
56 56 40 16

PZ——ﬂ(ab+bc+ca)2——— —.
27 9 27 27 27

DAu bing dat dugc khi va chi khi a=b=c=§.

) TOAN HOC
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Viy minP:%—67-, gié tri 6 dat duoc khi va chi khi

a=b=c=

W |

Nhdn xét. 1) Bit diang thirc
3(ab+bc+ca)$(a+b+c)2

< a?+b?+c? ~(ab+bc+ca)=0
©2(a2+b2+c?)-2(ab+be+ca)20

<:>(a—b)2 +(b—c)2 +(c—a)2 >0, dung.
Déu dang thirc xay ra khi va chi khi a=b=c.

2) C6 thé tim gid tri nho nht ctia P bing cich

khic: Ap dung BDT x2+y2+222§(x+y+z)2 ta
c6: P=(1-5ab)’ +(1-5bc)’ +(1-5ca)’?

Z%[S—S(ab+bc+ca)]2.

1 | 2 1
Vi ab+bc+ca$§(a+b+c) ==
5 4
:>3—5(ab+bc+ca)23—§:_3.,

Ta dugc: P2§[3—5(0b+bc+ca):|2 2%, dau bing

dat duoc khi va chi khi a:b=c:%.
Cac ban sau day c6 bai giai tdt:
Nghé An: Hoang Van Duy, 8D, THCS Ly Nhat
Quang, D6 Luong, Lé Vii Quynh Nhw, 9A, THCS
Phung Chi kién, Hung Chéau; Ha Tinh: Nguyén
Mai Tram, 9A6, THCS Lé Vian Thiém, Thanh
Son; Thanh Hoa: Nguyén Ba Pirc Anh, 8A, TH
va THCS Luong Chi, Tinh Gia, Mai Thién An,
9B, THCS Chu Vin An, Nga Son; Ha Nii:
Nguyén Thanh Nam, 9A1, THCS Linh Pam,
Hoang Liét, Hoang Mai.

NGUYEN ANH DUNG
Bai T6/578. Gidi phwong trinh

(8cos? x+1)3=162cosx-27 (1).

Loi gigi. Cach 1 (cua Lé Anh Dwong, Ha Hoadng
Uyén Nhi, Phan Viét Hoang va nhiéu ban khéc)
Pat t=cosx, ta co:

(1) < (883 +1) =162-27

TOAN HOC )
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& 51289 +192¢6+2413 +1=162¢-27
& 25619 +9616 +121> -8 1t+14=0
25619 +192¢7 +6416 +14415 +2414 +11283
—192¢7 —144¢5 —48t* ~10823-18¢%2—84¢
+32¢6 +24¢4 +813 +1812+3t+14=0

813(3266+2414 4813 +1 8¢2 +3t+14)
—61(3216 +2414+813 +1812+31+14)
+(32t6 +2414 +813 +18¢2 +3t+14)=0

(83 —61+1)(32¢6+2414+8:3 +1812+31+14)=0 (2),

Ta co: 3216 +241%+8¢t3 +18¢2+3t+14

2
47
=326 +8¢4 +(412 +§) +2t(4t2 +%)+t2 +5¢2 Ly

2
47
=326 4844 +(4t2 +—;—+t) +5¢2 +7>0

v&i moi ¢. Chirng to
(2) < 8cos? x—6¢cosx+1=0
= 2(40033 x—3cosx)+1=0 < 2c0s3x+1=0

1 27
< cos3x=—5:cos—

3

2r 2«

= 3x:ig£+k27t < x=r—+k—, keZ.
3 9 3

Léi binh: Nhiéu ban di dit 4n phu va giai hé
phuong trinh, tuy nhién ciing chi la cac phép bién
ddi twong duong cua (1).
Cdch 2 (cta Nguyén Hodi Nhanh va nhidu ban)
bit 1=2cosx,-2<¢<2. Khi 4y ta co:

(1) & (A+1) =812-27

(B +27(3+1)=(3¢)’ +27(3¢)
Xéthamsb f(£)=r3+27t. Tacd f'(t)=3t2+27>0
v6i moi £. Chimg té ham s6 f (t) don diéu ngat
trén [-2;2]. Suy ra phuong trinh f(£3 +1)= £ (3¢)
c6 mot nghiém duy nhit
& +l=3t<:>(2005x)3+1:6cosx

<:>x:i2+k2—”,keZ.
9 3

Badp so: x=i2§+k2?ﬂ, keZ.



Nhdn xét. Bai nay dé€ nén nhiéu ban tham gia giai va
giai dling.
An Giang: Truong Tin Ding, 10T1, Luu Minh Tri,
Nguyén Thanh Khénh, 10T2, Pdo Dirc Phic
Nguyén, 11T1, Tran Hoang Bdch, Nguyén Pirc
Manh, Nguyén Hoai Nhanh, 11T2, THPT chuyén
Huynh Man Pat, TP. Rach Gia; Can Tho: Nguye:n
Tan Phdt, 10A2, THPT chuyén Nguyén Thj Minh
Khai; Ha N@i: Nguyén Kim Thanh, 11 Toan 2,
THPT chuyén DHSP Ha Noi; Ha Tinh: Nguyén
Trung Hai, Bai Tung Lam, 11 Toan 1, Pham Viét Lé
Huy, 11 Toan 2, THPT chuyén Ha Tinh; Nguyén Mai
Tram, 9A6, THCS Lé Van Thiém, phuong Thanh
Sen; Hung Yén: Tran Gia Phu, 10 chuyén Todén,
THPT chuyén Hung Yén; Lam Dong: Hupnh
Nguyén Lé Minh, 10T, THPT chuyén Thang Long;
Long An: Huynh Phan Kim Ngdn, 11T2, THPT
chuyén Trin Vin Giau; Nghé An: Nguyén Puirc
Ding, 11A1, THPT Yén Thanh, Nguyén Vin Pirc
Thang, 11A3, THPT Hoang Mai, phuéng Hoing
Mai, Lé Vit Quynh Nhu, 9A, THCS Phung Chi Kién,
xa Hung Chau; Pha Yén: Hupnh Tran Gia Huy, 12
Toan 1, THPT chuyén Luong Vin Chéanh; Quéng
Tri: Lé Anh Duong, 12 Toan 2, Pham Viét Hoang,
11 Toan 2, Hoang Thi Uyén Nhi, 10 Toan 1, THPT
chuyén V6 Nguyén Giap; Tay Ninh: Tran Lé Trong
Phuc, 11T1, THPT Trin Vian Giau; TP. Hd Chi
Minh: Nguye:n Chi Dai, Nguygn Hai Dang, 11A1,
THPT Lé Thanh Téng, Phan Pham Gia Huy, 11A1,
THPT Pht Hoa, Cu Chi, Nguyén Chénh Thién,
11CT1, THPT chuyén Lé Hong Phong; Vinh Long:
Huynh Minh Dirc, 11T2, Lé Hoang Khang, Lé Duy
Minh, Thai Minh Phic, Nguyén Thanh Tric, Ping
Hoang Trung, 11T1, Lé Thién Khiém, 12T2, THPT
chuyén Nguyén Binh Khiém. C6 mat ban khdng ghi
tén.
TA DUY PHUQNG
Bai T7/578. Cho a, b, ¢ la cdc 56 thire dirong thoa
man abc=1. Chimg minh ring
a G b e S3((1b+bc+ca)
a*+b+c b*+c+a ct+a+b (a+b+c)?

Loi gigi. Ap dung bat déng thirc Bunyakovsky ta
; 1
co: (a4+b+c)(—2+b+c)2(a+b+c)2.
a

Suy ra:

A 1+a%b+a’c 1 . ab+ac
a*+b+c” a(a+b+c)? a(a+b+c)? (a+b+c)?

Tuong tu ta co:
b . 1 . ab+bc
b*+c+a blatb+c)?  (a+b+c)?’

ca+bc

c 1
S T A
ct+a+b c(a+b+c)? (a+b+c)?

Cong theo vé ba bat déng thirc trén ta thu duoc:

VI< 1 (l+l+1j+ 2(ab+bc+ca)
(a+b+c)*\a b ¢ (a+b+c)?

_ab+bc+ca(21 1 )_3(ab+bc+ca)
T (a+b+c)2 " abe)  (a+btc)?
Chimg minh hoan tat.

Nhdn xét. Day 1 mot bai bat ding thirc kha co ban,
sir dung bat dang thic Bunyakovsky danh gia méu
dé dua vé miu chung. C6 nhiéu ban tham gia gui o1
giai vé toa soan va da sb cac ban déu co6 1oi giai
dung. Tuy nhién van c6 mdt vai ban giai sai do ngo
nhin, nham chiéu bit ding thirc, dp dung sai bat
ding thire Bunyakovsky. C6 ban chimg minh VT<1
va VP<1 dé suy ra bat dang thirc diing-day 1a 15i sai
rat co ban do chua nim vitng cac tinh chit vé bét
dang thirc. Cac ban sau day c6 101 giai tot:

Tay Ninh: Tran Lé Trong Phiic, 11T1, THPT
chuyén Tran Vian Giau; Tién Giang: Pham Nguyén
Anh Duy, 11 Toan 1, THPT chuyén Tién Giang; Séc
Trang: Tran Nhdt Tién, 11A2, THPT chuyén
Nguyén Thi Minh Khai; Quang Binh: Lé A4nh
Duong, 12 chuyén Toan 2, Phan Viét Hoang, 11
Toan 2, THPT chuyén V5 Nguyén Giap; TP. Hué:
Nguyén Duy Phiic, 12 Toan 1, THPT chuyén Quéc
Hoc Hué; Ha N¢i: Nguyén Kim Thanh, 11 Toén 2,
THPT chuyén Pai hoc Su pham Ha Noi; Nguye:n
Thanh Nam, 9A1, THCS Linh Dam; Nguyén Phuong
Linh, 9C, THCS My Hung; An Giang: Nguyén Son
Khanh, Nguvén Hodi Nhanh, Nguyén Birc Manh,
11T2, THPT chuyén Huynh Man Pat; Lim Pdng:
Huynh Nguyén Lé Minh, 10T, Pham Quang Minh,
10, THPT chuyén Thang Long; TP. H6 Chi Minh:
Nguyén Chdnh Thi¢n, 11CT1, THPT chuyén L&
Hong Phong; Phan Pham Gia Huy, 11A1, THPT
Phu Hoa; Mai Phii Khang, 9A12, THPT chuyén Trin
Dai Nghia; Vinh Long: Nguyén Thanh Tric, Thdi
Minh Phuc, Lé Duy Minh, Lé Hoang Khang, 11T1,
Huynh Minh Duec, 11T2, Lé Thién Khiém, 12T2,
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THPT chuyén Nguyén Binh Khiém; Hung Yenrl
Duong Truong Giang, 11 Toan 1, THPT chu}gs
Hung Yén; Phit Tho: 7) van Manh Phong, 8E, TH
Vinh Tudng; Ha Tinh: Nguyen Mai Trém, 9A6,
THCS Lé Van Thiém; Nguyén Viét Thé Tai, Lé Minh
Manh, Bii Ting Lam, 11 Toan 1, THPT chuyén Ha
Tinh; Pht Yén: Hupnh Tran Gia Huy, 12 Toan 1,
THPT chuyén Luong Van Chanh; Can Tho: Nguyen
Tdn Phat, 10A2, THPT chuyén Nguyén Thi Minh
Khai; Cong hoa Ao: Lé Bach Hai Pang, 3B, Truong
Quoc té Song ngir cip 2,3 GIBS, TP. Graz; Ngh¢
An: Hoang Van Duy, 8D, THCS Ly Nhét Quang, Do
Luong, Nguvén Vin DPirc Thing, 11A3, THPT
Hoang Mai, phuong Hoang Mai.

HOANG NGQC MINH
Bai T8/578. Chiung minh 1'[)/1}; VoI moi tam gidc
LIRS U S
B ICTHA HB HC
mong do Hva I lan luot 1a triee tam va tim duwong
ron noi HU;D tam giac ABC.

nhon ABC ta cé:

Loi giai. Goi O, R lan luot 1a tAm va ban kinh
dudng tron ngoai tiép AABC, M,D lin luot 14
hinh chiéu ciia O,/ trén BC. Ta cé:

AH =20M =2R.cos A.
Tuong tu: BH=2R.cosB, CH=2R.cosC.

