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NHA XUAT BAN GIAO DUC VIET NAM TO CHUC
KI NIEM NGAY NHA GIAO VIET NAM 20/11

Séng 8/11/2024, Nha xudt ban Gido duc Viét
Nam (NXBGDVN) td chitc chuong trinh Ki niém
Ngay Nha gido Viét Nam 20/11 va Héi nghi tic
gié‘ sich gido khoa. Pay la hoat dong ¥ nghia
nham tri &n va vinh danh nhilng nha gido duc
co dong gop 16n cho nganh Glao duc Viét Nam.

NXBGDVN vé cd bdn da hoan thanh viéc bién soan hai bj
sdch gido khoa theo Chuang trinh Gido duc phé thong 2018

Chuong trinh la hoat dong thuong nién dé
NXBGDVN gip gd va tri dn cac nha gido, tac gid
bién soan sich gido khoa, hudng dén ki niém
Ngay Nha gido Viét Nam 20/11.

Phat biéu tai 1& ki niém, ong Nguyén Tién
Thanh - Chii tich Hoi déng thanh vién, Tdng
Giam d6c NXBGDVN bay té long biét dn siu sic
dén cac tac gid, nha khoa hoc va nha giao,
nhifng ngudi da cong hién khong ngiing dé bién
soan cac b¢ sich gido khoa chat lugng, dap ing
nhu cau gidng day cho hang tri¢u hoc sinh.

Nam nay la cot moc ddc biét khi by sach giao
khoa mdi theo Chudng trinh Gido duc phd thong
2018 dudc hoan thién. Day cing la lan dau tién
sach giao khoa dugc x4 h¢i héa rong rai, doi héi
sy tam huyét va nd luc tif gan 1000 gido su, tién
si, nha khoa hoc va nha gido khdp cd nudc. Vdi
sy déng long va tam huy€t, cic nhom tdc gid da
vugt qua kho khian dé mang dén nhiing by sach
chat lugng, gitp hoc sinh ti€p can tri thic mot
cach gan gii va hiéu qua.

Véi hon 67 ndm gan bé cung nganh gido duc,
NXBGDVN ludn giit viflng vai tro tién phong trong
linh wyc bién soan va phat hanh, cung cdp tdi
75% sach gido khoa toan qudc. Téng Giam déc
NXBGDVN Nguyén Tién Thanh ciing khang dinh,

ching dudng phia trudc con nhiéu thach thic
nhung vdi tinh than doan két va sang tao,
NXBGDVN cam két sé ti€p tuc nd lic dé mang
dén cho hoc sinh, gido vién nhiing sdn pham
sach t6t nhat, gép phan xay dung nén gido duc
hién dai, tién tién.

Trinh by bdo cdo tong két cong tic bién
soan sach gido khoa theo Chuong trinh Gido duc
phd thong 2018, TS. Tran Quang Vinh - Phé
Tong bién tdp NXBGDVN cho biét, qua trinh
thim dinh sich gidao khoa cia NXBGDVN dugc
thuc hién theo hé thong quy trinh va tha tuc
chat ché, ding quy dinh cia Hoi dong quoc gia
thdm dinh sach giao khoa, dugc By GD&DT pheé
duyét. Moi bo sach trdi qua cic budc thim dinh
nghiém ngit, tif nghién citu, phdn bi¢n dén bao
cdo giai trinh, nhdm ddm bdo chat lugng va tinh
phi hgp ctia néi dung.

Ngoai viéc chu trong vao cac by sach giao
khoa chinh cho cac cdp hgc, NXBGDVN con md
rong bién soan cac sach ngoai ngit 1 ngoai tiéng
Anh nhu: ti€éng Han, tiéng Nhat, ti€éng Trung,
tiéng Phdp va tiéng Nga,... Tinh dén nay,
NXBGDVN da hoan thanh bién soan va phat
hanh 485 dau sach giao khoa tit 1dp 1 dén 16p 12.
TS. Tran Quang Vinh cho biét thém, t4t cd cac
sdn phdm sich gido khoa déu dugc ding ki bin
quyén, tuan thd nghiém ngit cdc quy dinh cta
Bo GD&BT.

Bén canh cong tac bién soan, NXBGDVN
ciing da td chic chudng trinh tap huin tai cac
tinh thanh, nhdm hd trg gido vién ndm ving ndi
dung va phudng phdp st dung sich gido khoa
mdi. Cac chuong trinh nay giip gido vién cap
nhat cdc phudng phap gidng day hiéu qué va sit
dung tai liéu gido duc hién dai trong qua trinh
gidng day. Trong thdi gian tdi, NXBGDVN sé ti€p
tuc hoan thién va mé réng cac chudng trinh bién
soan sach gido khoa, nhdm dap itng kip thdi yéu
cau ddi mdi gido duc, dong gop tich cuc vio viéc
nang cao chit lugng gido duc nudc nha.

BAN TRUYEN THONG
(Nha xudt bdn Gido duc Viét Nam)
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TRUNG HOC CHSG |

Y PHUAT S DUNG D0NG NeT A 6
TRONG GIAI HE PHUONG TRINH =

PHAM VIET BAC ;
(GV THPT Ky Anh, Ha Tinh) /

Mé diu. Trong d¢ thi tuyén sinh vdo 16p 10
chuyén todn, ciing nhu céc ki thi chon hoc sinh
gioi todn 16p 9, 16p 10, cdc bai todn vé hé phwong
trinh thudng xuyén xuét hi¢n. Phuong phép co bin
thudmg sir dung dé giai cac h¢ phuong trinh 1 sir
dung céc phép bién ddi dai sb, dit in phy dé dua
vé cic h¢ phuong trinh co ban. Trong qua trinh
vin dung céc phuong phap trén nhén thiy thudng
bit gip mdt s6 khé khin .

Xuit phat tir thyc tién trén ciing nhu mong mudn
hinh thanh cho cac em hoc sinh thém ki ning giai
hé phuong trinh nén ching t6i xin gidi thigu voi
ban doc bai viét: “K7 thudt sir dung dong nhdt hé
$6 trong gidi hé phwong trinh”.

Pé bit ddu tim hiéu ki thuat ddng nhit hé sb ta
xem mot thi du sau:

Thi du 1. Giai hé phwong trinh
J7x+y+\/2x+y =5
X=y+2x+y=1 .

Tx+y20
2x+y20

Tacod: x—y+2x+y=1

& \2x+y +%(7x+y)-—-§-(2x+y)=l.

= 7 + 20 2=
o e

Loi gidi. Diéu kién: {

b=y2x+y20 b2=2x+y'
H¢ dd cho tr¢ thanh:
a+b=5

besat-Bp oy
5 5

a=5-b
= .
b+3(5-b)2—§b’=1
5 5
a=5-b
-b*-5b* +14=0

b=2 Tx+y=9 x=1
= = = .

a=3 2x+y=4 y=2
x=

y=2
Nhin xét. Phai ching viéc bién dbi dé giai dugc

Suy ra: {

Vay hé da cho c6 nghiém {

hé phuong trinh da cho 13 ngéu nhién do may mén
hay c6 mét sy suy luan hop li ndo d6 gitp ta c6 1oi
gidi nhu trén.

Ta di phan tich nhén xét va cic co s& dé c6 dinh
hudng 161 giai.

Ta phén tich:

x=-y=m(1x+y)+n(2x+y)
=(Tm+2n)x+(m+n)y.

a

Tm+2n=1 |"75
= .
m+n=-1 8

n=——

5
Trdotaco: x—y+2x+y=1

Suy ra: {

3
& \2x+y +E(7x+y)—§(2x+y)=l.

Thi du 2. Giai h¢ phwong trinh

JSx+y+2x+y =3 (1)
J2x+y +x-y=1 ()

(Pé thi hoc sinh gidi tinh Ngh¢ An, nam 2014).
Phdn tich. O diy ta chi cin biéu thi x—y theo

S5x+y va 2x+ y. Gid sir:
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X=y=m(5x+y)+n(2x + y)
=(Sm+2n)x+(m+n)y

{Sm +2n=1 {m =1
= = :
m+n=-l n=-2
Tir 46 ta ¢6 loi giai.

Sx+y20

Lai gidgi. Diéu kién: ,
2x+y20

Ta c6: {\/Sx+y+\/2x+y=3

J2x+y + x=-y=1
{\/Sx+y+\/2x+y 3

J2x+y + 5x +y-22x +y) =
a=,5x+y 20 A +
Dat{ VSx+y :{a +5x+y

b=y2x+y 20 b2=2x+f

a+b=3
b+a’-2b" =1

b=3-a
Lol
a’-1la+16=0

11J—0
>0
(cht ¥ ring véi a = ‘/_

11+J5—7_
2 =

Ta ¢6 h¢ phuong trinh: {

11+

557

2

b=3-a=3-

"
J5x+y =11_2J§

\/2x+y =ﬂL‘f5—7

: 2

(o 89-11J57
2

Sx+y=
41-557
2

Suyra: |

2x+y=
x=8-+/57
& yuds J57 (thod man diéu kién).
2

TOAN HOC
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< 0: loai).

Viy hé phuong trinh c¢6 nghiém la:
(x;y):[S—\/ﬁ;gu;[S—./}.

Bay gi¢ ta xét dang hé phuong trinh khéng chira

can
Thi du 3. Giai h¢ phirong trinh:
Jx‘+y‘:91 (n
]-1_( +3y" =16x+9y )
Léi gidi. Nhan hai vé ctia phuong trinh (2) véi —3
rdi cong vé theo vé véi phuong trinh (1) ta co:

X +3° =12x* =9y’ =91-48x-27y
<:>(x—4)3

Nhur vay ta c6: {

=(3-y) @x=7-.
¥y’ =91
4x* +3y* =16x+9y
e X4y =91
x=T-y
Y =Ty+12=0
x=T=y

L —

= y=4,x=3.
y=3,x=4

Viy nghiém cua hé¢ phuong trinh la:

x=3 [x=4
y=4 |y=3

Nhin xét. Khé c6 thé ding phép thé hojc dit an
phu dé giai hé phuong trinh trén nhung ta thiy
trong h¢ phuong trinh trén cic bién x, y trong timg
phuong trinh dimg dgc lap va bac cua x, y déu co
bic 3, tir d6 ta nghi dén viéc két hop hai phuong
trinh dé dugc phuong trinh dang

=(b- y)3 .
Nhén phuong trinh (2) véi m rdi cdng vé theo vé
vai (1) ta co:

2+ =91+ m(4x* +3y* —16x-9y)=0

(x+a)3

& X +4mx® -16mx+y* +3my* ~<9my-91=0(3);
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(x+a) =(b- y)3 < x' +3ax’ +3a’x+y’
-3by’ +3b°y+a’ —b =0 (4).
Dong nhit cac hé s ctia phuong trinh (3) va (4) ta
a’-b =-91
cO: <3a=4m, -3b=3m 1))
3a* =-16m, 3b* =-9m
Giai hé (I) tadugc: a=-4,b=3, m=-3.
Tir qué trinh phan tich va tim céc hé s6 a, b, ¢ nhu
trén ta ¢6 1o gidi nhu da trinh bay.
Pé c6 mot cach nhin rong hon vé phuong phép hé
s6 bit dinh ta xét tiép bai toan sau:
Thi du 4. Giai h¢ phuong trinh:
I{_\“ - y* =240 (N
l =2y = 3(_\"‘ ~ 4y’ ) —4(x-8y) (2)
(Dé thi VMO nam 2010)
Phan tich. Tuong tu nhu bai trén ta c6 ¥ tuong két
hop hai phuong trinh trén thanh phuong trinh
dang (x+a)' =(y+b)".
Nhan phuong trinh (2) véi ¢ rdi cong theo vé véi
phuong trinh (1) ta cé:
xt -yt =240+ c[x’ -2y’ -3(x* - 4y%)
+4(x-8y)]=0
& xt + o —3ex? +4xc=y* +2cp’ -12¢)°
+32cy + 240 (3).
Mit khac: (x+ a)4 =(y+ b)4
& xt+ax’a+6x*a’ +4xa’ +a =yt +4y°b
+6y°b* +4yb’ +b* (4).
Dong nhét theo vé hai phuong trinh (3) va (4) ta
b* —a* =240
c6: {4a=c,2d*=-c,a’=c .
c=2b,-2c=b*, 8c=b’
Suyra: c=-8,a=-2,b=-4.
Léi gidi, Nhn hai vé ctia phuong trinh (2) véi -8
roi cong theo ve vdi (1) ta c6:
4 4 x=y-2
(x-2) =(y-4) <:>[x=6-y'

Véi x =y -2 thay vao (1) te ¢b.
8y’ —24y* +32y+224=0
& (y+2)(8y? —40y +112)=0
@y=-2x=-4,
Vi x=6-y thay vao (1) ta cé:

Y =9y* +36y-44=0
<:>(y—2)(y2—7y+22)=0
oy=2=x=4.

Vay h¢ phuong trinh c6 nghi¢m:

x=-4 [x=4
y=-2"|y=2

Béy gi& ta xét hé¢ phuong trinh chira hang tir c6
dang x"y" déu c6 thé giai bing phuong phap trén
khéng
Thi du 5. Gidi hé phuong trinh:

x*+2xp 42y +3x=0 (1)

x4y +3y+1=0 2)
Phin tich. Ca hai phuong trinh déu c6 bac hai va
phuong trinh (2) xuét hién hang tir chira xy, nén st
dung cach 1am nhu thi du trén s& gdp khé khan.
Mdt cach giai thuong ding véi loai ndy 1a dua vé
dang phuong trinh bac hai cia (ax + by).
Nhén phuong trinh (1) véi m, phuong trinh (2) vai
n rdi cong theo vé hai phuong trinh ta cé:
m(x2 +2xy+2y° +3x)+n(xy+y2 +3y+1)=0
< mx’ +(2m+n)xy +(2m +n) y*

+3(mx +ny)+n=0.

Ta tim céac hé sé m, n, k sao cho
< mx’ +(2m+n)xy+(2m+n)y* =k(mx+ny)’ (3).
Ddng nhit hé s6 hai vé clia phuong trinh (3) ta cé:

m = km? n=2m
2m+n=kn* <{km=1.
2m+n=2kmn kn=2

Dén day ta c6 thé chon m=1=>n=2,
Hé phuong trinh dugc giai nhu sau

TOAN HOC
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Loi gidi. Ta c6:
{xz +2xp+2y? +3x =0
4y 43y +1=0
X4 2xy 42y +3x=
< { 2xy + 2} »? i}; y++3; = (()) .
Céng theo vé cia hai phrong trinh trén ta co:

X +4xy+4y’ +3x+6y+2=0
& (x+2y) +3(x+2y)+2=0
x+2y=-l x==2y-1
= :
X+2y=-2 x==-2y-2
Véi x=-2y-1tacohg | ¥~ 27!
xy+y +3y+1=0

=-2y-1
L= x2 y
y =2y-1=0
=1++2,x=-3-
@[y \/_,x 3-9.J2

y=1-v2,x=-3+22
Vi x=-2y—2,tacé hé: x=—22y—2
y+y +3y+1=0

x==2y-2
y'-y-1=0

1++/5
Y= 2\/_!x=_3—\/§
. .
2\/§,x=—3+\/5

y:

Vay hé phuong trinh d4 cho c6 4 nghiém (x;y)

la: (-3—2\/5;1+\/5),(-3+2«/§;1-\/5),
[—3+\/§'ﬂ] (—3—J§'I+J§J
-3 Fog

Thi du 6. Giai hé phuong trinh:
xt=4x’ +y* -6y+9=0
Py+x’+2y-22=0

).

Phin tich. Do bic cia x 14 bic 4 dé 1am bai toén
don gian hon va thuén tién cho qué trinh tim céc

hé ta dit x* =¢ (¢20), h¢ phuong trinh () trd
thanh:

4 T?g{-“uggg S3 570(12-2024)

1P -4t+y' -6y+9=0
{ y+1+2y-22=0
Pén day ta thiy h¢ phuong trinh nay trong tw nhu
thi du 5.
Bing céch 1am tuong tu nhur trén ta c6 céch giai

viin tat nhu sau:
P —4t+y' —6y+9=0

HDG. Ta c6:
e {ty+t+2y—22=0

£ —4t+y*-6y+9=0 (1)
Up+2+4y-44=0 (2)
Céng theo vé cuia (1) va (2) ta co:
£ +2y+y -2(t+y)-35=0
2 t+y=-5
o (t+ -2(t+y)-35=0¢&
o 2 a2

Két hop véi phuong trinh (1) hoic (2) ta cé
nghiém cta hé (10) la:

t=4. t=2
y=3" |y=5

Suy ra nghiém (x; y) clia hé phuong trinh trén la:
(23),(-23),(~V2:5), (V233).
Pé két thic bai viét, moi ban doc luyén tap thém
mdt sO bai tdp trong tu.
BAI TAP TUONG TU
Giai cac h¢ phuong trinh sau

4 X +2xy+2y" +3x=0
. xy+y +3y+1=0

3 2x* +4xy+2y* +3x+3y-2=0
X +y +4xy+2y=0

o

{y2 =(4x+4)(4-x)
¥ =5x? —4xp+16x -8y +16=0
. [¥-rt=as
2%’ -4y° =9(x2 —4y2)—18(x—8y)

{\/4x+y+\/5c+y=2
J2x+y+x+y=1

(Dé thi hoc sinh gidi tinh Nam Dinh nam 2012).

wn
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HUGONG DAN GIAI PE THI TUYEN SINH VAO LOP 10
THPT CHUYEN BAC NINH
NAM HOC 2024 - 2025

Cau 1. 1) Tinh gid tri cua biéu thiec

J15x% = 2J15x + 30
khi x= \/TS_

2) Cho hai duwong thang d:y=2x-1 va

d:y=x+m (m la tham s0) cat nhau tai diém
A. Tim m dé doan thing OA c6 d¢ dai bang 1
(O la géc toa do).

i 1
Loi gidgi.2) me {—l;—g}.
Cau 2. 1) Giai h¢é phuong trinh

X +xp’ =10y =0
X +6yt=10

2) Gidi phuong trinh

J5x% +4x —Jx? =3x—18 = 5/x.

% +x*=10y=0

Loi gidi. 1)
¥ {x2 +6y2 =10

<:>{x3+xy2--(x2+6y2)y=0

x> +6y* =10
—29)(x? 2\_o
2 (x-2y)(x +xp+3y") 0.
x> +6y* =10

T @6 tim dugc 2 nghiém cia hé phuong trinh 1a
(x59)e {(2;1);(—2;—1)}.
2) V522 +4x =\Jx* —3x—-18 +5Jx

2 2x% —=9x+9—5x(x* -3x—18) =0
x26

P {Z(xz —6x) +3(x +3) = 5(x* = 6x)(x +3) = 0
x26 '

2 2
—-6x x” —6x
3= s | &3228, 50
< ( x+3 J (|x+3 J ;

x26

Tir d6 tim dugce 2 nghi¢m clia phuong trinh 1a

7+~/a
va x
2
Céau 3. 1) Cho tam giac ABC nhon khong can,

=9.

ngi tiép dwong tron (0), duong cao AH
(H e BC).Goi K, L lan lwot la chan duong
vuéng goc ké tie H dén AB va AC. Puwong thing
KL cat duong tron (O) tai hai diém P, Q (P
ndm trén cung nhé AB).

a) Chirng minh AKL = ACB va AP = AQ.

b) Puong thang AH cat duomg tron (O) tai diém
T (T # A). Goi D la chan dwaong vuong géc ke tir
H dén KL. Puong thing AD cdt duong ii‘o‘rz (0)

taiM (M # A). Chirng minh HMT =90°.

2) Cho doan thing BC ¢6 dinh va mét diém A thay
déi sao cho tam gidc ABC vuéng tai A. Hai dwong
phan giac trong cua tam giac ABC la BD va CE

cdt nhau tai diém O. Tim gid tri nhé nhdt ciia biéu

., BD? CE?
thirc G S
BO* (CO*?

Léi gidi. 1)

4
L 0
D
k
‘0

7 c

T
S8 570(12-2024) T?g'}'uggg 5
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a) » Vi tam gidc AHB vuong tai H va co dudng
cao 1a HK ,nén AH? = AK.AB (1) (h¢ thirc trong
gidc  vudng).
AH? = AL.AC (2).

tam Tuong ty ta ¢o
T (1) va (2) ta duge
AK AL
AK AB = ALAC = —=—(3).

AC 4B

Xét hai tam gidac AKL va ACB ¢6 KAL chung
va thoa man (3), suy ra:
AAKL <> AACB (c.g.¢) = AKL = ACB.