Tac6: 2RsinA=BC=BD+ CD=r.(cot§+cot%}

sin
. B.C
sin—sin—
2 2
A
y cos—
Suy ra: 4R.sin—cos—=r. c
sinisin—

Laicbd I4=

nén /A= 4R,sin£cos£.
. 2 2
sin—

2

Tuong tu v6i IB,IC. Bét ding thirc cin chung
minh tuong duong vai:
1 1 1
cosd cosB cosC

N T R TR

= T T

ZSinésinE 25in§sing

. C . A
2sin—sin—
2 2

Ta cén hai bd dé quen thudc sau:

TOAN HOC
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BO d& 1. Neu x+y+2+42=xz 4y 13, )
) ,quo

b+c _a+c __a+b
cho x=—,y=—"—,Z=——
a b c

B& dé 2. Trong tam gidc ABC , tq luén o
cos? A+cos? B+cos? C+2COSACOSB(;03C n

Tro lai bai toan: T bb dé 2 ta co:

cosB

cos A cosC 1

2=

cosBcosC  cosAcosC  cosAcosB ma
5 cos A cosB CosC
Dat = = 3=
cosBcosC cosAcosC ™ cosdeqgp

thi m+n+p+2=mnp. Do db, theo bd d& 1, thn

+Z Xtz X+
x,y,z>0 sao cho: m:y——,nz—, =_X-
X y z
1 (x+z)(x+y)
Suy ra: =pp= \

cos? A yz

Tuong tu ta thu duogc:

cosA=
\ (X+y)(X+Z) V (y+X)(y+Z)
cosC= I%
(z+x)(z+y)

[ yz

Tem e

Ta co: smzA 1- cosA (x+y)(x+z2)
2

2
,/(x+y)(x+z \/v—. x
2\/(x+y)(t+z) = 2\ (x+y)(x+z2) '

S“/ 4(x+y?2(x+z). Tuong tir:
X

1 4(v+r)()+") 1

sin—

4( z+x)(z+ y)

V' . C z
sSin—
2

. B
sin—
2

Vay ta chi can chimg minh:

22 (x+y)(x+2) >22 (v+2)? (,f+;v)(.\'+:)
yz e y=z=

@22Jx(x+y)(x+z) 222‘{/.\'2 (V+2)* (x+y)(x+2).

cyc

cyce

cye

Cht y rang VP$Z,/x(x+y)(x+z)+2(y+z)\/;,

cye cye

Do d6 ta chi cAn chimg minh

2Nt 2)+ Y (y+2Nx <23 ).

cyc cye cyc



hay
W+ )+ D)+ y(y+x)(y+ 2) +\/2(z+x)(z+ )

22N HA 2SS + (x4 )V (*)
Bing cach binh phuong hai vé, 43 thay ring

X(x+y)(x+2) 2 x([y +4/7),

y(y+x)(y+2z) Zy(J;+J;),

\/Z(z+x)(2+y)22(\/;+\/;)_
Cong theo vé cac bat ding thitc cing chidy ta thay
ring (¥) dung.
Viy bai toan duoc chimg minh. Diu déng thic
xay ra khi va chi khi tam gidsc 4BC ddu.
Nhdn xét. Day 13 mot bai todn khé, chi ¢c6 mét ban
g 101 gidi nhung khong dung.
NGUYEN VAN LINH
Bai T9/378. Ton tai hay khong 2n (neN* n>2)
s6 hitu tv a,./*,»,f:rf_l thoa man
3 (@ +B D) =143 7
i=]
Loi gigi (cua ban Nguyén Thanh Tric, 11T1,
THPT chuyén Nguyén Binh Khiém, Vinh Long)
Gia sir ton tai 27 sb hirvuty a;,b; (i =1,..., n) thoa
n 2
man: Z(a,--i—b,-\/a) el ().
i=1
Ap dung khai trién nhi thirc Newton ta c6:

2n
(af +b,'\/—2_) =4; +Bi\/§ (2),
6 d6 4;,B; 1a cac sb hiru ty. Tir d6
n 2n
Z(a[+bi\/§) —A+B2 (3),
i=l
n n " )
640 A=Y "4;,B=> B; lacacsohiuty.
i=1 =1

n 2n

Ta ciing c6: Z(a,- —b; \[i) —4-BV2  (4).
i=l

Tir (1) va (3) suy ra:

1432=A + B\2 =2(1-B)=4-1.
Néu Bl thi 2=IA;_E1 1a sb hiru ty, mau thuan,
ViyB=1dodoA=1.
Thay vao (4) ta duge: i(a, -b;ﬁ)zn =1-v2<0.

i=l

Ta c6 méu thuin vi vé trai 1a s6 khong am. Vay
khéng ton tai 2n sb hiru ty a;,b; (i = 1,..., n) thoa
man (1).
Nhén xét. Céc ban sau day c6 10 gidi tét: Ha Tinh:
Biii Ting Ldm, Toan 11, THPT chuyén Ha Tinh;
Ngh@ An: Lé Vii Quynh Nhu, 9A, THCS Phing Chi
Kién, Hing Chau; Vinh Long: Nguyén Thanh Tric,
Lé Duy Minh, 11T1, THPT chuyén Nguyén Binh
Khiém.

PANG HUNG THANG
Bai T10/578. Cho so nguyén n = 2. Tim cac da
thire Q(x) c6 hé 56 thue bdc cao nhdt la n - 1 sao
cho  x(x—=1)..(x—mO(x)+x2+1 la binh phuwong
ctia mot da thire.
Loi gidi (dya theo y cua da sb cac ban). Ta chirng
minh tdn tai da thirc O(x) dé

x(x=1)...(x-n)Q(x)=(P(x))* (1)

véi P(x) la da thirc vai hé so thuc.
Tu (1) suy ra: (P(k))2=k>+1,ke{0,1,2,...,n}
hay P(k)=gk\/;2_+—l, gre{-L1}, k€{0,1,2,...,n}.

Ta thu dugc 27 bai toan ndi suy Lagrange la xac
dinh cac da thirc P(x) vdi hé sb thuc bac n sao

cho P(k)=ep k2 +1, ex e{~ 1,1}, ke{0,1,2,...,n} (2).

" Theo cong thirc Lagrange va (2) thi tmg v&i mdi

bd gia tri (&9,&),£2,...,6,) da chon, ton tai duy

nhat mot da thirc  P(x) twong img c6 dang

P(x)=iP(k) ]’[ x=)

i j0gekk—J
n
= Zé‘k v k241
k=0

Thay P(x) tir (3) vao (1), ta thu duge 2" da thuc
(P(x))?>-x2-1

x(x=1)(x=2)...(x—n)

Tu cach xdy dyng, ta thu duge QO(x) 1a ciac da

n

1L e

J=0.j=k*—J

O(x) dang Q(x)=

thirc ban 7-1 thoa min dé bai.

Nh{n xét. Day 1a dang toan co ban vé ndi suy da
thire va ng dung dinh ly Lagrange dé tim cac dang
da thirc thoa man céc diéu kién bai ra.

TOAN HOC
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Cac ban sau day c6 16i gidi dung: Ha Tilth: {Vgu)'en
Viét Thé Tai, Nguyén Trung Hai, Ngo Biu Anh
Khoa, 11T1, 10T2, THPT chuyén Ha T'fnh;’ Ng‘ht;
An: Lé Vi Quinh Nhw, 9A, THCS Phung Chi Kién;
Tién Giang: Dang Quang Minh, 11T, THPT
chuyén Tién Giang; An Giang: Nguyén Hoai Nhanh,
11T2, THPT chuyén Huynh Man Dat.

NGUYEN VAN MAU

Bai T11/578. Cho dav 50 (x,,) duwoce xac dinh boi

o =d

1
Xp+1 =Xy +'_
Xy,

voimoin=1,2.3,...vaa>0.
5 1
- . S ~ o) v £
Ching minh rang \a?+2n <X, <va*+2n +2— VOI
a

moin=1,23, ..
Loi giai. DE thiy x,>0,vneN va do

Xn+1 =Xp +—>X, nén (x,) la day ting.
Xn

, 1 1 < 1,
Tacéd: xpy=x,+—>2 Xp.—=2. Ta s¢ chung
Xn Xn

minh x, >a2+2n.

2
: 1 1
Ta c6: [— =42+ lo200

Xn n

Vay x3>x2,+2>x2 +242> >33 +2n=a2+2n
hay x,>+/a2+2n.

Ta cin chimg minh: x, <\/a2+2n +§— (*). bat
a

t,=va*+2n, c=2L. Ta s€ chimg minh quy nap
a

BDT(*). Véin=1tacé: x ~a+L Ta can chimng
a

minh: a+l<\/a2 +2 +2i<:>a+2L<\/a2 +2
a

a a

1
<:>a2+l+L<a2+2<:>a>—.
442 2

Nhu vay (*) chi ding voi a>% nén ta sé xét vai
a>%. Gia sir (*) ding t6i n, ta chimg minh (*)
ding véin + 1. Xét ham sé:
f(x)=x+l co f’(x):l—L>O,Vxe[2;+00).
x %2
Do d6 ham s6 f{x) ddng bién trén [2; +o0).

TOAN HOC ]
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Theo gia thiét quy nap: X, <t,+c nén:

1 .
X1 = (Xn )< S (tn +C) =t +c+t,, +c Ta can Ching

1 1
minh: by +eH—— <l eSSty = 3

IntcC n e bny) +,

1
Sty —ty <2c= LSttty > ~=2q
Insl tip c

Piéu trén hién nhién dang vi

byt +n =\Ja2 +2(n+1) a2 +2n>2,

Bai toan dugc gidi quyét.
Nhdn xét. Cac ban gui 101 giai bai nay vé Tog soan
hau hét da phat hién bai todn can thém didu kig,

a>— va gia1 bai todn voi diéu kién do. Tuyén
2

duong cac ban sau c6 101 giai tét: Ha Tinh: Ngé Bui
Anh Khoa, Lé Minh Manh, Nguyén Viét Thé Tai, 1]
Toén 1, Phan Viét Lé Huy, 11 Toan 2, THPT chuyén
Ha Tinh; Gia Lai: Luwong Xudn Nghia, 11A7, THPT
Chi Lang; Pong Thip: Nguyén Bing Khoa, 11
Toan 1, THPT chuyén Tién Giang; Lim D&ng;
Huynh Nguyén Lé Minh, 10 Toan, THPT chuyén
Thang Long.

Mot ban ¢6 1oi giai ding nhung quén ghi ho tén va
dia chi.

TRAN HUU NAM
Bai T12/578. Cho tam gidc déu ABC véi ban kinh

dwong tron ngoai tiép R va P la diém nim trong
tam giac do. Goi D, E. F 3y, lieot la hinh chiéu
VUONg goc cua P trén cge canh BC, CA, AB.

9R?

Chitng minh rf;ug.' PA.PB.PC+PD._PE PF<

Loi giai. Dé cho don gidn, khi khéng ¢6 gi nhim
lan, ta ding cac diy D va [] dé chi téng va
’ A ’ . S X
tich. Ta can ¢6 haj bo dé.

B6 dé 1. Cho 1am gidc deu ABC, h la dp dai cdc

diong cao, P ngm trong ABC. D, E, F theo thir ne

la hinh chiéy ciyq p trén BC, CA, AB. Khi do
PD+PE+PF=h.

Bo dé 2. Vi mgi sé thyrc khéng dm x,y,z, ta co:

1) %sznxzn()wz—x).




1 .
2) szzl_[x khi va chi khj X=y=z.

x=0 }"z
y=0,z=x

y+2t<::>

5 [1x=I1

ZO\’y

phép chung minh hai bd d& trép rat d
khong trinh bay ¢ day. . glen,
Tré lai gidi bai toan T12,

Khdng mat tinh téng quat gia sir Rzz. Goi 4 1a
3 e

1a do dai dudng cao cua tam gidc 4BC.
piat PD=x,PE=y,PF=z.
Dé thay x,1,220.

Theo bd dé 1, chi ¥ ring

h:—;—R ,taco x+y+z=1.

HD

DE thiy tr giac AEPF noi
tiép duomg tron duong kinh AP va EPF=120°.
Tix d6, theo cac dinh i sin va césin, suy ra:
EF 2
=————="—EF=—=\y?+yz+z%.
sin120° /3 /3 LA

2 2
Tuong tw: PB=——~z>+zx+x? ,PC=—1 .
\/:_,' \/5 Xty

Viy bat déng thirc can chimg minh tr¢ thanh bt

dang thirc sau:

Sfm(yz +yz+zz)+HxS§
@8@()/2 +yz+22)s3(1—3nx)(*).

Dat Zyz:m,szn , ta co:

Y24 yz+22 (Zx) -(Zyz)—-x(Zx)zl—m—x.

Tuong tu, ta co:
224 zx+x2=1-m—y,x

pogs: []{r-+y=+22)-T10-m—
—(1=m) —(Ex)(1-m) +HZ yz)(1-m)-T 1
=(1- m) —(1- m) +m(1-m)-n= =m2—m>—n.
Vay (*) twong duong vO1 bit dang thirc sau:
SW <3(1-3n)

24 xy+y?=l-m-z.

& 64(m2—m3—n)<3(1-6n+9n)
2712 +46n+64m3 —64m2+320 (**).