— — p—— 1 — p—_—
« Tt ACB = AKL = lzsdAB =—2—(sdAQ+sdPB)
1 — — 1 — —_—
= —Z—(SdAP+sdPB) =E(sdAQ + sdPB)
= A 1a diém chinh giira cia PQ.
Vay AP = AQ.
b) Xét tam gidc APK va tam giac ABP c6 PAB

chung vd APK = ABP (hai goc ni tiép chin hai
cung bang nhau), suy ra:
AAPK > AABP (gg) = 2L - 4K
AB AP
= AP* = AK.4AB (4).
Tur (1) va (4) suyra AP = AH.
Xét hai tam gidc APD va AMP cb:

PAM chung,
APD = 213@ z%sd@ = %sd;i—l\’ = AMP,

do 86 AAPD «» AAMP (g.g)
. P = AD.AM.
AM AP

Suyra: AH? = AP* = AD.AM = 2 _AM
AD  AH

Xét AAHM va AADH co:
M

HAM chung va i ’
AD AH

do d6 AAHM <> AADH (c.g.c)

= AHM = ADH.
Tu 46 suy ra MHT = HDM.
Taco: THM = HDM =90° - MDP

o Kttt
- 90 —E(SdPM + sdAQ)
l — —
= 9Q° ——(sdI’M + sdAP)
2
=90°—lsd2—}\7{
2

=90°— ATM =90°~ HTM

= THM + HTM =90° = HMT = 90°,
2)

B C

Xét AABC c6 BD 1a dudng phan giac trong nén
theo tinh chit dudng phan gidc trong:
CD _BC
AD 4B
" ¢b __ BC
AD+CD AB+BC
CD  BC
AC  AB+BC
@D e
BC AB+BC
Xét ABCD ¢6 CO la dudng phén gidc trong nén
nén theo tinh chat dudng phén gic trong:
op_cp__ Ac
OB BC  A4B+BC
- OD + OB _AC+A4B+BC .

0B AB+BC
o BD _ AC+4B+BC

BO AB + BC
Tuong tu ta cé:

CE AC+AB+BC

CO  AC+BC

Suy ra:
BD CE _AC+AB+BC AC+ AB+BC
BO'CO  AB+BC AC +BC
(AC+4B+BC)
(4B+BC)(AC +BC)'
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pat BC =a; AC=b; AB =c.
Tam gidc ABC vuodng tai A nén
BC? = AB* + AC?

=a’=bh+c’.

Nhu vay:
BD CE _ (AC+AB+BC)’
BO'CO  (AB+BC)(AC + BC)
B (a+b+C)2
(a+b)(a+c)
_2(a2+ab+bc+ca)
a’+ac+ab+be
Ta co: ggz+g§z gg%:‘%

Ding thic xay ra khi ] = AB = AC.
BO CoO

BD?* CE?
PERENR—— + ———
BO* CO?

vudng can tai 4.

Viy min[ ): 4, dat dugc khi A4ABC

Cau 4. 1) Ban An tham gia phién chg he trong do
¢6 su dung hai logi the: loai the gia 3000 cfc‘;ng va
loai thé gia 2000 dong. Ban An muon dung hét so
tién tiét kigm ciia minh dé mua x thé loai gia 3000
dong va y the loai gia 2000 dong. Tim so cdch
mua cé di ca hai loai thé néu tién tiét ki¢m ciia
ban An la 2024000 dong.
2) Tim tat ca cdc s6 nguyén 16 p, q thoa man
p(p-1)=q(q’ -1).
Léi gidi. 1) Theo dAu bai ta c6 phuong trinh:
3000x + 2000y = 2024000

< 3x+2y=2024 véi x,yeN".

Suy ra: y:MEZl
2
=>ISxSZ—(;22=674.
M3t khac ta c6:

2024 -3x 2024-2x-x
y = =
v 2 2

=1012-x-2.
2

Véicd x va y déu 1a sb nguyén duong thi tr

ding thire trén suy ra x chia hét cho 2, hay
x=2k,keN", Dintdi y=1012-3k.

Do db: 1€2k <674 <» 0 < k < 337.

Viy c6 337 cip (x;y) hay c6 337 cich mua thé
thoa min diéu ki¢n dau bai.

2) Néu p=q thi p=g=0 hojc p=q=1,
trudng hgp ndy khéng thod min bai toan.

Do viy p khic g. Vi p, ¢ 1a cic sd nguyén t6
nén p-lig, ¢ -1ip.

Do d6 tdn tai céc sb nguyén duong m , n sao cho
p-l=mq; q* ~1=np.

Thay vao ding thirc da cho ta dugc m=n. Do d6
p-l=kq

g -1=kp

tdn tai s6 nguyén duong k dé {
Thé p=kg+1 vio h¢ thirc ¢> —1=kp ta dugc:
g’ —1=k(kg +1)

& qt-kq-k-1=0.
Xét phuong trinh nay 1a phuong trinh bic hai én
g voi k 1a tham sb.
Ta c6 A=k*+4(k+1)=k*+4k+4 la s chinh
phuong va (k*)' <k*+4k+4 < (k% +2) .
C6 hai trudng hop:
THI: k*+4k+4=(k*+1), khong c6 keN’
thod man.
TH2: k* +4k+4=(k*+2) = k=1 (do keN").
Suyra p=3;¢=2.
Viy p=3; ¢=2 lacéc sb cin tim.

TOAN HOC
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Cau 5. 1) Cho a, b, ¢ la cdac so thue khong am va
thoa man a” +b” +c¢” =8. Tim gia tri lon nhat
cua biéu thiec

2a+c 2b+c

C+be

l+ca

2) Cho mét manh giay hinh vuong. Manh gidy nay
dwoc chia thanh hai manh gidy bang mot dwong
cdt thang. L(?'_l' mot trong hai manh co dugc, ta lai
lam nhue trén nhiéu lan. Hoi so lan cdt it nhat phai
la bao nhiéu dé cé thé nhan dwge 100 da gidc 20

canh.
Lai giai. 1) Ta c6:
8+2bc=a’+b* +c* +2bc
=a’ +(b+c) 22a(b+c) ().
Ta s& chimg minh a +b+c <4(1+bc) (2).
Thét vay:
(a+b+c) <16(1+bc)’
< 8+2a(b+c)+2bc<16+32bc +16b°c?

< 16b%c? +30bc+82 2a(b+c).
Ta lai co:
16b%c® +30bc + 8 - (8 + 2bc) =16bc* +28bc 2 0
do b,c>0 theo gia thiét.
Tir day va (1) dén téi:
16b*c” +30bc +8 28+ 2bc 2 2a(b+c).

Viay BDT(2) ding.

Tir (2) suy ra:
2a+c_<_ ' 2a+c 3).
1+ bc a+b+c
Tuong ty, ta co:
2b+cs4. 2b+c
l+ca a+b+c
Tir (3) va (4) suy ra:

8 qulr“uggce S& 570(12-2024)

2a+c¢

_ 2b+c<8'
1+ be

l+ca

Dju bing xay rakhi a=b=2, ¢ =0.
Viy max P =8, dat dugc khia=b6=2,c=0.

2) Gia sir sau n lan ciit ta nhin dugc 100 da gidc
20 canh. Ta thiy sau mdi lan cat téng s6 dinh
ting thém nhiéu nhat 1a 4. Vay sau n lan cit tong
s6 dinh s& khong qua 4n +4 dinh.

Sau mdi lan cét tdng sb manh gidy s& ting thém la
1, suy ra sau n lan cit sé manh giéy c6 dugc la
n+1 manh.

Sé ménh gidy khong phai la da gidc 20 canh sau
n lancitla n+1-100=n-99.

Tong sb dinh trong cic manh nay it nhét la
3(n-99) dinh.

Tacoé 4n+42100.20+3(n-99) <= n=>1699. Do
d6 s6 lan cét khong thé it hon 1699 .

Ta chi ra duge mét céch cit dé thyc hién 1699 1an
s& tao dugc 100 da gidc 20 canh thod man bai

toan.
Truéc hét ta cir cit d6i mdi manh gidy thanh hai
hinh chir nhét khi d6 sau 99 lan cit ta nhin dugc
100 hinh chir nhét.
Véi mdi hinh chit nhat ta thyc hién tiép 16 1in cit
lién tiép ¢é dugc mot da gidc 20 canh. Suy ra sb
céch cét & dugc 100 hinh da gidc 20 canh theo
cach nay 13 99+100.16=1699. Viy cin it nhat
1699 lan cét dé tao dugc 100 da giac 20canh
thod man bai toan.

NGUYEN VAN XA

(GV THPT Yén Phong s6 2, Béc Ninh)
Gidi thi¢u
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DE THI CHON HOC SINH GIOI LOP 9 TP. QUANG NGAI
NAM HOQC 2023 - 2024
(Thoi gian lam bai: 150 phut)

Bai 1. (4,0 diém)
s L. .2 .2 A 2 . N w—_—
1) Tim tat ¢ cac sO ¢d hai chix sé ab sao cho

ab % a. ok
——— la s0 nguyén to.

Ia - hl
2) Tim tit ca céc cip s6 nguyén (x;y) thoa min
v 4+ 2xy=5x-6=0.

3) Cho a, b, ¢ 1a cdc s6 nguyén thoa min
a+b=c -2024c.

Chimg minh ring @’ + b* + ¢’ chia hét cho 6.

Bai 2. (4,0 diém)

1) Cho biéu thie:
P_( 1, 2 )‘6\/;—9x—1
Wx-1 1-4x) 1-3Jx

1
voix 2 0;x# Z;x;t—
a) Rit gon biéu thic P.
b) Tim tit ca cac gid tri nguyén cia x dé biéu
thirc P nhan gia trj nguyén.

2) Cho biét a = . Chimg minh ring;

J16a* =51a >z (x 146 pi).

Bai 3. (4,0 diém)
1) Giai phuong trinh
¥ +2022x - 2021 = 24/2024x - 2023 ,
2) Giai h¢ phuong trinh
¥ +y +2y=4
{2x tytay=4
Bai 4. (7,0 diém)
1) Cho tam gidc ABC nhon c6 ba dudng cao AA4',
BB', CC'. Trén BB' iy M, trén CC' lay N sao cho

goc AMC va goc ANB 1A géc vudbng. Chimg
minh tam gidc AB’B dong dang vai tam gidc AC’C
va AM = AN.

2) Cho dudng tron (O; R), duong kinh BC = 2R
va didm A di dong trén dudng tron d6 (véi A khac
B va A khiac C). Ké duong cao AH = h cua AABC
va ban kinh OK vudng goc véi BC (K khéic phia
ddi vai 4, c6 by 1a BC).

a) Tim 49 dai 4 dé dién tich cia AAHK dat gia
trj 16n nhat.
b) Chimg minh ring khi 4 di chuyén trén duong
tron (O; R) thi tdng AH* + HK? luén khéng dbi.
¢) Tinh s6 do géc ABC ciia AABC khi
54AH* =3HK?.

Bai 5. (1,0 diém)

Tai mét goc khu vuon hinh chir nhat, c6 mét cay
in trai & vj tri M, khoang cach tir ciy dén hai canh
lan lugt 13 5 mét va 12 mét. Ngudi ta 1am hang rio
ngin céch dé 1am khu chin nudi (phan t6 dim),
hang rio 13 doan thing di qua cdy an trdi va hai
d4u doan thing ¢ hai canh cta khu vudn. Héi dién
tich nho nhit c6 thé 1am khu chin nudi 1 bao
nhiéu?

TRUONG QUANG AN
(Xa Nghia Thdng, T Nghia, Qudng Ngéi)
Gidi thiéu
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HUONG DAN GIAI DE SO 1
THU SUC TRUGC KY THI THPT QUOC GIA NAM 2025

PHAN I. CAU HOI TRAC NGHIEM NHIEU — Thé toa do diém A vao phuong trinh dudng thing

PHUONG AN LUA CHON x==142 [=m=]42t
LB [2.D [3.C|4D [5A |6A (d): {y=5-3 tach: {2=5-3r <>t=1
7.C [8.C [9.C|10.D |11.B |12A 2==T+4t “3=-T+4t
Céiu 1.Tacd y'=3x2 ~6x+2a . DO thj ham sb ¢6 A () LA D}’(A B) 0,2
- NB) 0,2 _
diém cye tiéu 4(2;-2) nén ta ¢6: Cau S-P(A\B)Z_P(E)_‘-a’—d'-o’i
y'(2)=0<:>2(l=0<:>a=0 ChQﬂA.
Do dd thj qua A(2-2)=>-2=8-12+beb=2 Ciu6.Tact: f'(t)=126 =21
Viy a+b=2.ChonB. = f"(t)=24t -6’ =0 1=4 (do t>0)
Céu 2. = ham sé f'(t) dat cyc dai ciing 12 GTLN tai
3,5 2 t=4, Chon A.
4,5 7 Ciu 7.
3,3 2] - Tai thoi diém =6 vit dang chuyén dong véi
6,5 26 van téc v, nén co:
7.5 | 29 y
8.5 12 v(6)=v0@—E.6+a=v0<:>a=v0+15
9,5 3
t)=—-£t+v +15
54 trung binh ciia miu s ligu: o ey Ll el
2! Lovd i e i il AN - Goi k14 thi diém vit dimg hin, vy ta c6:
100 5
7,5%29+8,5x1249,5%3 _ . k) =0 k=2.(v +15)
100 (I
@k=3v1+6
Chon D.

1 ‘ - Téng quang dudng vat di dugc la:
Cau 3. F’(x):(—e”‘+l (9x2 —24x+17)) k(s
27 80=6.v0+.[[—5t+v0+15)dt
6

=2_17.|:3.e3”1 (9x2_24x+l7)+63x+1 (9x2 _24x+17)'] k

< 80 =6, +(—%t2 +Vyd + ISt)\
l t

= - [32 (98 - 24x+17) + & (18x - 24) ¢

217 80= 63— > (k? = 67) +vy.(k = 6) +15(k = 6)
==& (276 54w+ 27) = (5" - 2x+1), 4
2
4(v, 24 2
Chon C. ; < 80=6., ——Z—[———(zg) +—5v° }+ vo.z%ﬂs.—;i’-

Ciu 4. Ta c6: AB=(2-3;4)1a vecto chi phuong

2
cita durdmg thing () . Loai dap 4n A, B. & (vy) +365, ~400=0 <>v, =10. Chon C.

P!
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Chu 8. Tap xac dinh D=R\{2}. Pao ham:
' X' +4x+2m+1 _ 8(x)
(2-x) 2-x)
Ham sb nghich bién trén mdi khoang xéc dinh cua
n6 khi y'<0,VxeD

o gx)=-x"+4x+2m+1<0,VxeR

A0 4-(-D.2m+1)<0
<:>2m+5$0<:>m$—§.

Chon C.

Ciu 9. Duong thing d di qua A4 nén
d(B;d)<BA, do d6 khoang cich tr B dén d

16n nhit khi AB Ld =i L AB, véi ii 1a vecto
chi phuong cia d.

Lai co d song song véi (P) nén i .L%.
AB=(4-1;2), ny =(1;-2;2),
chon 17=[:TB.,-1-1(—P;:|=(2;—6;—7). Do d6 phuong

trinh dudng thing d 1a s =L = z_—l
2 -6 -7
Chon C.

Ciu 10. Ta c6:

'S +(2x+cosx)cosx+1—sinxdx

X+ COosXx

~
Il

2 .
X+cosx)  +1-sinx
(x+ cosx) i

X+cosx

1-sinx
dx
X +Cosx

I
S|y Bt— |y Oty

(X+COSX+

x2
=(—2-+sinx+ln|x+cosxlj

0

=>a=-:z,b=l,c=2=>P=ac’+b=%.8+l=2.

Chon D.

Cau 11. Phuong trinh hoanh d¢ giao diém:
X’ +3x% -1 =k(x+2)+3

<:>(x+2)(x:2 +x—2)=k(x+2)

x=-2
Q[x’ +x-2-k=0 (2)
Puong thing y =k(x+2)+3 cit dd thj ham sb
y=x"+3x’ -1 tai 3 diém phén biét

< (2) c6 hai nghi¢m phan bit khéc -2

\ad PRY 4 (%)
(-2)'-2-2-k=0  |z.¢

A=1+4(2+k)>0 [g»-2
=
Gia sir x,, X, la hai nghiém phan biét cia (2),

X +x,=-1
theo hé thuc Viéte thi { ' 2 )
XX, =—k-2

y'(-2)=0
Tacéd: y' =3x" +6x =>4 y'(x)=3x +6x, .
y'(x,)=3x} +6x,
Theo bai ra ta cé:
Y'(=2)y'(x)=-1
Y'(=2)y'(x)=-1
Y'(x%)y'(x,)=-1
& (3x] +6x,)(3x +6x,)=-1
& 9(xx,) +18x,x, (x, +x,)+36xx, = -1
& 9(k+2)" +18(k+2)-36(k+2)=-1

=-3¢2\/5
e

Sk

ﬁ thoa man.

Két hop véi (*) ta duge k =
Chon B.
Ciau 12. Tacod: ¥ —xy+y* =l +y’ =l+xy

o x4y +2xy =2y  + 2xy+1
oxt+y =-x*y +2xy+1.

_242
Dodé p——XY +2oy+l
xy+2

TOAN HOC
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Lai co: X +) =1+0y2 20y > xv<k;
2
¥ -xy+ )‘2 =(x+y) -3=1

=(+y) =1+3p20 08 —%.

-1 42 .
Dt -t)'=t::P=—£—+——£. vai le[-l:l].
2+t 3
Ta co:

P= (<24 2Q+0- (- +.:+“) - <4142
Q@+t Q41

P'=0c-1 -41+2=0
<:> t-—2+~f(lhoaman)
-2-6 (loai)

Ta cé: P(-—)..-'—] P()=1;
3) 15
P(-2+6)=6-26.
Do dé: m=minP=%;M=maxP=6—-2J6.
Viy A=6-2J6+11=17-2V6. Chon A.

PHAN II. TRAC NGHIEM DUNG SAl
Ciu 1. a) Dung; b) Piing; ¢) Sai; d) Ding.
PK: X’ -5x+7>0xeR (%)

Khi dé: log!(xz—5x+7)20

3
l 0
¢x1—5x+7s(3-)
ox -5x+6<02<x<3,
Két hop véi dicu kién (*), ta duge nghiém cua
bét phuong trinh 13 2< x < 3.

Ciu 2. a) Sai; b) Sai ; ¢) Sai; d) Dung.
a) Ham s c6 tip xic dinh 13 [0;32).

b)“)—2\/’ 2J32 -
-
) Sx)= 2J' “22-x

oVR2-x=Jrox=16.

TOAN HOC
' CTugilpe_ S85702-2029)
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d) Ham sé ddng bién trén (0;16) va nghich bién
trén (16;32) va cé:
£16)=8; £(0)= f(32) = 4V2.
Do dé: max f(x)= f(16) =8§;
min £(x) = £(0) = 4y2.
m 4~f J_

Viy &
YY~s 2

Ciu 3. a) Dang; b) Sai ; ¢) Sai; d) Dung.

a) Di¢n tich day nho la 16 dm’.

b) Dién tich cua day 16m 13 36 dm’.

¢) Chiéu cao cta khéi bé tong 13 4 dm hay 40 cm.
d) Thé tich cua khdi bé tong (1am trdn dén hang
don vj ciia dm® ) 12 101 dm’.

v =%.4.(36+J36.l6 +16) =%‘- =101 (dm’).

Ciu 4. a) Pung; b) Pung; ¢) Sai; d) Sai.

2¢! +4x
(x+1)

b) Ham sb ¢6 cuc dai tai x = 2; ¢6 cyc tiéu tai

a) Vx=-1: f (x)=

x = 0. DO thi ham s6 c6 diém cuc dai
A(-2;m-8); diém cyc tiéu A(0;m).

¢) Phuong trinh dudng thing di qua 2 diém cyec tri
y=4x+m.

d) Duong thing (d) qua A(0;1) véi hé s goc k co
phuong trinh y=kc+1.

(d) khéng tiép xuc voi a thj ham s6 di cho khi

2X +mx+m

—ke+1 ()
¥+ v6 nghi¢m.
2x? +4x
= (2)
(x+1)
Thay (2) vio (1) ta c6:

(m=3) +2m-)x+m-1=0 (3).
D& thiy m = 3 phuong trinh (3) c6 nghiém

x=%‘:m=3 ( loai)
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Xét m# 3, (d) khong tiép xiic voi dd thi ham s6
da cho khi va chi khi phurong trinh (3) v nghi¢m

hodc (3) co n;zhiém kép v =1

A=(m=1)" ~(m-1)(m-3)<0
hay A'=0
7 {m ~3=2m-=D4m+1=0
[ m-1<0 _
= [A':Z(m—l):()«::[m '“l<()¢> mel.
Ll 0=0 m=

PHAN 1L TRAC NGHIEM TRA 1.OT NGAN
Cau 1. Dap s0: 48,

Goi O 1a hinh chiéu cta S trén mit phing ABCD,
O 1a tam hinh vudng ABCD. Tam giéc SAC cén tai
S. Tacd: S4° + SC* = AB* + BC? = AC?