1 z 3
Theo bd dé 2, 0<m= <— =—.
b dé m=y.yz 3(Zx) 3
Do d6 ¢6 hai trudong hop xdy ra.
Ta co:

THI: OSmSl.
4

272 +46n+64m3 —64m? +3264m3 —64m? +3
—(1-4m)(3+12m-16m?)
=(1—4m)[3+8m+4m(1—4m)]z0.

Vay (**) dung. Diéng thirc xay ra

)C—O,y=z=l

2

n=0 1
=dy=0,z=x=—.

= m=—1— %y 5
4 1

:O, =y=—

z=0,x=y :

TH2: %<ms%. Theo bd dé 2, cha y rang

x+y+z=1, taco:
n=Hx2H(l—x)zl—ZZx+4Zyz—8Hx
=—1+4m—8n.

4m-1

Do d6 nz

27n2 +46n+64m>—64m* +3
; 2
N (4m -1) : 46(4m—1)

+(1-4m)(3+12m-16m?)

~"8 B
(4m—1)(144m296m+16) 16(4m—-1)(3m~1)°
- 9 9 B
Viy (**) ding. Dang thirc xay ra
[(x=y=z
.\f=0,V=Z=l
4m-1 ; 2
n=
9 1
& ! <9 v=0,z:v=—5 oX=y=z
ﬂl=§ ;
z:o'x:v:—-—
L 2
(x=y=z

Tom lai, bat ding thirc cin chimg minh ding.
Déng thic xdy ra khi va chi khi P 13 trung diém
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cua mot trong ba canh cua tam giac ABC hay P la

tam cua tam giac ABC.

Nhdn xét. 1) Bai toan nay kho, toa soan chi nhén

duoc ba 101 giai nhung hai 101 giai déu sai, chi c6 ban

Vi Duy Manh, 10T1, THPT chuyén Lam Son,

Thanh Héa co 101 gidi dung.

2) Bai toan trén md rgng bai toan T12/401: Cho tam

gidc déu ABC vdi bén kinh duong tron ngoai tiép R

va P la diém nam trong tam gidc. Chimg minh rang
PA.PB.PA S% ‘

NGUYEN MINH HA
Bai L1/578. Moi lan bom duwa dupe Vo = 80 em’
khong khi vao ruot xe. Sau khi bom dién tich rié);
xtic cua vo xe véi mat dwong la 30 em’. Thé tich
cua rugt xe sau khi bom la 2000 cm’. Ap sudt khi
quyén po = 1 atm. Trong heong xe la 600 N. Coi
nhiét do la khong doi. Tim s6 lan bom.
Loi gidi. Ap suét trong banh xe khi bom xong
bang: p = p, +p’, trong do:

600

= =2.10° Pa.
F 30.107*

Do d6: p= 2.10° +10° =3.10° Pa.
Sau n lan bom c6 80n cm’ khong khi duoc dua
vao banh xe. Sau 1in bom thir nhat trong banh xe
¢4 2000 cm® khong khi & 4p suat p, nén c6 thé coi
trang thdi 1 ¥ng vdi cac thong sb:
p1=po=10"Pa, V; = (2 000 + 80n) cm’;
trang thai 2 img véi thong sb:
p2=3.10° Pa, V, = 2000 cm’.
Ap dung dinh lust Boilo—Mariét ta c6:
P1Vi =p,V, = 10°(2 000 +80n) = 3.10°.2 000.
Tir d6 suy ra: n = 50 (l4n).
Nhign xét. ?hﬁc mung cac ban sau di c6 1oi giai
dung cho dé ra ki nay: Lé Anh Duong, 12 chuyén
toan, Pham Viét Hoang, 11 Toan 2, THPT chuyén
V6 Nguyén Gidp, Quang Binh; Dang Van Manh, 11
Toan, Lé Khanh Ha, Truong Khanh Toan, Pinh Vin
Truong, 11 Ly, THPT chuyén Ha Tinh, Ha Tinh.

DINH THI THAI QUYNH
Bai L2/578. Mach dién trong hinh dudi duoc sir
dung dé ché tgo mot “can tir”

co thé xac dinh
trong luong cac vit. Vat khoi lwong m duoc treo

TOAN H
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tai trong tam cua thanh nam ngang nam trong mor
tir trieong déu huwomg thang vao mat phang hinkh ve
va ¢o do lon B = 1.5 T. Hiéu dién thé cua ngu&z
dién c6 thé diéu chinh dé lam thay déi cuong do
dong dién trong mach va cé gid tri toi da la
17,5 V. Thanh nam ngang cé dg dai L = 60 cm va
diroc lam b(?/lg vat licu cie nhe. N6 dwoc néi vai
nguon dién boi hai ddy dan treo thang dimg rat
manh, khong chiu duwoc luc cang. Toan b trong
lwong cua vat phai dwoc can bang voi luc tir tac
dung lén thanh. Mot dién tro R = 50 € ‘(7‘1!'.0‘(‘ mdc
noi tiép voi thanh va dién tro cua phan con lai
trong mach dién nho hon nhiéu so voi gia tri nay.

00
A B

Npﬂnw

B
00066 803?

4 2 .4 , 2
Lay g =10 m/s”. Cho biét cuc dirong ctia nguon
dien la dau A hay dau B. Tinh khoi lwong I6m nhat
ma thiét bi nay co thé can duoc.

Lai gidi. Dé trong luong cua vat can bang véi huc
tir tic dung 1én thanh thi luc tir tic dung lén thanh
phai c6 diém dat tai trong tAm cua thanh va co
phuong thing dimg chiéu huéng tir dudi 1én. Nhu
vdy theo quy tic ban tay trdl ta xac dinh dugc
chidu cua dong dién chay qua thanh 1a tir trai qua
phai, tirc cuc duong cua nguén dién 1a ddu A va
cuc am 1a dau B. Néu trong lugng cia vat cin
béng vOi lue tr tac dung 1én thanh thi ta cé:

mg=BIL=>m =—BIL =“BUL .
g gR
BU__ L 1,5.17,5.0
= mmux = max =h’6 = 0,0315 kg

£gR 10.50
Vay khéi lugng 16n nhét ma thiét bi ndy c6 thé can
duogc 1a 0,0315 kg.

Nhdn xét. Chiic mimg cac ban: Pinh Vin Truong,

Trwong Khanh Toan, 11 Ly, THPT chuyén Ha Tinh,
Ha Tinh d3 c6 16i giai dung.

NGUYEN XUAN QUANG



F\\

[ - ‘4’\
™~ s AR
pHUONG PHAP |

GIRXIT TOQIXTL g

L —

<& WO 56 oG TEGC vA BAT BAYS TECC
el | CAG KAM SO KOC VA UNG DUNG

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Gia’E)/

Trong dé thi VMO vai ndm gan day, bai s6 hoc

thUO“g dugc cho cic ham sd hoc. Viée sir dung

cac dang thire va bat dang thire cac ham sé hoc rat

hou dung dé giai quyét cac bai toan nay. Bai viét

nho nay s€ minh chitmg cho diéu dé.

{. CAC PINH NGHIA VA TINH CHAT CO

BAN

a) Cac dinh nghia

Véi moi s6 nguyén duong n, ta goi

+17(n) 1a s6 cac udc nguyén duong cua n.

+o(n)la tdng tat ca cac udc nguyén dwong cia n.

+ p(n) (ham Euler) 1a s cac sb nguyén duong

khong vugt qua n va nguyén t6 cting nhau véi n.

+8(n) 12 tong tat ca cac chit sb cua 7.

b) Cac tinh chat

Tinh chit 1. Cac ham z(n),

nhén tinh. Tiec la: Ym,neZ* (m
T(mn):r(m).r(n);
o'(mn):O'(m)O—(f’l),

o(n), ¢(n) la ham
,n)=1 thi

p(mn)=p(m)¢(7)
Tinh chit 2. Néu sé nguyén n>1 €0 phan tich ra
thita 56 nguyén 6 la n=p'p3’ .pgt vl

n<py<...<py lacac 56 nguyén 10 thi
+2(n)=(1+ey )(1+az ). (1@ )
k k pm =
+"(")=I—[(l+p,- +..+p ):[—I(—;TJ
i=l i1\ Pi
k

*oln)= (i —p"")
i=l
—pprtpget...pp” (D)2 )
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2. MOT SO PANG THUC CAC HAM SO HOC
VA UNG DUNG

Pang thic 1. Cho n>1 la 56 nguyén duong co
r(n)=k. Goi 1=d, <d,<...<dy=nld tat cd cdc
wdc nguyén duong cua n. Khi do

n=d;dgs1-i, Vi=1,2,.. K

Thi du 1 (Serhla MO 2024 — China 2019) Tim
tdt ca cac s6 nguyen dicong n sao cho tit ca cdc

wée dicong cua no la 1=d,<d,<...<di=n, voi

k>4 va thoa man dy—di.d3 —ds,..dp—dia lap
thanh mét cap sé nhan.

Léi gidgi. Goi g 1a cong boi cua cép sé nhan. Ta co
geQ*. Goi p 13 uéc nguyén t6 bé nhat cua n.

Khi d6 d,=p. Taco:

n
4
qk—2=dk —dia___ d> =i=£ez+:>qu+.
d,—dy dr-1 d2 p

Do d6 n=p.g*2 Ta sé chimg minh p=q. That
vay, gia su p#q.

+ Néu ¢ 1a s6 nguyén t6 thi
k=r(n)=r(qu‘2)=r(p).r(qk‘2)=

Mau thudn.
+ Néu ¢ 12 hop sb thi ta xét cac truong hop sau:

THI1: g=r°,
Khi d6: k= r(n)zr(qu—2)> T(qk_2)=r(rs(k_2))
=s(k=2)+122(k-2)+1=>k<3.

2(k-1)=k=2.

trong do r la s6 nguyén 5, s>2.

Mau thudn.
TH2: g c6 it nhdt 2 udc nguyén td 1a 7,s thi

k =z—(n)=r(pq"‘2)>r(q""2)_>_r(r"‘2Jk‘2)=(k—l)2

— k2 —k+1<0. Mau thuan.

TOAN HOC
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Viy p=g. Do d6 n=p*. Kiém tra lai ta thay

. thdéa man. ’ )
Thi du 2 (USA 2024). Tim tat cd cdc so nguyeén
n>3 :mo cho tdt cd cdc wée dwong cua n! la
l=d, <dy<...<d;=n! thoa man
dy—d\<dy—dr <. .<dy—di.

Loi gigi. Xét n=3 ta cd tat ca cic udc duong cua
31=6 1a 1;2;3;6 thoa man vi 2—-1=3-2<6-3.
Xét n=4 ta c6 tit ca cac udc duong cua 4=24 1a
1;2:3;4;6;8;12: 24 thoa man vi

2-1=3-2=4-3<6-4=8-6<12-8<24-12.
Xet n25. Goi x 1a s6 nguyén dwong bé nhit ma
xtnl. Vi 5!n! nén x>7.
Do tinh bé nhat ciia x nén x-2[n! va x—1jn!.

Suy ra ton tai chi s6 i sao cho di=x-2,d

sUi4] :x_l'
Vi xtn! nén diy=x+m, véi meZ-*.
Vi n=didi.;=d;dy_; =dis2di; nén
' 1 - '
n: n. n. n
deni=—=——dy ;=——d, .= :
di x-2 x-1 X+m

Theo dé bai ta c6: dyy;—dy; >dy_i—dyy
1 1 > 1 1 b 1 1

x-2 x-1 x-1 x+m

- 1 > 2 =x2 —122(x2 —3x+2)
(x—2)(x—1) (x+1)(x—1)

:>x2—6x+SSO:>ISxSS.

=

x-1 x+1

Diéu nay mau thuln. Suy ra ne{3;4.

Cdch 2. Vi t6n tai cac sb nguyé'n lién tiép la woc
cua n! nhung khong phai tit ca cac s6 nguyén
<n! déu 1a uéc caa n! nén ton tai chi sd i sao cho
di+l=d;; va diy +1<d;ys.

bat X~2=d;=>dy,=x%-1,d;.5 =x+m, v0i meZ*.
Sau d6 li luan nhu trén.