= ASAC wudng can tai S.

Goc gitra dudng thing SA va mit phiing (ABCD)
bing SAO =SAC =45°. Viy n = 45".

Ciu 2. DPdp s0: 0,05.

Tai moi 6 dang dimng, quin vua c¢6 8 kha nidng lya
chon dé budc sang 6 bén canh,

Do d6 khong gian miu n(Q)=8’,

Goi A 1a bién cb “Sau 3 budc quin vua trd vé &
xuét phét”. Sau ba budc quéin vua mudn quay lai &
ban déu khi quin vua di theo dudmg khép kin tam
gidc. Co hai trudmg hgp:

+ Tir & ban dhu di dén 6 den, dén ddy c6 4 cich
dé di buc hai rdi vé li vi tri ban diu.

+ Tir & ban dhu di dén 6 tring, dén ddy c6 2 céch
dé di budc hai rdi vé lgi vi tri ban ddu,

Do s6 phin tir ciia bién cb 4 1a;

3
n(A)=4.4+24=24, Viy xac sudt P(A)—24 o
Chu 3. Ddp 50: 1,5.
Giia sir hinh hop chir nhit ¢6 chiéu rong 1a x, chiéu
dai 14 3x, chiéu cao 1a y (don vi mét, x, y duong).

Taco: Ixx+2.x.y+23xy =20

20-3x?

eI+ 8y =203 y =
8x

Thé tich cua bé ¢4 1a:

, 20-3x7

8x

V=3xxy=3x".

= g(_3x2 +20x)= f(x) v&i D<x< J%-—O;

2f

f(x)"-( ~9x' +20) =05 x= ==

Lép bang bién thén ciia ham s6 trén [(r, J_Z;Q] khi

d6 thé tich c6 gia tri 16n nhat la:

F § (3{—}—0—‘/—- =75 (m).
Ciu 4. Ddp s6: 9.

Goi m 1a s6 lugng 13 béo duge tha vio ao lic ddu
(m > 0, m nguyén). Sau 1 gi¢ thi ao ¢6 3.m la béo;
Sau 2 gid thi a0 c6 3°.m 14 béo; Sau k gi thi a0 cé
3*.m 14 béo; Sau 10 gid a0 s& ¢6 3'%m 14 béo va
mit ao duoc béo ph\’x kin.

10
Lutgng bdo phid kin ; mitao i o

10
Ta ¢é: -3——3-"E=3'Jn¢>3°.m=3‘n¢$k=9.

Ciu 5. Pdp so: 2,83.
Goi C(2+264-1;,2-1), suy ra ta d trung diém M

cla AC 1A M(z :15155-'.) Vi MeBM nén:

TOﬂN HOC 13
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Do dé C(4; 3; 1). Phuong trinh mit phing (P) di
qua 4 va vudng goc CD la:
2.(x=-2)-LO-3)-L(z-3=0
S 2x-y-14+2=0.
Toa d§ giao diém H cia (P) va CD 1i nghi¢m

l.\‘=2+2!

(x:»:2) cuah¢ l

ox=2y=4,:=2=0=H2:42).

Goi A' 13 diém ddi ximg vé&i 4 qua dudng phin
gidc CD, suy ra H 14 trung diém AA’, boi viy:

Xy =2x, =X, =2.2-2=2

Yo =2¥y =¥ =24-3=35

g, =22, -2, =22-3=]

S A5,
Do A'eBC nén duomg thing BC c6 vecto chi
phuong 13 CA'=(-2;2;0)=2(-1;1;0),nén phuong
x=4-¢

trinh dudmg thing BC 13 {y=3+1.
z=1
Vi B=BMNBCnén toa d) cua B 13 nghiém
(x; 35 2) cua hé:
(x=4-1

x=2
y=3+t y=5
<:: @
z=1
.r-3=)'-3=z—2 =2
(-1 2 -l
= B(Z:S5:1)=A'"=AB=(0;2:-2).
Doan thing AB ¢6 4§ dai 1a:

AB=2 +2' =22 ~2.83.
Ciu 6. Dipsd: 0,8.

TOAN HOC
* Cludifpe
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Ki hi¢u I’ 1a thé tich khoi tir dién S4BC. Goi P,
Q lin lugt 1a giao diém cua (@) vdi céc dudng
thing BC, AC. Ta ¢6 NP//MQ//SC. Khi chia
khéi (H,)béi mit phing (QNC), ta duge hai khéi
chép N.SMOC va N.QPC.

’.\‘A\!QC = d(‘v’ (SAC» J SS\!Q(' B
Vewe d(B,(SAC)) S¢c '
d(N,(S4C)) _ NS _2,
d(B,(SAC)) BS 3’

ﬂ_(‘*‘_‘{) _i: Smx
AS 9 I y—-

I
Taco:

2
.

Ssc

Vigre _ d(N,(QPC)) Sorc

Viwse d(S,(ABC)) S,
N8 Co cp
SB CA CB
112 2
333 27
5_= ":\'.wgc V_w_qrc
V VDJSC 's_.wc
10 .2 4
27 27 9
L_—_ 51 =4V,
’,|+‘,2 =>5| 2
V, 4
=>-1=—-=08.
A
NGUYEN THANH GIANG

(Trwomg THPT chuyén Hung Yén)
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THEO CHUONG TRINH VA SGK M1 G

(Ky 2)
Cau 5. Cho ham so 7 —l\ —4x° +4x° +a|

Goi M, m lan lwot la gid tri lém nhat, gia tri nho

nhat cua ham sé da cho trén doan [0;2]. Co bao

nhiéu so nguyén a thugc doan [—3;3] sao cho

M<2m?
A. 3 B. 7
C. 6 D. 5.

Loi gidgi. Xét ham s6 g(x)=x*-4x’ +4x’ +a

trén doan [0;2]. Ta cé:

g'(x)=4x —12x* +8x;
x=0
g€x)=04x-12x* +8x=0 < | x=1
x=2

= g(x)e[a;a+1]. Do M <2m nén m > 0.

[2a+1]+1

Suyra M= max{|a| |la+1)} = R
m=min{|a|;|a+l|}=w.
Theo gia thiétmcéz P
M 2% ©_|2a+l|+152.“2a+21|—1|

< 32a+] =102 +1|+320

.
[2a+123 |a21
<-2
3¢ I24+llSl¢> 02 : 2
A bl gak ok
S T | 3

Do a nguyén nén c6 5 gia tri cua a thudc doan
[-3;3]. Chon D.
Chu 6. Dé gid tri lén nhit cia ham soé
y=f(x)=|x3—3x+2m—ll trén doan [0;2] la
nho nhat thi gia tri cuia m thugc
A. (0;1)
C. (1;2)

Loi gidi. Xét him s6 y=g(x)=x"-3x+2m—1

B. [-1;0]
D. (-2;-1).

trén doan [0;2]. Ta c6:
g'(x)=3x2 -3=03x"-3=0
- [x=—l (1041)'

x=1
Tacé: g(0)=2m-1Lg(1)=2m-3;g(2)=2m+1.
Suy ra: F=r[r(1)gff(x)zmax{|2m—3l,|2m+ll}.
Cich 1. So sanh hai gi trj [2m—3| va [2m+1].
o Néu [2m-3|<|2m+1| e (2m-3)' <(2m+1)’

©8£l6m©m2-;— thi

=2,

F=|2m+1|2 2.-;?+1

Suy ra: Fm=2®m=%.
e« Néu [2m-3|>[2m +1| & (2m-3)" > (2m +1)°

@8>16m@m<-;? thi

F=fm=3=3-2m>3-2_-2

Sé 570(12-2024)
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l r X—m +m

Suy ra. Fm =2&m=—, Cau 7. Cho ham so 7[_‘.') = yai m g
2 x <+ [

Viy me(O;l). Chon A. tham s6 thiec. Biét rang co hai gia tri khac nhau

. ; ciam la m va m, dé gia tri lom nhat cia ham s
Cach 2. Ap dung cong thire .
e(x)=!f(x) vai xe[l;2) dat gia tri nho nhat
| |4m—2|+4 ( [ ] ol L R
F=max{2m-3|2m+ 1|} = "—T—2>2 . :
Tich T=mm, la

1 6

suy ra: Fm=2<:m=§-. A1 II.—;

Cich 3. Ap dung BDT chira ddu gia trj tuyét doi. c 8 &

Ta cé: s §
F.>_|2m—3l:F2|2m+l|+|2m—3| Llﬁgilii. Ta co6: f'(l‘) __'E_l.>0 Vl'e[l 2]
F2[2m+]] 2 (x+1)’

_ |2m+l|+|3—2m] 2|2m+|+3—2m| 3 -3 maxgeg.r)=max{|f(l)!;|f(2){}
= 2 2 - xe{12]
1=m® +m |2 m +m|
, lom-3=[2m+1]=2 _m{l . }
2 - > ’
e e {(2m+l)(3—2m)20 2 I

1 ll—m’+ml+|2—mz+ml
om=—. >

2 5

Céch 4. V& 4 thi him sb Jp-mtem—tem®-m|
=max {[2m —3],[2m + 1]}. “ 5 K ]
Trén hinh v& d0 thj 1a phin mau hong. D& dang "
1 Suy ra: maxg(x)=— If(l‘ "[(21

suy ra: F_:‘=2@'"=—2‘- =] 5 (2-m? +m)(m’ —m-l)?_O

<::>m2—m—l‘=2—mz+m
2’ 3
& 5m* -5m-7=0 =Chon D.
Nhdn xét. Ta c6:

|2 -m +m|

7=, )

O diy ta dd khéo sudung:

max g(x) = max |/ (| (2)]}> 27 ('1;3lf(z)!

dé 1am mét miu s6 cia cac phan s [£(1)]. |/ (2)
va sir dyng bit ding thirc vé trj tuyét ddi dé tim
gia trj nho nhit. Con néu sir dung tinh chit:

16 T@uggce S3 570(12-2024)
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1o O+ 7@+ ()-7)
max |/ (D1 (2)} = :

thi bai todn s€ phirc tap hon rit nhiéu,

Dang 2: Bai toin lién quan GTLN-GTNN ciia
ham s y = [/(\)l + mx

CAu 8. Biét gid ti lom nlui'l cia ham s6
y:_/’(A’)z'?..\‘3 --]5,\'+m—5l+0.\‘ tren [();3]

bang 60. Tinh tong tat ca cac gia tri cua tham so

thue m.
A. 48 B. 5
C. 6 D. 62.