Pang thire 2. Tich tat ca cdc e nguyeén diong

cua s6 nguyén duon gnla Hz/ =vn7n),
dln

Chiimg minh. ]d= [Hd]{]’[g):

din din din

n"(n),

TOHN HOC
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Thi du 3. Tim tdt ca cdc 6 nguyén dltong
cho tong va tich tat ca cdc woc duong ciq n I3,

leot la 2n va ne.
Loi gidi. Ta co tich tht ca cac udc cla s nguyg,

dwong n la [Jd=vn"") =n? =17(n)=4.

din
bat a=d25b:d3
{1+a+b+n:2n {a+b=n—l
=

. Theo gia thiét ta c6:

l.n.ab=n? ab=n

=ab-a-b=1=(a-1)(b-1)=

a-1=1 [a-1=2 a=2v a=3
: = .
Al PAPTPA PN g PR M

Do do: n=6.
Thi du 4 (All Russia MO 2001). 7on tai hay
khong mét so nguyen diwong sao cho tich cdc wée
thiee s cua né tan cung boi diing 2001 chir 56 0?
Loi giai. Ta c6 tich tat ca cc udc cla sé nguyén
duong 7 la [Jd=vn""). Do d6 tich cic uéc thyc
din
1

: —z(n)-1

su cua n bang an(") ]

. 1 . . ;
bat a=57(n)—1. Theo gia thiét thi ne chia hét

cho 102%! nén » phai chia hét cho 2 va s,

D& n® tan cling boi dung 2001 chit sé 0 thi
avz(n)=2001 va qvs(n)>2001

hoac avy(n)=2001 va avs(n)=2001.

Ta c6 thé chon v2(n)=vs(n)=1 va @=2001, khi

d6:7(n)=4004=22711.13

M6t sé nguyén duong n thoa man céc didu kién
nhu thé 1a n=2576 | 110 1312

D'mg thirc 3, Cho s nguyén n>1. Khi do tong

tit cd cdc sé nguyén dwong ma nguyvén 0 cung
nhau véi n bang L(n)

2
Chitng minh. Goi ay,a,,.. Ag(n) 12 tAt ca cac sb
nguyén duong ma nguyén té cung nhau véi 5.
Ta thay néu (k, n)=1 thi (n n—k,n)=1. Do d¢:

()

-4




on)

E(n 01)328 Zln_n(a ")38 ngo(n)
% = 2

10 du 5 (Dutch TST 2024). g, moi s nguveén

foong s €01 a(n) la trung pinj, COng cuq 1y
ca

sdc woc dwong cua n va B(n) la rung hinh cong

ciia tal €d €ac SO nguven dwong k ma nguyen (4

cimg nhau voi n. Tim tdt cd cac 56 nguven duong
psao cho a(n)=p(n).

Loi gidi. V&1 n=1 thi hién nhién a(l)= B(1). Xeét
n>l. Goi 7(n) 1 s6 cac uéc nguyén duong cua

n. Va g(n) la tong tat cd cac ude nguyén duong

Nhu vay: a(n)=

Ta xét cac truong hop sau:
+ THI: z‘(n)=2 = =n

o(n)=n+1,7(n)=2. Khong thoa man (*).

la sO0 nguyén td,

+TH2: 7(n)=3<n=p?,pep =o(n)=1+p+p?.

+p+p? p?
3 2
Khong thoa man.

Suyra() o p?-2p-2=0.

+ TH3: 7(n)24. Ta thdy néud|n thi gcfmg I3
udc cua n,
Véi2<d<n, d|n thi d+§s2+-§s1+n ).

Thit vay, vi d<n, d|n nén

n=kd>2d (keZ,kZZ).
n

—dz2-~

Do do: (24)[%4)5092 72

va 2+%Sl+n<:>n22 (dung). Suy ra:

U(n)SLn—)(n+1+2+g—)——r—(‘i—2(3; 3)

(
4

:>£= a(n)53~n+—3-:>n56
2 r(n) 8§ 4
Vi r(n)24 nén n=0. Thir lai

7(6)=4,0(6)=1+2+3+6=12 . Thoa man (¥).

Viy n=1 hodc n=6.

3. MOT SO BAT PANG THUC CAC HAM SO
HOC VA UNG DUNG

Bat dz;mg thirc 1. Cho s6 nguyén duwong n>1. Khi

do ta c6 o(n)2vn.r(n).

Chimg  minh. Gia st r(n)=k  va
l=d| <d,<...<dy=n tat ca cac udc nguyén duong
cua n.

i , n n n £ 3 ok 4 i .
Khi d6 —>—>...>— clng la tat ca cac uoc
d d; d
nguyén duong cia n. Do dé:

20(s )_i( J>):2\/_ 2Jn k=2n.z(n)

=1

i
:>cr(n)2 n.r(n).

Thi du 6 (Australia Beginners’
2018). Tim tat ca cdc so nguyén diong x sao cho

7(x)o(x)=96.

Competition

Léi gigi. Dé kiém tra x<8 khéng thoa min yéu
cau bai toan. Xét trudng hop x29. Ta co:

&(x)z x.f(x):>962\/;.12(x)23z'3(x):>r(x)£5.
Mat khac theo gia thiét thi 7(x)[96, thanh thu
r(x)e{2,3,4}.

7(x)=2 thi x
o(x)=1+x=48, din téi x=47.
7(x)=3 thi

+ Neéu la s0o nguyén t6 va

+ Néu x=p? pep va
o(x)=1+p+p?=32. (khong c6 sé nguyén té nio
thoa man).

+ Néu 7(x)=4 thi o(x)=24. Khi d6 x=p3,pp
hodc x=pq , trong d6 p<q la hai s6 nguyén td.
THI: Néu
p23 thi p3>27>24 nén p=2.Khong thoa man.

x=p3=o(x)=1+p+pi+p3=24

TH2: x=pg=0(x)=1+p+q+pq=24

TOAN HOC
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= (14 p)(1+¢)=24=2.12=3.8=4.6.
Tir d6 suy ra (p,q):(2;7),(3;5):>xe{14;15}.
Vay tt ca cac gia tri can tim cia x la
xe{14;15;47}.
Bit ding thire 2. Néu n la 0 chinh phwong le th
n=c>(n).
Chiing minh. Vi n 13 sb chinh phuong Ié nén

n=p{® pi®..

p,\a" VoI py<pa<..<p lacac s6
nguyén t6 16, a; eN.

Khi d6: 7(n)=(1+2a1)(1+2a;)...(1+2ay ). Ta cé:
pi23=> pfi >3a :(1+2)“" 214+2¢;,Vi=1,2,...,k.

Do dé: Vn= i P
2(l+2a,)(1+2a2 )...(1+2a; )=7(n)

=n>72(n). Dau “="xay ra

a,=0,Vi:1,_k hoic { <>n=1 hoic n=9.

)=

Thi du 7 (Canada 1999). Tim tit cd cdc s6
nguvén dwong n sao cho n=r(n).

Loi gigi. Vi n=r2(n) nén n 1a sb chinh phuong.
Do d6 7(n) 1a sb lé, suy ra n=72(n) ciing la so
I

Do d6 n272(n). Dau “=” xay ra <>n=l hoic
n=9.

Bat dang thuce 3. Néu n co k=1 wée nguvén 1o
phan biét thi n+1§o‘(u)<n(/(+ ).

Chirng minh. Gia su phan tich ra thira s6 nguyén
t6 cua n la n=p"py..pf*, trong dob
pr<p2<...<p; lacac s6 nguyén to va a;eZ*.

Vi n ¢6 k=1 u6c nguyén té nén n>2 va Ln 1a

uéc cua n nén o(n)zn+l.

Ta co: J(n)=(1+p1 +...~l-pl"“)...(]+p;f +...+p,?").
k

U(n = (]+ e 1 j
i=1 ])

TOAN HOC
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fos
k qﬁ»l k 1
— J <
’H 1 I_II 1
=l ]—— =l |——_
Pi Di
Vi p,~2i+1 nén
z+1
n i=l 1___ i=1 1___~ i=1 [
Di i+1
:>a(n)<n(k+1).
Thi du 8 (APMO 2023). Tim fit ca cac s6 nguyéy
o(n)

duong n=2 thoa man =n trong do o(n)

p(n)-1
la tong tat ca cdac wdc nguyén dwong cua n vq
p(n) la udc nguyen (6 lom nhdt cua n.

Léi gidi. Gia st phan tich ra thira s6 nguyén t6 cia
nla =pMps?.. . p*, trong do pi<p;<..<p; la

cac s nguyén t6 va @;€Z*. Khi dé p(n):pk,

Ta co: O'(n):(l+pl +..+p ) ) .(1+pk +i .+p/?k) .
Theo dé bai ta co:
o(n)
n

Pi—l=——=<k+1= pp <k+2.

Vi py 2k+1 nén pi =k+1=0(n)=kn.
Vi pp=k+1 nén k<2.
+ Néu k=l thi
o(n)2n+1,vn>2.

+ Néu k=2 thi p =2, p2=3 va o(n)=2n. Khi

do: (") (1 +—+.. +L)(l+l+...+ 1).
2 2w T3 3@

Vi 21,221 nén

O'(n)zn. Mau thuin vi

Dau “="xay ra < a;=a;=1. Khidoé n=6.
Bat (l:"ing thire 4. Cho so nguvén dwong n. Khi do

ta c6 O’(H)<H\/2 r(n).



P

Chimg minh. Dit k=’r(n) “ ‘

, go1
j=d1<d2<..<dr=n la tit ca CaC udc noyva
duong cua n. shyEn

Ta can chimg minh:

O'(n)=£+i+...+_”_<n\/—ﬂ
dl d2 dk

Mit khac ta lai co:
1 1 1 1 1 1 1

—_— —_— —_— . —_— +._

222 32 g2

Tir d6 ta c6 bat ding thirc can chimg minh.
Thi du 9. Tim tir ca cdc s6 nguyén dwong n thoa
man: 0'(/1):/7\/37(11)_—8-.
Loi gidi. Ta co:

O'(n):n\/?,_r(;)_—'8<n 21(n)=>1(n)<8.
Vi 37(n)-8 la sé chinh phuong nén z(n)e{3;:4}.
+Néu 7(n)=3 thi o(n)=n. Loai Vi o(n)zn+l.
+Néu 7(n)=4 thi o(n)=2n.
Khi 46 n=p3,pep hoic n=pq, trong dé p<q
14 hai 56 nguyén t6.
THI: p=p3 :>a(n)=1+p+p2+p3=2P3'
trinh khong c6 nghiém nguyén.
TH2: n=pg=a(n)=1+p+q+pP4=2P4

=3
D(P—l)(CI“l):Z:’{z:s'

Phuong

Tir o suy ra n="6.

Bat diang thic 5. Cho s6 nguvén duong n. Khi do
ta co r(n)SQ\/;.

Chitng minh. Hién nhién BDT ding vdi n=1.

Véi n>1, goi d <d;<...<d; la cac udc khong
vuot qua Jn cua n, d <Jn.

Khi d6 cac uéc 16n hon hodc bang Jn la

N . ., , x P
Vi —>+/n nén so cac udc cua n la
k

7(n)<2k<2d; <2n.
Thi du 10 (VMO 2024). V6i moi s6 nguyén
dwong n, goi t(n) la §O cdc woe nguven diwong
cua n. Giai phiweong trinh nghiém nguyen dwong
r(1n)+2023=n voin la an so.
Léi gidgi. Ta c6: 7(n)<2y/n. Do do:
n=r(n)+2023<2n+2023

2

=(Vn-1) <2024=n<2115.
Néu n 1a sé nguyén t6 thi 7(n)=2=>n=2025
khong théa man. Do d6 7(n)>3=2026<n<2115.

e Néu n chin thi z(n) la s 1&, do 46 n la sé

chinh phuong chin. Ma
442 <2023<n<2115<462,
diéu nay mau thuan.
e Néu n 1& thi n=p®p$*.. .p%, trong do6
3I<p<p2<..<ps lacac s nguyén td, a;eZ*.

Vi 3.5.7.11.13>2115 nén s<4. Ta xét cac truong

hop sau:
+THI1: s=4.Vi 325.7.11>2115 nén
a)t+tas taztay<d=>ap=...=ay =l:>2'(n)=l6.

+TH2: s=3.Vi 3¥.5.7>2115 nén
a +ay+ay<5.

Do do (ai;az;a3)=(LL0,(L52)(1,2;2),(5;13) va
cAc hodn vi. Suy ra 7(n)<16.

+TH3: s=2. Vi 36552115 > a1+, <6

S6 582(12-2025)
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2
ﬁT(")=(1"'011)(l+az)S%(2+aq+az) <16.

+ TH4: s=1. Vi 37>2115 nén a; <6=>7(n)<7.

Nhu vay, ta luén c6 7(n)<16=> 2027<n<2039.

Vi n 1é nén
ne{2027,2029;2031;2033;2035;2037;2039}.

Thir lai ta thiy khong théa man.

Bat dang thire 6. Neu so nguvén dwong n co i chir

s6 thi n=101 v S(n)<9i.
Thi du 11. Tim 1dt ca cdc s6 nguyén duong n thoa
man 1722(5(11))3+8, trong do S(n) la téng cdc
chit s6 cua n.
Loi gigi. Goi i 1a sé cac chit sb cua n. Ta c6
n=10"1 va S(n)<9i. Do d6

1071 <2(9i)’ +8=1458:+8 (*).

k-1
3 ol

Xét day s6 uy =

3 3
To gy L _ 10K 3=10(1—Lj
up  (k+1) k+1
3
210[1—1] 1G],
2 8

Do d6 (uy) 12 day sb ting.