Lai gidi. Ta cé:

r}’égi<f(x) =60 < f(x)<60,Vxe[0;3]
va 3x, €[0;3] sao cho f(x,)=60.
Ta cé: f(x)S60©|2x3—15x+m—5|+9x$60
3 —15x+tﬁ—5|£60—9x
& 9x-60<2x’ ~15x+m—5<60-9x
& —2x> +24x-55<m<-2x +6x+65,Vx €[0;3].
Vi —2x* + 6x + 65 2 29,Vx €[0;3] nén

m < -2x" + 6x+65,Yx€[0;3] & m<29.
Tuong tyr: —2x° +24x—55<-23,Vx €[0;3] nén

—2x* +24x-55<m,Vx €[0;3] & m2-23.

Vay —23<m <29 thi f(x)<60,Vxe[0;3].
Pé 3x, €[0;3] sao cho 1 (x,)=60 thi

22 +24x 55 =
[ 2%+ 24X 79 6 nghigm trén [033]

2x*+6x+65=m

> : ; )
hay e . Kéthep véi -23<m <29 taco:
m<-23

: [m=29

i thi max f(x)=60.

[0:3] .

Khi d6 tdng céc gia tri cia m 1a 29-23=6.

Chon C.

Ciu 9. Biet tap hop S chira tat ca cac gia tri cua
tham so m thoa man gia tri nho nhat ciia ham so
y= ‘xz - 4| —mx bang —1. Tong binh phwong cac

/)/1(;/1 e thuge tap S bang
1
2

1
- g
Loi gidi. Tix gia thiét ta co dugc:
|J|c2 —4|—mx2—1,VxeR
& lxz —4| >mx—1,VxeR..
Nhan thdy duong thang d: y =mx—1 ludn di qua
diém A(0;-1)khi m thay déi_. Yéu ciu cia bai
toan twong duong vdi viéc tim m d& dudomg thing
d:y=mx—1 luén nim phia duéi db thi cia ham

sé y= |Jc2 - 4‘ va chung phai c6 diém chung.

Tir @b thi ctia ham s6 y = Ixz —4| ching ta c6 thé
thiy ring yéu ciu bai toan dugc thyc hién bai chc
trudng hop sau: :

THI: d:y=mx-1 diqua B(-2;0)=>m =~:21.

TH2: d:y=mx~1 diqua C(2;0)=m=%.

11
Viy S=¢——;—¢.
w s={-2:1}

TOAN HOC
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Cin 10, Co tat ca bao nhiéu gia tri nguyén cua m
. ’ | SN o i ¢ L. .

dé ham so _\':E.\" =Sx+4i+mx co gid tri nho
‘ :

nhat lém hom 1?

A2 B. 7
3 D. Voo,
Lo gidi.
A r A
)'=lr2-5x+-f

4

l A

0 1\ 4 x

Ta c6: miny>1¢>y=lx1 -5x+4i+mx>1,‘v'xeR
<:>|x2—5x+4|>—lmc+l,VxeR.

Diéu kién trén xdy-ra khi- vi chi khi d thi

(C):y=|x1 —-5x+4l ndm hoan toan phia trén

dudmng thing (A, ):y=-mx+1.

Db thj (C) nhu hinh v&, khi m thay dbi thi

dudmg thfmg’ (A, ) quay quanh diém A(0;1)..

+ Dudng thing (A,) di qua diém B(1;0) =

=-m.l+1 S m=1.

+ Dudmg thing (4,) tiép xic db thj (C) tai

diém c6 hodnh d§ dm < x* -Sx+4=-mx+1

hay x* —(5-m)x+3=0 cb nghiéﬁl kép m

TOANHOC .
& cT"ﬁ‘Eé S6 570(12-20249)
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g b 5-m m>3

IS e — 0

2a 2

2
A=(5-m) —12_0©{m=5i2\/§

& m=5+23.
Tir hinh vé ta thiy do thj (€) nam hoan toan phia
trén dudmg thing (An ) & 1<m<5+24J3.
Viy ¢6 gid tri nguyén cia m la me{2;3;...;8)
thoa yéu cau bai toan.
1L BAI TAP AP DUNG

Ciul. Goi S 1a tip hop tt ca cac gia tri thyc
cua tham s m sao cho gié trj 16n nhat cia him s6

_{Edmetm on [1:2] bing 2. S6 phin 6
x+1
cda S Ia.
A3 B. 1
C.4 D. 2.

Cau2. Chohamsé y=f(x)=|x'-2x*+d| (a
1a tham s6 thyc). Goi M,m lan lugt 1a gia trj 16n
nhit va gia tri nho nhét cia ham sd trén doan
[-2:1]. Téng céc gid trj cia tham s6 thuc a dé
2M +3m=23 1a

& sl
2

B. -7

D. <2,
2

C.-14

Cau 3. Cho Cho ham s6 y=|x'-2x"+x’ +aq|.

C6 bao nhiéu s6 nguyén a sao cho r[nax] » <2020
=12

A. 4037 B. 4036
C. 4038 D. 2021.
’ oy |
Ciud. Cho ham sb f(x)r-x - 1+m (m 13
x+

tham s6 thyc). Ggi S 1a tdp cdc gia trj cua m sao
cho rﬂgi(l f(x)'=2r[1:ilrl|| S(x)|. Tich tht ca cic

phan tir cia § I3
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A; "5 Bu e

2

C. 1 D. 2.
Cau 5. Cho him s§ f(x)=x"-3x"+1. Co tat
cd bao nhiéu gia tri nguyén cia tham so m dé

him so y=

Y (sin x++v3 cos.\‘) - ml ¢O gia tri nho

nhét khong vuot qua 5?
A. 30
C. 31

Ciu 6. Cho ham sb

f(x) =‘4x—x2 —2J(x+ 1)(5-x)+ mI

[IE P X » s a . . . X
voi 1a tham so0. C6 bao nhiéu gia tri cia tham so

B. 32
D. 29.

m @é gia tri 16n nhét cua ham sb trén dat gia tri

nho nhat?
Al
3

Cau7. Cho x,y 1a cic sb thuc théa man

B. 2
D. 4.

xy1-32 +yV1-x* =1. Goi S 1a tap hop tt ca -

céc gid tri tham so thuc m @€ gid tri nho nhat cua

P=|(x+y)(2xp—2)+m| bing % S6 phan tir

cia S 1a
Al B. 2
C.0 D. 4.
Ciau 8. Cho ham 50

y=fox—+ ~J(x+1)(3=x) +n] v6i m 1a tham
sb thuc. Khi gié tri 16n nhit ctia ham s dat gia trj
nho nhét thi khing dinh nio sau diy ding?

A. me(0;1) B. me(1;2)

C. me(2;3) D. me(3;4).
CAu 9. C6 bao nhiéu gia tri ciia tham s6 thyc m
d8 GTNN cua ham s y=|x? —2x+m| +4x bing

-1?

A. 0 B. 1
C.2 D. 3.
A X - 2Vx .
Ciu 10.Xét ham so f(x)= i it , voi
2x+4

A P4 . A X a
m 1a tham so thyc. Cé bao nhiéu s6 nguyén m

thoa mén diéu kién 0 < ?_1]1'111[(\') <1?

B. 8
D. 1.

A. 4
C. 2

Ciu 11.Cho ham sb f(x)=|x* +ax+8|.Goi M
la gia tri 16n nhat ciia ham s trén doan [-1;3]. Khi

M dat gia tri nho nhét, gia tri cua biéu thiic a + 2b

bang
A.3 B. 4
C. 4 D. 2.

Cau 12.Cho f(x)=ax2+bx+c théa man

|£(x)|<1 khi [x]<1. Gi4 tri 16n nhit cda him s6

y=|f(x)| ki |q|<4 1a

A. 16 B. 31

C. 32 D. 24.
Két Iugn. Trong khuén khé bai viét, tc gia muén
huéng din cho cdc em hoc sinh mét sb kién thirc
can thiét nhit d& cic em c6 cich nhin co ban
nhung khéi quat vé dang todn ndy. Bai viét dva
trén kinh nghi€ém cua bén than tac gia khi day é6n
luyén cho hoc sinh chuyén dé nay. Muc dich bai
viét 1a dua ra m¢t hé théng nhimg bai tap gitip hoc
sinh hiéu rd ban chit cia phuong phap gidi mot s
bai todn GTLN, GTNN ctia ham s6 chira ddu gia
tri tuyét d6i c6 tham sd. Tur do, hoc sinh ¢ thé
gidi céc bai toan tuong ty, hodc tim ra cach giai
cho céc bai todn méi. Pidu niy s& kich thich sy
say mé, tim toi khdm phd, ning cao ning luc ty
hoc & mi hoc sinh. Bai viét ¢6 18 con nhimg thiéu
s6t, rit mong dugc quy thay cd va ban doc déng
g6p ¥ kién dé nhimg bai viét sau dugc t6t hon.

TOAN H
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CAC LOP THCS
Bai T1/570 (Lép 6). Hiy tim nhimg nim cua thé
ky 21 ma c6 thé bidu dién duge dusi dang
2°-3.2" trong 6 a, b 1d cdc sd ty nhién (ching
han 2024=2"-3.2%)
NGUYEN KIM SO
(Trung tam BD&PT tai nang Todn hoc Nam Sang)
Bai T2/570 (Lép 7). Tim hai s6 hiru ty duong x, y
thoa min ding thire:

(x+1D)T+(r+1)* =2025+ 2(x + ).