6

1
Ma u;= 0

~
2

>1459. Do d6 uy >1459,Vk>17

=10k1>1459k3 =1458k3 +k3 >1458k3 +8,Vk >7.

Vi vay tir (*) suy ra i<6. Do d6 §(n)<9.6=54.

Vi n=S(n)(mod9) nén

n=2n%+8(mod9)=>n(2n*-1)+8:9.

Suy ra n=1(mod9). Do do:
$(n)=1(mod9)=>S(n)e{1;1019;28;37;46}.

Suy ra:
n€{10;2008;13726;43912;1013]4;194680}.

Thr lai ta nhén ne{l 0;2008;13726}.

TOAN HOC
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BAI TAP REN LUYEN
1. (Romanian District Olympiad 2024)

nguyén duong.  Gy;

Cho n>l 1a 0
1=d1<d2<---<dk=n(k'>‘3) la tit ci cac uGe

duong cua n. Gia st rang phuong trinh
dispx?=2dix+d; =0 c6 nghiém thuc véi moj
i=1,2,...,k—2. Chimg minh ring n=p*!, trong 46
p la $0 nguyeén t6.

2. (Bulgaria MO 2024) ’

Mot s6 nguyén duong n dugc goi la “tot” neu
2|z(n) va néu tat ca cac udc nguyén duong cua n
1a 1=d,<ds <...<dap1 <drp =n thi diy—dr=2 va
diso—dp1=65. Tim sb nguyén duong n “t5t” bé
nhat.

3. (Kyiv City MO 2024)

Tim s6 nguyén duong » bé nhét sao cho né cé it
nhat 7 wéc duong la 1=d;<d;<...<dy=n, trong
do k=7 vathéa man d;=2ds+1 va d7=3d,-1.

4. V6i mdi sé nguyén dwong n, goi z(n) la sé cac
u6c nguyén duong cia n va t(n) la sb cic udc
nguyén dwong d cua n sao cho d+1jn+l. Tim
gié tri 16n nhét cia 2¢(n)—z(n), trong d6 neZ*.

5. (Belaurus MO 1999)

Cho a va b 1a cac s nguyén duong. Chirng minh
néu tich cc wéc nguyén duong cia a (kécalva
a) bang tich cac udc nguyén duong cia b (ké ca

1 va b)thi a=b.

6. (IMO SL 2002)

Cho sb nguyén duong n > 2, 1=d,<d> <...<d =n

14 tt ca cac wdc cua n.

Dt S=didy+dyds+..+ddi. Chimg minh ring

2
3 G5 % e
S<n?. Tim diéu kién cta n dé ? 1a mét woc cua

n.




" Chimg minh rﬁng (o(n)'T(")?n,VneN
g, 2) Chimg minh £ing vi moj o4 ¢, nhién n>
i o(n)re(n)=2n. e
b) Cho hai ) nguyén duong p Vi 1 sa0 cho
2. Ching minh ring () (-1
9. Cho s6 nguyén duong 7>2 thoa man

o(n

%:2 p(n)—?’?s
wong 46 o(n) 1a tong tit ca cic udc nguyén
duong cia n va p(n) 1a wdc nguyén 8 16n nhit
cua n.
a) Chimg minh ring p(n)=5.
b) Tim tht ca cac sO nguyén n>2 théa min hé
thue trén.

ok sk ok ok sk sk ok sk sk sk ok sk s ok ke ol st stttk ok ok

PROBLEMS ... ( Tl'ép theo trang 20)

Problem T9/582. Given  the expression
36a L + ¢ where a,‘ B, ¢ are real
b+c c+a a+b ’

numbers satisfying the conditions a 4o U

b+¢>0, cta > 0. Find the value of a when P

reaches its minimum value and @ + btc=

TOWARDS MATHEM ATICAL OLYM PIAD

Problem T10/582. Given a sequence of

polynomials (P, (x)),o satisfying

B(x)=0, A(x)=x+2 and
)(2}’,1—2@) +1)+ P,y (%),

P(x)=2P, ,(x)(Pa ()]
Vn & N’ n=2.

: if k|m
Prove that for any positive integers &, if l

then P, (x)| B,, (x)-

10. (Ireland 1999) Tim tht ca céc sb nguyén
duong n sao cho: n=(r(n))4.
11. V&i mbi s nguyén duong n, ki hiéu s(n) la
trung binh cong coa tat ca cac udc nguyén duong
cia n (k& ci 1 va n). Chimg minh v&i moi s
nguyén duong n thi &sE(n)sﬁg—l.
12. Véi mbi s6 nguyén duong k, ki higu S(k) 1a
téng cac chit sb cta k. Tim tat ca cac da thuc
P(x)eZ[x] sao cho vdi moi sé nguyén n>2023
thi P(n)20 va S(P(n))=P(S(n))-
13. Tim tt ca cac sb nguyén duong n sao cho ton
tai s6 nguyén duong m thoa man

m+28(m)=n,

trong d6 S(m) la tdng cac chit sb cua 7.

**********************x**x**********4**4***J*************x**

Problem Ti1/582. Find all strictly increasing

functions [N — N that satisfy:
nf ()= (f(n)) VneN'.

Problem T12/382. Given a scalene triangle ABC
inscribed in the circle (O) and circumscribed the
circle (7). The lines 47, BI, CI intersect (O) at D,
E, F respectively. Denote by D',E',F'the
reflection points of D, £, F respectively in BC,
CA, AB .

a) Prove that triangles 4BC and D'E'F’ have the
same center of the Euler circles.

b) Suppose that the lines ID', [E', IF" intersect
BC,CA,ABatX, Y , Z respectively. Prove that
X, Y, Z lie on the same line which is perpendicular
to the Euler line of the triangle D'E'F".

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hano)
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trd xac dinh tin sd co ban hay cao d0 cua am
thanh. Nhitng am con lai dugc goi la hoa 4m va c¢
tAn sé lién quan dén tan so co ban theo céc b so

Am nhac chua bao giv 1a didu xa la ddi véi con
ngudi ching ta. T nhing giai diéu nguyén thuy
cla tiéng tréng va tiéng sao da thoi xa xua cho dén
nhimg ban giao hudng phic tap hay nhirng ban nguyén. ’ .
nhac quen thudc, bit tai ngay nay, 4m nhac luén Mot diy hoa am chira tét‘ ca <,:éc am thuan co tan
hién hiru nhu mét phin khong thé thibu trong doi 4 1a boi s6 nguyén cua tan so clia dm co bé‘n. V’i
song tinh thin cta con nguoi. Ching ta ¢ thé dé du, mdt tdn sb co ban F c6 cac hoa 4m vdi tan s6
dang cam nhan vi phan biét cac not nhac chi bing  2F, 3F, 4F, 5F, 6F, ... Am co ban F ciing duoc goi
thinh gidc, nhung da bao gis ban tw hoi: Lam sao |3 hoa 4m béic nhét, 2F 13 hoa 4m bac hai, va ctr
de biét chic khi ndo mét ndt nhac duoc coi la tiép tuc nhu vay. Cach goi nay cho phép xem xét
diing cao d6? Liéu diéu d6 chi don thuan dya trén 40 dic diém cua diy hoa 4m ma khong can tach
cam nhan cua con nguoi? Trong bai viét ndy, bist 4m co ban. Mot céch goi khéc cuia cac hoa 4m
ching ta s& cing kham pha co s vat Iy va todn  khac 4m co ban 14 4m bdi hodc song thanh phin
hoc ding sau nhimg nét nhac quen thugc va tim bac cao. Vi du: 4m bdi thir nhét 1a hoa 4m béc hai,
hiéu vé h¢ théng chinh am Pythagoras — hé théng  am bi thir hai I hoa 4m b4c ba, va 4m bdi thir n
chinh 4m sém nhat dugc ghi nhan trong lich st 13 hog 4m bicn + 1.

loai nguoi, dit nén mong cho su phat trién cia 4m Thong thudng, cudng d6 cia cic hoa Am giam dén

nhac phuong Téy sau nay. theo thtt tw hoa 4m. Cuong do tuong ddi cua cic
L. Nhirng khai ni¢ém quan trong cua hé¢ thong hoa 4m quyét dinh 4m sic cia Am thanh. N6; mot
chinh am cach dé hiéu hon, né 1a 1i do vi $ao cac nhac cu
1.1. Dao dgng, Chu ky va Tin s6 choi cung mot nét nhung lai tao ra nhitng 4m

Hau hét cac nét nhac dugc tao ra boi mot hé dao thanh ¢6 mau sic khac nhau (hmh 1).
dong diéu hoa hinh sin. Chu ky cta dao dong Ia
khoang thoi gian can thiét dé hoan thanh mot dao
dong, va tin sb 1a sb 1an dao dong lap lai trong
mét gidy. Tan sb coa dao dong la dai lugng quyét
dinh cao d6 cua nbt nhac.

1.2. Am co bin, Cao dj, Hoa 4m va Day hoa

am
Mot am thanh duoc tao ra bai duy nhit moit song P, . bk e Cos e et s o
i '_P Har . T s

sin dwoc goi la 4m thuan. Hau hét cac dao dong " @3‘ L et e

e e fokbEeky ey miilxtﬂm?:‘ﬁ““
tudn hodn tao ra cic 4m thanh trong ty nhién déu | W .

e ; 5"L LA REEETRE P R

la tip horp cdc 4m thudn phat ra clng e, Am et et e oo 5]
thuan ndi bat nhit dwoc goi 1d 4m co ban, dong vai Hinh I: Céc logi nhgc cu™

ToﬁN HOC
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3 TAn s0 va quing nhac
W 4 hai cip nét ¢6 ty 18 tin s0 clia ndt ¢
dng phau, cao d cla ching sg duoc c3
ich nhau cung mot khoang bit & ching xuj¢
jién & dau trong phd 4m thanh. bid, nay Xay ra vi
4 10 €O ngudi cam nhan khoang cach gitta cac
0 40 theo ham logarit (glong nhur hiy Ké¢ cac
gidc quan khac), do d6, mot ty 16 tin sé dugce cam
ohin nhu mot khodng cach ¢ dinh trén thang cao
4. Do do, ty 1€ gitra tin sb cua mot nét s vOi tin

50 clia nét khac 13 co sé vat ly cua mot quing nhac

rOI’lg C.';lp
m nhin 13

frong Am nhac.

1.4. Lop cao dO va quang tim

Néu hai nét dwoc phat cung nhau, trong do mot
26t ¢6 tan s6 gap déi nét con lai, chung s& tao ra
im thanh trong dong dén muc dugc cam nhan 13
“cing mot ndt nhung khac cao d6”. Khoang cach
gita chung duoc goi 1a mét quang tam, véi ty 1é
dic trumg 1a 2:1.

Tir d6 ta c6 thé suy ra tit ca cac ndt c6 tn sb bing
Iuj thira ctia 2 nhan v§i tan sb cua cung mdt am
géc thi dugc goi 1a thude cung mot 16p cao do va
cich nhau boi mot hodc nhiéu quing tam.

Xét nét nhac thir nhat cé tin sé co ban 1a F, thi cac -

boa 4m ciia né s& c6 tan so lan luot la 2F, 3F, 4F,

5F, 6F, ... Xét mot nét khac c6 tan sd co ban cao

hon mdt quang tam, tirc la 2F, thi cdc hoa &m clia

10 s c6 tn s6 1a 4F, 6F, 8F, 10F, 12F, ...

Nhitng tin sé nay tring khép voi céc hoa 4m chan

¢ia ddy hoa am ciia nét thir nhét, do do tao ra su

fwong dé)ng trong cam nhan giita cac nét thudc

cing mot 16p cao do (pitch class) va cling la co sO

Va1 cia quang tam.

15 Hoa im bac ba va quang nam

Msi Quan h¢ giira mot tin sO F va tAn s6 gap doi
10 2F 13 quing tam, 4F lai la mot quang tam tiép

theo Nhung Bbiy T &0 gap ba lan tan sb co ban,

F, thi sa0? Tan sb nay cao hon tAn s6 co ban

an
%dng mot quing tam rudi va duge goi 14 quang

"8 hai, hay mat quiing tam cong voi mOt quang

nim. Pay & quing nhac quan trong thir hai sau
quang tam.

Quéing muoi hai dugc bidu didn bing ty 16 3:1. Dé
c¢6 dugc quing nim, chung ta can gidm quing
mudi hai nay xuéng mét quing tdm, tirc 12 nhan
véi 1/2, do d6 quing niam duoc biéu dién bing ty
1€ 3:2 — tirc 12 ba lan tin s co ban nhung giam
xuéng mdt quing tdm.Tu ti 1é trén, ta co thé thay
quing ndm ciing chinh la quang nhac giita hoa &m
bac hai va hoa 4m bac ba trong mot day hoa am.