HUYNH THANH TAM
(CB Buu dién thi xa An Nhon, Binh Dinh)
Bai T3/570. Ching minh ring:
12% +23° +34% 445

chia hét cho 11.
PHAN DAI PHAP
(GV Cau lac bp Mathfun, Ha N¢i)
Biai T4/570. Cho tam giic nhon ABC ndi tiép
dudng tron (0). Cac duong cao AD va CE cua tam
gidc cit nhau tai H. Goi M 1a trung diém cia BC.
Tia MH cit dudng tron (O) & . Duong tron ngoai
tiép tam gidc BME cit AM & N. Chlmg minh

Al AD AN

MI MD MN

DPOAN CAT NHON
(GV THCS P. Binh Dinh, TX. An Nhon, Binh Djnh)

Bai T5/570. Giai phuong trinh

V3

xtyaxfl-y +pNI-¥ s 11

NGUYEN DUY THAI
(GV THCS Nam Héng, TX. Hong Linh, Ha Tinh)

TOAN HOC
& crué,h:e S8 570(12-2024)

20’

CAC LOP THPT
Bai T6/370. Tim tit ca cdc sO nguyén duong x, y
thoa man phuong trinh
X’ 4x=y"+y+xy+2005.
HAN NGOC bUC
(SV K47A2 Todn Tin, DH KHTN Ha Ngi)
Bai T7/570. Giai h¢ phuong trinh
63 y+2y’ +35=0
560 45y +2xy +5x +13y=0
KIEU DINH MINH
(GV THPT chuyén Hing Vieong, Phit Tho)
Bai T8/570. Cho tam gidc ABC noi tiép dudmg
tron ¢6 ban kinh bing 1 va c6 trong tim G. Chimng

minh

AB BC CA

— +—+—2AB+BC+CA.
GC GA GB
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bac Ninh)
Bai T9/570. Cho ba sé a,b,c 16n hon "“;‘/3
thoa méan abc = 1. Chimg minh
1 1 1
2 * 2 + 2 i
a+a-1 b +b-1 c¢ +c-1
NGO VAN THAI
(Thdi Binh)

TIEN TOI OLYMPIC TOAN
Bai T10/570. Chimg minh ring phuong trinh
X +x+a*=y*co it nhit mot cip nghiém nguyén
dwong (x; ¥) véi mdi gid tri nguyén cua a.
TRUGNG BAO NAM
(namtb49@gmail.com)

sé6 thyc ty ¥
=0, cic sd con lai

Bai TI11/570. Xét 2022

@y, Qg sy, YOI @ =y
khéc 0. Chirng minh ring véi mei sb thyc k thi:

2019
<o ~ka
i=0

PO LE HAI THUY
(GV THPT chuyén Bdo Léc, Lam Dong)

|ao‘ ™ l“zozl el ) l
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Bai T12/570. Cho tam gidc ABC ndi tiép duong
tron ¢ (0). Goi I 1a diém bét ky trong mit phing
chira tam gi4c. Tiép tuyén tai B cia (0) cit duong
tron ngoai tiép tam giac ABI tai diém D; tiép tuyén
tai C cia dudng tron (0O) cit lai dudng tron ngoai
tiép tam gidc AIC tai diém E. Goi P la tam duong
tron ngoai tiép tam giac DIE. Chimg minh ring
diém P nim trén dudng trung tryc cua doan thing
BC.

NGUYEN HUY HOANG

(SV lop su pham Toan K45, DH Quy Nhom,
Binh Dinh)

Bai L1/570. Mot pit-tong cach nhiét dat nim
ngang, pit-tdng & vi tri chia xi lanh thanh hai phin
béng nhau, chiéu dai cia mdi phan 1a 30 cm. Méi
phin chira mt lugng khi nhu nhau & nhiét do

17°C va ap sut 2 atm. Mubn pit-tong dich chuyén
2 cm thi phai dung néng khi & mot phan 1én thém
bao nhiéu d6? Ap suét ctia khi khi pit-tong da dich
chuyén 13 bao nhiéu?

VIET CUONG (Ha Ngi)
Bai L.2/570. Mot tram phat dién, c6 hiéu dién thé
0,5 kV truyén di mot cong suat 50 kW trén mot
duong day c6 dién tro tong cong 4 Q t6i tai tiéu
thu. Néu truéc khi dua 1én duong day tai dién,
ngudi ta ndi hai cyc cia may phat dién véi mot
may bién thé li tuong cé ti sé cdc vong diy cua
cudn so cip trén cudn thir cip 1a 0,1 dé ting ap.
Hay tinh Hi¢u suit truyén tai va hiéu dién thé tai
noi tiéu thu. Coi h¢ s6 cong suat cla h¢ thong 1a
k = 1 va khong thay d6i (2 = kUI).

THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOI
Problem T1/570 (Grade 6). Find the years of the

21st century that can be represented in the form

2° -3.2" where a and b are natural numbers, ¢.g.

2024 =2" -3.2°,

Problem T2/570 (Grade 7). Find two positive

rational numbers x , y that satisfy the equality
(x+1)7 +(y+1)' =2025+2(x+ y).

Problem T3/570. Prove that
12" 423 434" 4455
is divisible by 11,
‘ l‘mhlcm 14/*70 Given an acute triangle ABC
msm'bed in a cucle (0). The altitudes AD and CE

of the triangle intersect at H. Let M be the
midpoint of BC. The ray MH intersects the circle

(0) at 1. The circumcircle of the triangle BME
intersects AM at N. Prove that

Al AD AN

MI'MD ~ MN'

Problem T5/570. Solve the equation

NI&I

x+y+x\f o 4 +y«/l -x' =

FOR HIGH SCHOOL

Problem T6/570. Find all positive integers x, y
that satisfy the equation i

X +x=) +y+xy+2005.
Problem T7/570. Solve the system of equations

6y +2y’ +35=0
Sx’ +5yz +2xy+5x+l3y 0

AXem Il(p trang ?/)

TOAN HOC
' cTugitpe 2 1
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Bai T1/566. Cho tong S = 3a® + 3a — 2027, trong
do a la so nguyén. Tim a dé S la ldp pheong ciia
mot s6 nguvén.
Léi gidi. Gia sir
S=3a"+3a-2027=3(a"+a-676) + 1 =5’ (1)
voi b 14 sé nguyén. Tir d6 s6 nguyén b khong chia
hét cho 3 va b° chia cho 3 du 1.
« Néu b = 3n + 2 véi n 12 s6 nguyén thi
b’=(3n+2)’=27n’+54n"+ 36n+38
=39+ 18n°+ 120 + 2) + 2,
khong théa mén 4° chia cho 3 du 1 (loai).
e Néu b = 3n+ 1 véi n 12 s nguyén thi
B’=@Gn+1)=27n"+27n"+9n + 1.

Thay vao (1) va gian udc dugc:

a+a—676 =91+ 9n*+3n

hay laa(a+ 1) =33n+ 30>+ n + 225) + 1, suy
ra a(a+1)chiacho3dul (2).
Néu a = 3m thi a (a + 1) chia hét cho 3, khéng
thoa man (2).
Néua=3m+2thia+1=3(m+1)néna(a+1)
chia hét cho 3, khong théa man (2).
Néua =3m+ 1 thi
a(@a+1)=0CGm+1)(3m+2)=3G3m"+3m)+2
nén a (a+ 1) chia cho 3 du 2, khéng thoa man (2).
Vay khéng ton tai s6 nguyén a nio dé S 1a lap
phuong clia mét s6 nguyén.
Nhgn xét. 1) Cich giai khéc. Néu b = 3n + 1 thi
b= (3n+1)*=9(3n*+ 3n*+ n) + 1 chiacho 9 du 1,
trong khi véi a = 3m hojdic a = 3m + 1 thi S chia cho
9 du 7, véia =3m+1 thi S chia cho 9 du 4.
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2) Céc ban sau c6 10i gidi dung. Ngh¢ An: Nguyén
Thdi Diing, Pham Nguyén Nguyét Linh, Nguyén Thi
Kim Ngcin. Nguyén Dic Sang, Nguyén Sy Bdo Long,
Nguyén Thj Tra Giang, Nguye én Dinh Gia Hing, 7B,
THCS Ly Nhit Quang, P6 Luong; TP. Ho Chi
Minh: Lé Minh Khoa, 6/7, THCS Tan Xuin, Héc
Mén; Cong hoa Ao: Lé Bach Hdi Pang, 2B, Trudng
Quédc té Song ngir cdp 2, 3 GIBS, TP. Graz.

NGUYEN VIET HAI
Bai T2/566. Cho tam giic nhon ABC. D la diém
nam trong tam giic ABC. Puong thang qua D
song song vdi AB cat canh AC ¢ M. Trén tia doi
ciia tia MD lay diém E sao cho ME = MD. Chimg
minh rang AE < AD.

Ldi gidi.

a)

Tir gia thiét AB // DM suy ra BAC+AMD=180°
(hai goc trong cing phia). Lai vi BAC 13 géc
nhon nén AMD 13 goc ti. Tir d6 tim duge diém H
trén tia ME sao cho AHM =90°. Cé hai trromg
hop xay ra:

Truomg hop 1: Diém E nim giira M vi H (hinh a).
Khi 6 10 rang la HE < HD. Suy ra AE < AD.
Truwong hop 2: Piém H nim giita M va E (hinh b).
Vi HE < ME, ma ME = MD va MD < HD nén
HE < HD. Dian téi AE < AD.

Tém lai trong ca hai truomg hop ta déu co
AE < AD.

Nhén xét. Diy 1a mot bai todn yéu ciu so sinh dd
dai hai doan thfmg ¢6 chung mdt dau mut. Véi dang
todn ndy, ching ta thudng so sinh d§ dai cic hinh
chiéu vuéng goc cia ching trén mot dudng thing
ndo d6 (sir dung moi quan hé giita dj dai dwong xién
va d¢ ddi hinh chiéu). Cac ban hoc sinh sau c6 16i
giai tot:
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Vinh Phic: Nguyén Bdo Chdu, TA6, THCS Yén
Lac, Yén Lac; Ngh§¢ An: Hodng Vian Duy, 7D,
THCS Ly Nhit Quang, D6 Luong; Quing Ngii:
Pham Minh Thw', 6B, THCS Hianh Trung, Nghia
Hanh.

HO HAI
Bai T3/566. Tim cdc ¢dp s6 nguven (x; v) sao cho
Q=+ e+ DT =% 4 +30 (.
Loi gidi.
Néu x = 0 thi tr (1) suy ra 31]p{ =30, do dé
khong 14 s nguyén,
Néu y = 0 thi tr (1) ta cling suy ra x khong 1a sé
nguyén.
Viy ciip sé nguyén (x, y) thoa min (1) thi cin c6
dicukignx=0,y20.
Ap dung cong thire |a|+|b|2|a+b] va |a|=|-d|,
ta co:
(je=n+|x+2) 2]x-p+x + =32)x';
(]x—y]-}-lx-&-’y[)s 2|y-—x+x+y|s =32|y|5.
Tir dé suy ra: 2(jx =y +|x+]) 2320 +32)yf°
nén (v =] +|x+3]) 216} +16)yf* (2).
Do |xf’ 2 x*, két hop véi (1) v (2), ta cé:
o+ +3022° 4y’ +30216)* +16]yf".
Suyra |x" +|)] €2 3).
Do x, y 1a cic s6 nguyén khéc 0 nén|x 21|y 21
suyra |’ + [y 2 2 (@)
Tir (3) va (4) din dén |’ + ]y’ =2.
Tirds |x|=1 ;|| =1. Xay ra cic kha ning sau:

(xy) e {(1;-1); (15 1) (=1 1); (-1; -1}

Thit vio (1) chi ¢6 hai cp s nguyén (x; y) I
(1; D) va (1; =1) thoa min.
Nhdn xét. Bii todn ndy cé nhidu ban tham gia g
bdi va déu cb 1oi gidi twong ty nhu trén. Tuyén
duong cdc ban sau diy c6 1o gidi ngdn gon, rd ring
va chinh xdc:

Vinh Phic: Trieong Khdanh Chi, TA8, THCS Vinh
Yén, TP. Vinh Yén; Ngh§¢ An: Nguyén Quinh Anh,
7D, THCS Ly Nhit Quang; Sée Triing: Nguvén Tin
Phdt, 9/11, THCS Ly Thudng Kigt.

PHAM TH] BACH NGQC

Bai T4/366. Cho tam giac ABC co cae trung
tuven BN va CP vuong goce voi nhau. Ching minh

ABC < AB+ AC<JI0BC.

Lov giai. Goi M 1 tung A
diém BC, G 1a trong tim tam
gidc ABC.
Theo gia thiét, BN L CP nén
2GM=BC.
Liy diém O sao cho M I G
tung diém AQ. Khi do,
ABQC 13 hinh binh hanh. B
Tachd: AB+AC=AB+BQ
>AQ=6GM=3BC(l).
Lai o6, tam gidc BGC vudng
tai G, & dung dinh I
Pythagoras ta cé:
BC*=GB*+GC?
=4GP* +4GN*, Q
Suy ra: SBC? =4(GB* + GP*)+ 4(GC* + GN?)
=4BP’ +4CN’* = AB* + AC’.
Laicé (AB-AC)* 20 nén
AB* + AC* 224B.AC.
Tir d6 suy ra:
(4B + AC)* <2(4B* + AC*)=10BC".
Dodé AB+ AC<J10BC ().
T (1) va (2) ta ¢ didu phai chimg minh.
Nhén xét. Dudi diy 13 danh sich cic ban THCS o6 10i
gidi tot: Ngh@ An: Hodng Van Nhdn, 8C, Nguyén Tat
Han, 9C, THCS Ly Nhit Quang, D5 Luong; CH Ao: Lé
Bach Hai Bing, 1B, Truong Qudc té Song ngir cip 2, 3
GIBS, TP. Graz; Phti Tho: Ngwyén Thanh Mai, THCS
Nguyén Quang Bich, Tam Néng; Hii Phong: Ding
Dinh Minh Tri, 9D2, THCS Lac Vién, Ngé Quyén.
NGUYEN THANH HONG
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Bai T5/566. Cho cic so thie diwong a, b, ¢ thoa
mdn a + b + ¢ = 2025 Tim gia tri nho nhat cua
bicu thire

u’ /»‘ . ¢

x vab
Loi gni: Ap dung bét diing thirc quen thude

]).

. i
/V b i I)( ( Yat oy oea

a’+b?

2 ab hay a’ + b’ +abs%(a2 +b’)

03 >3 al

a*+b +ab 3 al+ b’

2 @ +ab* -ab* 2 ( ab’ J
@ = opbep

ta co:

e —————— e =

. : 2a-b
Nghia 13 -
. a*+b* +ab 3

thirc xdy ra khi va chi khi a =b.
Tuong tr co:

(1), ddu déng

b S 2b-c
b*+c*+bc 3
et 2c-a |,
> 3).
c’+a’+ca 3 @)
Cong theo vé cua (1), (2), (3), ta dugc:
a’ b’ ¢
= 2 2 + 2 2 + 2 2
a +b"+ab b +c +bc ¢ +a+ca
22a—b+2b—c+2c—a=a+b+c
3 3 S IR

2025
=22 = 675.
3

(2);

Déu diing thirc xay ra khi va chi khi

a=b=c=2025

=675,

Viy minP =675, gid trj d6 dat dugc khi
a=b=c=675,
Nhgn xét. 1) Co thé cht'mg minh bét déing thire (1)
nhu sau:
(1) «3a’ 2(2a-b)(a’ +b +ab)

< a'+b -a’h-ab’ 20

& (a-b) (a+b)20
bt déng thirc cudi ding.
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2) C6 thé giai bai todn bang cach khac: Ta c6
a-b+b-c+c-a=0
a -b b -c & =

— + + =0
a+b’+ab b*+ct+be A +at+ca

suy ra;
1 k] 3

a b c
2 2 + 2 2 3

al+b*+ab b +c" +be
b) Cl aJ

* 2 2

b* +c” +be

p=
ct +a’ +ca

a’ +b* +ab c+a*+ca

a +b b+ A +a
a’ +b’+ab b +¢c’ +be

b +c* —be
)b’ +c’ +bc

2P = 2 2
c +a +ca
2 2
a’ +b° -

+ b+
bz+ab (

=(a+b)

C +G —ca
+(c+a)c2+a +ca

a*+b*—ab _ 1
d& dang ching minh —————> —, suy ra:
e 4 - ad+b*+ab 3 Y

a+b+c

P2 =675.

Céc ban sau day c6 bai giai tot:

Kién Giang: Thdi Pirc Huy, 10T2, Cdi Hoang Quoc
Khénh, 10T1, THPT chuyén Huynh Min Pat, Rach
Gi4; Ha Tinh: Ddng Sy Phuwée Pirc, 9A1, THCS Lé
Vin Thiém, TP. Ha Tinh; TP. H3 Chi Minh: Lé
Khdc Tri Nguyén, 10E2, Lwong Xudn Thé, 10Al,
TH, THCS, THPT Lé Thanh Téng, Q. Tan Phu;
Nghé An: Nguyén Tt Han, Nguyén Tit Hoang Anh,
Nguyén Thj Bing Tam, 9C, Hoang Van Nhan, 8C,
THCS Ly Nhat Quang, P6 Luong; Lim Dong:
Pham Quang Minh, 9A3, THCS Phan Chu Trinh,
TP. Da Lat; Vinh Phic: Trwong Khanh Chi, TAS,
THCS Vinh Yén, TP. Vinh Yén; Hung Yén: Trdn
Gia Phu, 10 Toén 1, THPT chuyén Hung Yén; TP.
Hung Yén; Séc¢ Tring: Nguyén Tén Phat, 911,
THCS Ly Thuomg Kiét; CH Ao: Lé Bach Hai Pang,
1B, trudng Qudc té Song ngit cdp 2, 3 GIBS, TP.
Graz.

NGUYEN ANH DUNG
Bai T6/566. Giai phieong trinh
" \‘/ O +1)(2x* +1)

P

i

=xt+xVx +1,

Ladi gidi. PK: x20.
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Ta thdy x =1 13 nghiém cua phuong trinh da cho.
Ta s& ching minh d6 12 nghiém duy nhét. Thét
vay:

Néu 0<x<l thi x’<x*<xJx. Ap dung bét
ding thitc Cauchy, ta c6:

3 3
ity 3\/ A X122 41 5 P4l 204
2 3 2 3

:13x’+5<6x2+6x\/}+6
6 6
=x2+xvx +1.

Néu x>1 thi ¥ >x* > xVx. Khi do:

3.3
VT = ilg’fﬁczﬂ.(zf +1)

= {(2353 +1) +%(x3 -1’ + 2)].(2)8 +1)

>2x° +1>x% + xx +1.

Vay phuong trinh di cho c6 nghiém duy nhét
x=1.
Nhdn xét. C6 vai ban gidi bang cch nhan lién hop
nhung cho 16 giai sai. Bai ndy ciing c6 thé gidi bing
céch liiy thira ca hai vé. Céc ban sau day ¢6 1di giai
duang: . L
Thai Binh: Phan Trung Hiéu, 10A1 ,THPT Tay
Tién Hai; TP. Hd Chi Minh: Trdn Nhdt Nguyén,
10E1, TH, THCS, THPT L& Thanh Téng, Nguyén
Chdnh Thién, 10CT1, THPT chuyen Lé Hong
Phong.

HOANG NGQC MINH

Bai T7/566. Chu'ng mmh rang da thire

9999 8888 777 666
x 5x 7 +x 666 t5555

chia hét cho da thirc x°* +x* +x* +x+1.

Léi gidi. Ta gii bai toan tong quat;

Véi moi s6 tw nhién a,b,c,d,e thi da thirc
P(x) o x5a+4

cho da thirc Q(x) ¥4y +x +x+l

x4 2 x5 4 X% chia hét

That vy, ta co hing dang thirc sau:
a"-b" =(a-b)(a" +a" b+ +ab"? +b"“) (*)

Xét hi¢u:

P(x)=0(x)=(x""* = x* )+ (x*" - )
+(x72 — )+ (P = x) + -1)
=xt (x% 1)+ (x =1)+ £ (¥ -1)
+x(x =)+ (x* -1).
Theo hiing ding thirc (*) thi v6i n 12 sé nguyén
duong bit ky thi
¥ -1=(x) =1" =(¥ -1)M
va x5—1=(x—-1)(x“+x’+x2+x+1).
thirc

"1 chia hét cho da

2

Suy ra
O(x)=x*+x"+x’+x+1 v6i moi sé nguyén
duong n. Ap dung didu nay ta suy ra da thirc
P(x)-Q(x) chia hét cho da thic Q(x), kéo
theo da thirc P(x) chia hét cho da thirc O(x).
Tir day, chon

a=1999.6=1777,c=1555,d =1333,e=1111
ta thu dwgc diéu phai chimg minh.
Nhin xét. Day 14 bai todn d&, nhiéu ban tham gia
giai va giai déu dung. Céc ban sau day co 101 giai
ding:
Nghé An: Phan Dai Hoang, 12A1, THPT chuyén
Phan Béi Chau; TP. Hd Chi Minh: Nguyén Chanh
Thién, 10 Toan 1, THPT chuyén Lé Hong