1.6. Dao ngugc quang nhac va quang tu
Dao nguoc quing nhac 1a qua trinh “trir” mot
quang nhac khéi mot quang tam. Do thang cao do
c6 dugc tinh theo ham logarit, qua trinh "trir" nay
thue chit 1a chia ty 1&. Vi du: Pé “tnr” quing nam
(3:2) khoi mét quang tam (2:1), ban chia 2/1 cho
3/2, két qua 12 4/3 — day 1a quang tu.

Trong am nhac, cac quing nhac duoc dém theo sb
budc trén thang 4m, bao gém ca diém dau va diém
cubi. Quang tam duoc tinh 1a 8 budc, quang nam
dugc tinh 13 5 budc. Pé dao ngugc quang ndm ta
“trir” n6 khoi quing tam, ta s& thu dugce quing tu,
twong tmg véi 4 budc, vi trong tit ca cic quing,
cac diém diu va cudi déu duoc tinh vao.

1.7. Hoa 4m, Bit hoa Am va quing hoa im
Nhu da dé cap & trén, hau hét cac 4m thanh khéng
phai 1a 4m thuan ma ¢6 chira nhiéu hoa am. Tuy
hoa hop va bat hoa hop 13 cac khai niém tuong
dbi, phu thuéc vao cim nhan chu quan cua ngudi
n;,he cac nghién ctru da chi ra nhimg yéu té duoc
s6 dong cong nhan ¢6 vai tro trong vi¢c tao nén su
hoa hop va bit hoa hop. Khi hai am thanh dugce
phat cung nhau:

e Néu cac song thanh phin bic cao khép véi

nhau, am thanh s& nghe hoa hop.
e Néu cac tin sb khong khép, Am thanh s& nghe
bat hoa hop.

Cac quang hoa am 1a nhiing quing gitta hoa 4m
trong day hoa 4m. Vi dy, trong day F, 2F, 3F., 4F
5F, 6F, cac quang nhu 2:1 (quang tam), 3:2 (quéng’
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nam), 4:3 (quang tu) déu la quing hoa 4m. Do déi
v6i hai néi nhac ndt nhac cich nhau mot quing
hoa &m, c4c hoa &m cua chiing s& tring khép vdi
nhau trong cing mét diy hoa 4m thir ba, hai not
nhac éy s€ ¢ mirc 4o nao d6 nghe hoa hop.

Vi cudng d6 tuong d6i cha céac hoa 4m thuong
giam dan khi bac ctia ching tang 1én, nén cac hoa
am bac thip dong vai tro quan trong nhét trong
viéc tao cam gidc hoa 4m dé chiu (consonance).
Quéng nhac dé& chju nhit 14 quing déng am (1:1).
Tiép theo 1a quing tdm (2:1), rdi dén quing nim
dang (3:2) va quing bon ding (4:3). Nhirng quang
nay duoc goi la hoa am hoan hao (perfect
consonances) va chung tao thanh nén tang co ban
cho hé thong 1én day Pythagoras.

2. H¢ thong chinh Am Pythagoras

Theo dan gian, Pythagoras xit Samos — nha triét
hoc va toan hoc Hy Lap c6 dai song vao thé ky thi
6 truéc Cong nguyén — da tim kiém mot cong cu
dé do luong cam nhan dm thanh, trong tu nhu
cach nguoi ta ding com-pa dé do hinh hoc hay cai
can dé do khoi lwong. Mot ngay no, khi di ngang
qua xudng rén, noi c6 bon (theo mot sd phién bin
1a nam) tho rén dang dap kim loai, 6ng nhén thay
moi cli dap phat ra mot &m thanh c6 cao do khac
nhau. Khi nghe cung nhau, mot sb am tao thanh
nhimg quing hoa 4m dé chiu. Ong da c6 thé nhan
ra duoc ciac quang: quing tdm, quing nidm va
quang bbn. Chi c6 mét cap bua tao ra quing nam
giita quang bdn va quing nim (trc quing hai
truong) ma ong cam nhan 1a choi tai (nghich tai).
Vb cung phin khich, ng chay vio xuéng rén aé
tién hanh cac thi nghiém. 0 do, ong phat hién réng
sur khac biét vé cao d6 khong phu thudc vao hinh
dang cua bua, vi tri cua miéng st duoc dap, hay
luc tac ddng cua ci dap. Thay vao do6, 6ng nhéan
thdy ring cic cao d§ nay lién quan dén trong
luong cua céc chiéc bia, va ong di do luong
ching mét cach chinh xac. Sau do, 6ng tro vé nha
dé tiép tuc cac thi nghiém (hinh 2).

4 0 T?gpuggg S0 582(12-2025)

Hinh 2: Thi nghiém cua Pythagoras trén cdc nhac cu
khac nhau

Pythagoras treo bon sgi day c6 d6 dai, d6 cing va
do xodn béng nhau lién tiép trén mot cai chdt duoc
gin chéo vio goc twong. Ong gin cac vat ning
khac nhau vio day cia cac sgi diy dé tao ra cac
trong luong khac nhau. Sau do, 6ng gay cac cip
day, va nhan thy nhitng hoa 4m giéng hét nhu
trong xudng ren.
» Soi day chiu tai nang nhat (12 don vi), khi duoc
gdy cung v6i sgi diy nhe nhat (6 don vi), tao ra
mot quang tdm. Nhu vdy, ro rang quing tam dua
trén ty 1€ 12:6, hay 2:1.
« Soi day cang nhét (12 don vi) tao thanh quing
nam véi sgi day co tai nhe thir hai (8 don vi) va
quang tu V(")’i so1 ddy cang tha hai (9 don vi). Tur
do, suy ra rang:

o Quang ndm dya trén ty 1€ 12:8, hay 3:2.

o Quang tu dya trén ty 1€ 12:9, hay 4:3.
Tiép tuc, 6ng nhan thiy:
e Ty 1€ gilra soi day cang thir hai (9 don vi) va soi
day nhe nhat (6 don vi) 14 9:6, hay 3:2, cling tao ra
mdt quang nam.
o Ty 1€ gilra sgi day c6 tai nhe thit hai (8 don vi)
va soi day nhe nhit (6 don vi) 1a 8:6, hay 4:3, tao
ra mot quang tu.




poi VO quang bét hoa gilta quin
s, Pythagoras phat hién ring ng
fing khép vO1 cac phép do tron
hutc hién trong xudng rén.

8 nam vy quang
dvra trén ty 1€ 9:8
& luong my gng g5

Ong cing ,chung minh rang qUang tam 1a két qua
cia viée ket hop quang nim vi quiing tu: q

3/2x4/3=2 (1a mot quang tam),

pythagzras s§u dé m& rong thi nghiém cta minh
i st b e Khic v, i i v
binh chira, sa(i, hinh tam giac, dan Monochord, ..
D sir dyng cOng cu nao, dng ludn tim thiy cac ty
1é s0 hoc giong nhau.
V6i nhing phét hién ve méi lin he gitta ti 16 va
cac nc‘?t nhac, Pythagoras di dua ra cach xdy dung
h¢ thong chinh dm dya hoan toan vao i 1& 2:]
(quang pém,) va ti 1€ 3:2 (quang tam), sau nay
dugc bict den rong rdi voi cai tén HE théng chinh
4m Pythagoras.

Hé théng chinh am Pythagoras dua trén chudi
quang nam dung (perfect fifths), mdi quing nim
duge diéu chinh theo ty 18 3:2, ty 16 hai hoa nhat
chi sau 2:1 (quang tam).

Vi du, néu bit dau tir D (Ré) (1én day dua trén ndt
D), sau ndt khac duoc tao ra b?ing cach lap lai sdu
lin ty 1€ 3:2 di 1én, va nim nét con lai duoc tao ra
bing cach Lap lai ty 1& 3:2 di xung:

Eb s Bb » F-C—>G—-D—>A—-E
— B — Ff —» C# — G#

Chudi muoi mot quing ndm ding nay mo rong
qua mdt pham vi tn s6 rat 16n (trér} ban phiﬂ}
Piano, n6 bao phu 77 phim). Vi cée not co tan s
chénh léch theo boi sé cua 2 cach nhau mé? hO;ElC
nhiéu quing tam nén la cung mot loal , no},
Pythagoras chia hodc nhan tin sb cia mot sO not
v6i mot lily thira ctia 2. Muc dich cua vige nay 13
dua 12 nét vao trong mot pham vi nhé hom, ¢ thé
la trong khoang giita not D (R&) 85¢ va nc:t & EI'{e)
cao hon né mot quing tam (c6 tan sO gap doi D
g0c).
Co's¢ cho viéc chi l4y 12 ndt trong
ld do tir mot nét gbc, sau khi 13p
32 di 1én thi c4c nbt thu dugc d
Phan bigt kha ro rang, nhung khi

mot quang tam
lai 11 lan ty 1€
Au c6 thé dugc
13p lai mot lan

nira ta dugc ndt ¢4 ti 18 (3/ 2)12 so véi ndt goc. Ti
S0 ndy rit gn véi 2.

"l:rén thuc té, du c6 lp lai quing nim bao nhiéu
lan di ching nita, ciing khong thé nao quay tro lai
not goc duge, boi vi phuong trinh sau khéng cé

nghiém nguyén durong: (%) =2*

Sai s6 nho xuit hién khi ta xép chéng 12 quing
nam dung (3:2) va so sanh két qua véi 7 quing
tdm (2:1) dwogc goi la Pythagorean Comma.

Diéu nay din dén hé qué 13 khong thé c6 tit ca
quing ndm va quang tdm hoan hao cung lic. Do
do & giir quing tim chuan, Pythagoras phai hy
sinh m§t quang nim. Quing nam bi léch nay dugc
goi 1a “Quing nim So6i” (tén tiéng anh 1a “Wolf
Fifth”) va thuong bi tranh st dung do 4m thanh
bat hoa hgp ma no tao ra.

Vi du, ddi véi cach 1én day dua trén n6t D (Ré),
“Quang nim S6i” 1a quing nam gira G# (Son
thang) va E b (Mi gidng), c6 ti 1€ 40:27, 1éch di it
nhiéu so véi ti 16 3:2. Hé qua cua viéc nay la su
han ché trong lya chon hop am, nét nhac, va su
giéi han trong viéc chuyén giong ctia nhirng tac
phém am nhac duong thoi. Quan trong hon, su

© xuat hién cua “Quing nidm S61” khién cho viéc

hoa 4m trong cac tic pham am nhac cyc ki han
ché. Ciing chinh vi vdy ma i4m nhac phuong Tay
cho dn tan thoi Trung cd - Pau Phyuc Hung van
chui yéu chi c6 mét dong giai diéu duy nhét, khong
c6 hop am hodc cac bé doc lap khac.

3. Hé thong chinh Am ngay nay

Ngay nay, hé théng 1én diy phd bién nhét trong
am nhac 13 hé thdng chia déu quing tdm thanh 12
cung, tén gbc la I2-tone equal temperament
(12-TET). Hé théng 12-TET chia mét quing tdm
thanh 12 nét sao cho ty 1¢ tin sb giira hai nét lién
ké luén gidng nhau. Hé thdng nay tao ra cic budc
cao do déu nhau bing cach thay ddi tin sé theo
ham logarit, gitip cho cic nhac cu c6 thé choi &
moi giong (key) ma khong bi sai léch vé cao do
nhu cac hé théng 1én ddy trude d6 (hinh 3).
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“cTusige 4 1

S6 582(12-2025)




" Equal
"pythagorea® | cENTS |yomperament | CENTS |
Note/interval  |justintervals| CENTS | rpe intervals) I B
0.00 0.00
Tonic C 1 000 | ’/‘2 T 90.22 27" | 10005
Minor 2nd c# 16/15 111.73 ,}2@/""‘"‘“ 91/ .
== o/8 203.91 200,09
Major 2nd D 10/9 18240 | 17— Q14
32/27 294.13 300.09
Minor 3rd et 6/5 315.64 oo =] 2
e 81/64 407.82 400.09
Major 3rd E 5/4 M_—————'—"""—" 298.04 EE 500,05
Perfect4th | F 4/3 498.04 ____,{‘_/_3__5-——4 = &
Augmented 4th | f# 45/32 590.22 729/51 W va 600.00
Diminished 5th | Gb | 64/45 609.78 1024/12"“%'1’.56' 7 = |
Perfectsth | G 3/2 70196 | 32 LFEes 77 = 0 {
Minor 6th gh 8/5 813.69 | 128/81 792.1 = : .00 |
Major 6th | A 5/3 884.36 27/16 | 905.87 i 00.00
: 6/9 | 996.09 2%* 1000.00 |
Minor 7th | a# 9/5 1017.60 16/9 e T il
Major 7th B 15/8 1088.27 243/128 1109.78 2 1100.00
Octave c 2 1200.00 2 120000} 2 1120000

Hinh 3: Bang so sanh cac hé thong lén chinh am: just intonation,

: . 0
hé thong chinh am Pythagoras va equal temperament.

Hé théng 12-TET giai quyét dugc cc han ché cua
hé thong chinh am Pythagoras, nhung doi lai, tat
ca cac quing (trir quing tam) déu bi didu chinh
nhe va khong hoan toan tring v&i cic ty 1¢ tin 5O
tu nhién. Tuy nhién, su diéu chinh nay khéng lam
bién dang qua nhiéu cao do cua cac nét.

Nho vao tinh linh hoat, dé sir dung, va phu hop
voi nhiéu thé loai nhac, 12-TET da tr¢ thanh tidu
chuén toan cau trong am nhac hién dai.
4. Loi két
Timg 14 tiéu chuan trong nhac phuong Tay thoi
Trung C6 va Phuc Hung, hé théng chinh am
Pythagoras dan dugc thay thé boi cic hé thng
duoc cai tién hon, va méi nhat 13 12-Tone Equal
Temperament (12-TET), hé thong phd bién nhét
hién nay. Tuy khéng con pha hop cho am nhac
hién dai, hé thong chinh 4m Pythagoras vin 1a mot
phét minh quan trong trong lich sir am nhac, 1 hé
théng tién phong dat nén méng cho sy nghién ciru,
phat trién va hoan thién cac Tuning systems say
nay.
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PROBLEM' Find the number of

natural

fions of the equation x+ y+z=12

solu with x<5.

solution. The number of natura] solutions

any restriction, of the

without equation
chy+z=12 is C% . This is in fact the Euler candy
Jistribution problem which was mentioned in a
previous issue (Can you explain why numbers 14
and 2 appear?).

We are now interested in the solutions with x>6.
We can take 6 out of 12 and assign it to x. By
this way, the problem is reduced to the problem of
counting the number of natural solutions of the

gquation x+ y+z=6, which is again the Euler

candy distribution problem. This number is C7.

Then the number of natural solutions of the

equation x+y+z=12 with x<5 1s equal to

CL-C3.
Remark: This problem is proposed by teacher

Nghiém Xun Luc, Thang Long High School, 44
Ta Quang Buu, Bach Mai, Hanoi.

TU VUNG/KI HIEU
natural solution : nghiém tir nhien
Euler candy distribution problen :

bai toan chia keo Euler

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

BAI DICH SO 121

BAI TOAN. Duwong cong trong hinh vé dugc xdc
dinh boi phiwcong trinh:

(x® +y2=2x) = 2(x* +37).
Hoi duong thang nao trong cac duong thang a, b,

¢, dla truc Oy?

Ve ... g (A o ot bid
Loi gigi. TAt ca cac so mil cua bién y trong

Phuong trinh 1 chén. Vi vay néu diém (x; y) ndm

Fk etk de de e e ok o ke e ok e e ek kKKK

trén duong cong thi diém (x; —y) cing nam trén
duong cong. Vi vdy duong cong sé d6i ximg qua
truc Ox. Vi vay truc Oy sé 1a duong thang a.

Chu thich. Bai toan nay duoc dé xuat dua vao
mot bai toan trong cudc thi toan Kangaroo.

Nhdn xét. Hoan nghénh céc ban: Bui Tung Lam, 11
Toin 1, THPT chuyén Ha Tinh, Nguyén Hing

Cuong, phuong An Nhon, Gia Lai da c6 bai dich

NHU HOANG (Ha Néi)

i*7"*'k**‘k'k‘k'k*'l-"k**-k***'k*‘k*‘k‘k************7\'*********************

THONG BAO

Ban doc c6 thé ¢t mua cac 4n phém cu
cia VNPT trén ca nudc voi mé da
Todn Tudi the 2 (C169.1); Van ho

a Tap chi Toén hoc va Vin hoc trong nha truong tai cac buu cuc
¢ nhu sau: Todn hoc va Tudi tré (C168); Todn Tubi tho 1 (C169);
- v Tudi tré (C668); Van Tudi tho (C668.1).

sk s e ook ok ok kst ok ok sk s e skl sk sk ke e sk ok st ok sk s ok ok ok sk ok ok sk ok ok sk ok ok ok
*okok s ************* % ok sk sk ok
Sk ok o o o sk ok ke ok ok o ok ok ok K
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BAI TOAN 102. Cho ba s6 thiee dirong a, b, ¢ va
a,BeR,a, f20. Ching minh rang

a® ha o 3(&” +b% +C“)
> .
bP+cP  chral  af +bF 2(al +bF+cF)
a“ b c?

Loi gigi. Dat T= 4 + .
N i bP+cP  cP+af  aP +bP

Cdch 1. D& thiy

a2a bZa cZa
" a%bB+a?ch  bach +b?al  ceab +cebB’
Theo BPT Schwarz ta co:
(aa +h%+c® )2

a%bP +a%ch +b%ch +b2ab +caabf +cobP’

V6i a,b,c>0;a, >0 thi (a®-b%),(ah-bP)
khéng thé trai dau nén: (a®-b% )(a? —b# )20

hay a®P +bath >q2bf +albe.
Tuong tu : b¥B +c2*B >poch +bbce,

c®B1+qa* B >cqh +chqa.
Vay: 2(aa+/’ +path +c“+ﬁ)

>a?bP +a%ch +b%cP +b%aP +c2abf +cabh

< 2(a%h +b@+f 4c2+F )

+2(a%bP +a®cP +b*cP +b%aP +c?al +caph)
23(a%bP +a%cP +b%cP +b%aP +c2al +cabh)
<::>§(a‘z +b% +c )(aP +bF +cF)
2a%bP +a%cP +b%ch +b%al +cagB +capp,

I
0 do: 2

g(azf‘ +b% +c*)(al +bP +c#)

S(a“ +b* +c“)
2(aﬂ +b# +cﬂ).
Déu déng thirc x4y ra khi va chi khi hoic g=p=¢

hay T2

hodc A=0. Bai toan dugc ching minh,

TOAN HOC
44
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Ciich 2. D& thiy

2a b2a c2a

—
Tl P b ol
a

ta cO:
Theo BPT Schwarz X
(a=+b*+c® )
Y
Tzaabﬂ +a%ch +baC'B +b%af +Caaﬂ+cab,8
Khong mét tinh tong quat gia si: a=b>c>0

—q% >2b%* 2% >0; aP>bP >ch >0,

Theo bat dang thirc Chebyshev thi:

3(aa+ﬂ +bath +ca+ﬂ) (aa +b% +c® )(aﬂ +bB +cﬂ)

o 2(amtf +bF +catP)
>a2bP +a%cP +b%cP +b*alf +cab +capp

& 2(ar? +bathB cth)
+2(abP +a®cP +b%ch +b*af +c*af +cobh)

>3(a?bP +a%cP +b%cP +b*al +c*aP +cbh)
<:>§(a“ +b* +c% )(a” +bﬂ+cﬂ)

>a?bP +a%chP +b%ch +b%al +c*alf +cebb.
Viay
a4+ pa yc@ )2 3(a“ +b@ +c")

rs. | . |
2(af +bP +c#)

%(a“ +b +c )(aﬁ +b# +cﬂ)

Cich 3. Dé chimg bai toan dé ra ta ching minh
bai todn twong dwong sau:

(a8 +b8 +cB) 2 be c*
bP +ch cﬂ+aﬁ aﬂ+bﬂ

arsbrect)
ST T
2
- ( a2+pB ba+ﬂ Ca+ﬂ : (a" +h2 +ca)
bP1ch cB +ab aﬂ +b5 2
Khéng mit tinh tong quat gia str: a>b>c>0
=a%>pe >ca._ 4 b ;d
- DPrcP P rah abibh
eo bt déng thirc Chebyshev thi:
( a2+p ba+p catp
\_'_\
bBycB " B +qah +aﬂ +b,5‘)

1( ab

> bs
Tal T ——
3\ bB o8 cﬂ+aﬂ+

j(a“ +b +¢7)

abf +ps




Mt khac, theo bat dang thirc Nesbitt ta dugc.

Y Y I - 53

5‘.

a®p bat+p ca+p -
] e alit (e +b5 1
Suy I [bﬂwﬂ Cﬂ+aﬁm]2\7J.

cich 4. bat S=aP +bB 4B,

pé chimg minh dé ra ta chimg minh bai toan tuong

duong:
2a%F —abf—ac? 2bF —pach _pagp
2(bP +cP)S 2(cP +ah)s

N 20048 _cagh _capp
20
2(af +bP)S
20°+F —a®bP —a%cF 2b+B _pach _pagh
(b7 +c”) (ch+aP)
2c04P —caqh —caph
C (af+bh)
Bii toan dé ra va (1) déu 1a bat ding thirc déi
ximg. Khong mat tinh tong quat gia sir: a2b2¢>0.
Khi doé:
2098 —q?bPf —a®cP >0>2c%+F —c2qf —cabP
{ 0<(bﬁ +Cﬁ)S(Cﬂ +aﬁ)£(aﬂ+bﬂ)

hay

>0 (1),

Suy ra:
2098 —qapbh —qch . 2q%+F —qabP —a?cF
(bP +cP) (cP +af) ;
2bath _pach —baah b7 -back -b%al
(ch +af) - (cP +aP)
2ca+B —cagh—capB _2co+B —c?alf —c*bf
(aP +bF) (cP +a?) '

Cong theo vé ba BDT trén sé dugc:
(2a?*F —a®bP —a%ch)

VT(1)2
(ch +a”)
(Qbarf _pach—bral)+(2cr —c*al —c"bl)
| (P +aP)

Bét déng thirc (1) sé duge chimg minh, néu chirng

minh dugc:

(20248 —qaps —quch )+(2baP ~bec? b a”)
+(2c”+ﬂ —c*al —c“bﬁ)ZO (2)

hay (aa"*'ﬁ +ba+ﬂ _aabﬂ __aﬂba)

+(ba+ﬁ ey —pach _bﬂc“)

+(C“+ﬁ +a2*f —c?af —cﬂa”)z 0.
Nhin thz’iy: (a‘”ﬂ +ha+B —gaph _aﬁba)
=a%(al -bP)-b% (a? -b#)
(P~ )(a—b)20.
Chirng minh trong ty véi hai biéu thirc con lai s&
duge (2) dang. Vay (1) dugc ching minh do do6
bai toan dé ra cling dugc chimg minh.

Tom lai: V&i ba s6 thuc duong a, b, c va
a,feR,a, f>0 thi

a® pa ca _3a%+b%+c?)
+ + >4 .
bPich cBiraP af+bP  2(af+bF +cf)

NGO VAN THAI
(Hung Yén)
Nhén xét. Hoan nghénh ban Nguyén Hing Cuwong,
phudng An Nhon, Gia Lai dong gop 4 cach gidi,
tuong tu nhu nhirng cach giai trén cua ban Ngé Van
Thdi, ngudi gioi thigu bai toan.
NHU HOANG (Ha Néi)
Moi cac ban guri 161 giai BAI TOAN 102 dudi day
vé Toa soan Tap chi TH&TT trudéc ngay
30/11/2025.
BAI TOAN 104, Trong lé ky niém 60 nam thanh
lap trucng THPT D6 Lieong 2. nha trirong 16 chire
cho cdc khoi 16p cam trai. Cac trai ¢6 dang hinh
chép S.ABCD trong do diy ABCD la hinh thang
can, dirong cheo
BD=8m,BC=2.1D,
ASBC ¢an tai S vd nam
trong mat phang vuong

goc voi day, canlt SB 1qo

voi mat day goc 439, Tinh

do dai canh day AD de phin khong gian bén trong
trai lom nhat, lic do tnh the tich phan khong gian
trong trai (tham khao hinh veé).

NGUYEN bON
(GV THPT Pé Licong 2, Nghé An)

TOAN HOC
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BAI TOAN 110 (Belarus 1999). Nic dinh cdc s6

co ba chir so, chia hét cho 11, sao cho thuwong so

trong phép chia so dé cho 11 bang téng cac binh
phieong cac chit s6 cua so a”:\',

Loi gidi. Goi s6 phai tim 1a abc thi ta c6:
abc=100a+10b+c =11(a* +b* +c*) (1)
trong do a,b,c 1a cic s6 nguyén cé gia tri 1a mot

trong cac s6 0, 1, 2,...,8,9,ngoairaa#0.
bé y rang:
1002 +10b+c=99a+11b+a-b+c (2).
Nén tir (1) va (2) suy ra:
a-b+c:11 hay a-b+c=11lk,keZ (3).
Vi 1£a<9,0<b,c<9 nén -8<a-b+c<18.
Két hop vdi (3) suy ra k= 0 hodc k= 1.
e THI1: k=0. Tu (1) va (2) ta co:
99a+116=11(a’ +b*> + %)
< %a+b=a’+b> +c* (4)
Do k=0 a-b+c=0<=b=a+c, nén thay
vao (4) ta cé: 10a+c =2(a* +ac +c?) (5).
Tu (5) suy ra c 1a s6 chan. Gia sit ¢ = 2n, neN,
thay vao (5) ta co:
a —(5-2n)a+4n* -n=0

,_5=2n%-120" 161 +25
; .
Xét tam thirc bac hai: —12n" —=16n+25 ¢6 cac

4+91
6

nghiém la , do do:
—4-/91 ~4+/91
<n< <
6 6
Vi n 12 s6 nguyén khéng 4m nén » = 0,
Suy ra @ = b = 5. Nhur vdy & truomg hop nay ta
duoce s6 550.

TOAN HOC
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1.

-TH21k=I.Tl‘I(1)Vé(2)tac(): o
99a+11b+11=11(a2+b +c?)
o 9at+b+1=a’+b"+c (6).

Do k=lea-b+c=1le@b=atc—ll ngy

thay vdo (6) ta ¢0:
10a+c-10=a’+c’ +(a+c-11)’

24 +2c° +2ac-32a-23c+131=0 (7).
T (7) suyracla sble. Giasuc=2n+1, neN,
thay vao (7) ta dugc:
&’ —(15-2n)a+4n’ =19n+55=0

15— 2n++-12n% +16n+5
oa= > :

Xét tam thirc bac hai: —12n° +16n+5 ¢6 cic

4t6‘/i, do d6:

4-+31 4+431

gpt—=< 2
6

Vi n 1 s6 nguyén khéng am nén n =0 hodc n=1.

15+/5

nghiém la

la sO vo ty, trai véi

Néun =0 thi a=

2
diéu kién a 14 s6 nguyén.
15-2+3

Néun=1thiag= = a=5hoica=8.

+Véia=35 thic=3vab=-3 (loai).
+Véia=8thic=3, b=0, ta duoc s 803.
Két lugn: C6 hai s6 can tim 1a: 550 va 803.
Nhdn xét. Mot s6 ban c6 huéng giai dung nhung
tinh todn nham nén chi tim dugc mot sd 1a 550.
Hoan nghénh cac ban: #6 Pai Viér, 9A10, THCS
Quang Trung, Lam Déng; Neuyén Quéc Binh,
ILAl, TH, THCS&THPT Lé& Thanh Téng, TP. Hb
Chi Minh; Nguyén Hing Cuwong, phudng An Nhon,
Gia Lai da c6 16i giai diing cho bai toan nay.

NHU HOANG (Ha Ngi)
Sau day 1a bai tap dé nghi. Ban doc hiy gui 161

%1%, x
X A

8121 ve Toa soan TH& TT trude ngdy 30/1/2026.
Iiv.»\'l FOAN 112, (0 cde 86 thiee diong a. b, ¢
Chitng minj, rang

a+ ¢ b +a
"R + —_—

c+b a [7 @
/ +— <
)+ ¢ CH+q

<—+—+—.
a+b b ¢ a

NGO VAN THAI (Hung Yér)




GIAIPAP: KET QUA DA BUNG CHUA?
(pé dang trén TH& TT s0 578, thing 8 nam 2025)
Phén tich. Ta thay ring, dang thie

2 2
17 9 21 21
(-‘ +5) +(y _EJ ‘?=——2— xay ra khi

2 2

7 5 9 7 9
x+— =0 va —— | =0 X=——,y=—
(‘ 2) [J 2) Tty

. 21 =i
Tuy nhién, P=—7 xay ra khi (x+—) =0,
2

2
(y-—i] =0 va x?+y2+4x-8y+13=0 (*).

. 7 9 . . . .
Vi x:—E’))zi khéng théa man (*) nén dang

1
thue P=—'—22— khong xay ra.

17 1)
Tuong tu, P=7 xay ra khi (x+5) =0,

2
(y—%] =0va x2+y2+4x-8y+13=0. Nhung hé

T —— 17 31 ,
nay vo nghiém. Ching t6 P =5 khong xay ra.
Két luan vé gia tri nho nhat, gia trj nhé nhét cta
ban Hiru Thing déu khong ding.
Léi gigi diing. Tis P=3x—y+9 taco y=3x—P+9
va thé vao ding thic x? +y2+4x—8y+13=0, thu
duge: x2+(3x—P+9)° +4x—8(3x—P+9)+13=0

< x2+9x2 4+ P2 +81-6Px+54x—18P+4x
_24x+8P-72+13=0

©10x2+2(17-3P)x+P2~10P+22=0 ().
Coi (*) 1a PT bic hai 4n x. PT nay cé nghi¢m khi

Va chi khi (17-3P)%-10(P? ~10P+22)20

&5289-102P+9P2—10P2+100P-220>0
& P242P-69<0e —1-J10< P<—1++/10.
Néu P=-1+10 thi

L_3p-17 3(-14+410)-17 31020

10 10 10
3J10-20 J10
=32 770 (14410)+9 =4——.
10 ~(-1+V10) 10

Néu P=-1-/10 thi

_3P-17 3(1f) _-3/10-20

10 10 10
_3\/— =1 ( 1- \/—)4-9 4+—‘/—I_2
10
Vay minP:—l—x/E, dat duoc khi
~3410-20 Jio
x:—————’y:4+——7
10 10
rnaxP=—1+\/I6, dat duoc khi
~3410-20 J10

g N
0 710

Nhin xét. C6 mét so ban phét hién duoc sai lam nhung
tinh toan bi nhim nén két qua tim ra chua dung.
KIHIVI

LOI GIAI CO DUNG
KHONG?

BAl TOAN. Trong hé toa do Oxy, cho bat
phuong trinh 2x+y>2 ¢6 mien nghiem (H).
Dung hinh vuong ABCO c¢o canh a nam trong

goc p//(;/l ar thie nhat (x=0,y=0). Tim a dé dién

tich phan chung gitta mién nghiém (H) va mien
; ; . o
hinh vuong ABCO bdng —.
4

(Xem tiép trang 18)
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YUAT BAN TU 1964

Tup chi TORN HOC vi TUOI ToE NI

DT Bién tap: 024.35121607,

M@Bhemmﬁﬁcs ﬂﬂ'ﬂd Yﬁﬂﬁﬁh M@!@@liﬂe DT Phat hanh: 024.35142649, 024 35682701

Email: toanhoctuaitrevielnam@amall.com

—

BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. TRAN VAN NHUNG Téng Giém doc NXBGD Viet Nam
TS.NGUYEN VAN VONG NGUYEN TIEN THA_NH
PGS.TS. TRAN VAN HAO Téng Bien tap NXBGD Viét Nam
o A PHAM VINH THAI

Vién tnrdng Vién nghien ciu Sdch va HLGD
LE HONG SON
HOI DONG BIEN TAP
Phu trach Tap chi. TS. LE H6NG MAI Thu ki Toa soan: CN. VO THI HONG THU
7S. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, 5. TRAN NAM DUNG, T5. NGUYEN MINH BUC, T5. NGUYEN MINH HA,
7S NGUYEN VIET HAL PGS. TS. LB QUOC HAN, Ths. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,

GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. TRAN HOU NAM, TS. PHAM THI BACH NGOC, PGS, Ts. TA

DUY PHUONG, ThS. NGUYEN TUE THACH, GS. TSKH. PANG HUNG THANG, PGS, TS. PHAN DOAN THOAL ThS. VU KIM THUY,
PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ Danh cho Trung hoc Co s 21 Gidi bai ki trudc

For Lower Secondary School Solutions to Previous Problems

Vii Duy Pinh - Mt sé ky thuat sit dung biét thirc T1/578, ..., T12/578, L1/578, 1L2/578

Delta d¢ giai phuong trinh vé ty va phuong trinh &) Phuong phip gidi todn

nghiém nguyén. Nguyén Tudn Ngoc — Mt sé dang thirc va bét

. ) ‘ dang thirc c4c ham sd hoc va img dung.

Huong din gidi dé thi vao 16p 10 THPT chuyén .

(1 .;'- T 2 ~ e A
TP. Ha Noi (chuyén Tin), nim hoc 2025 — 2026, oan hoc va ddi song

Nguyén Ngoc Khang — H¢ théng chinh am: Co

DE thi vao 16p 10 THPT chuyén tinh Nghé An, 36 todn hoc ciia cc nét nhac.

ndam hoc 2025 — 2026.

) Tiéng Anh qua céc bai todn — Bai s 123 -

@ Dién dan day hoc toan Bai dich s6 121,
A o Y . '3 bt A
Pham Thi Nga ~ Xay dyng phuong phap gidi bai D whita cien gia cng WL Bl todin Gl
, t EiI _ 4 . ,
toan dém 16p 10 trung hoc phé théng, oan 102 - B¢ bai toan 104,
@ Du lich thé gigi qua cic bai toan hay - Gii
@ Péra ky nay Problems in Thiy fssye

bdi todn 110, P& by; toan 112.

T1/582, ..., T12/582, L1/582, 1.2/582 @ Sai lim ¢ diau?
u’?

Bién tdp: KIM THANH, NHU HOANG Mig ;
‘ o oy ~
Tvi sut, phiit hanh: TRAN TH| MINH HIEN 14 QUOC HIEP, THANH LONG
Thiét ke, ché ban: MINH HOA




AT BAN GIAO DU
1 GIAO KHOA CHO

qam dén nay, t8ng kinh phi danh cho cOng
(¢ xd hOl W thign cta Nha xuat bin Gido duc_ vigt
m (NXBGDVN) dat khodng 5 ty dbéng, trong do hon

P- -
117.000 ban sach gldo khoa dd dugc trao tdng cho hoc

sinh vung 1. 7 e
Theo b4o cdo t8ng hap ti BO GD&BT VA ¢ | qloTo

¥ 3 khidn hdn 1.z
huong, mua | trong thang 11 da khién ho 0
el ; ddng; nhieu

trung va diém truding phai tam dung hoat AL
noi ngap sdu gdy hu hdng sach giao khoa, VO viet va do
dung hoc tap. Mot sd tinh nhu Khanh Hoa, Dék‘ La_k,
Quang Noai, Gia Lai va Lam péng clng thigt hai dac
biet 1an vé trang thi€t bi va co s§ vt chdt trudng hoc.
55 GIAD DUC VA 0AU 1AO TINH THAI N
. wouk KA BAR G140 BUC WITT RAM .
] 3 o YU p— 1+
| = TRANETICH -
| = )

Ong Nguyén Man
NXBGDVN (thi hai tu ph

NXBGDVN ting séch
ving bj 1

Dén thai diém hié
tro gdm: Dign Bién, Nghe A

Gidy phép XB s6 534/GP-BTTTT cédp n
In tai Xi nghiep

In xong va nép luu chi

c VIET NAM TRAO TANG

HOC SINH VUNG I |

hai Nguyén, Cao Bang va Bic
Ouang'nla_rawnt?éssd:c;thuoC ?huc hién trén co sd tdn
::éeiu‘;'l ciia cdc dja phuclng va ra sodt nhu cdu tr
ciia Wing truong hoc chiu thiét hal. ol |
cung vai do, NXBGDVN dar!g chy n. bhl :;]i; |
tigp theo cho céc dja phuong vua ch|!1 :12' n_
ciia dot mua IG mdi g6m: TP. Hué, Ba Nang, QPU
va bdk Ldk. Trong ngay 25/11, NXBGDVN cin j
dong lien hé voi Khanh Hoa, ‘Ouéng 'Ngﬁj va L§m g
dé ra soat mic do thigt hai va té chuo_hﬁhtrq k;p‘mf.
Ngoai sach gido khoa, NXBGE)VN da danh 11ty U“”?
tién mat dé hd trg cong tac khdc phyc hau qud mua [C
tai mot s6 dja phuong. pay la khoé'n hé trg ‘nhém‘ giiip
c4c truong sua chua cd sO vat cha}, mya sam cac ‘dé
dung hoc tap thigt y&u va ho trg khan cap cho hoc sinh

¢6 hoan canh kho khan. e

Tinh chung tit ddu nam dén thoi diém hién tai, tong
kinh phi NXBGDVN danh cho cac hf)at.‘dc;ng xa ‘h@i: tif
thien da dat khodng 5 ty ddng, the hrgn-su cr:u dong
' 3i clia don vj ddi vai cong dong.

) két danh tong kinh phi dén 20 ty
nh dng ho sdch gido khoa cho hoc
g kho khan trong nam nay. Cic
han vé sach gido khoa do mua
g van vé NXBGDVN dé ching toi
0 trg nhanh nhat co thé” - dai
IN, vGi tinh thian “chung tay vi
GDVN cam két ludn ddng hanh,
Op hoc sinh & mQi mién dat
tri thic, du trong bat ki hoan canh

] BAN TRUYEN THONG
(Wha xuat ban Gido duc Viét Nam)

Gia: 22.000 déng

Hai mudi hai ngh'ln déng




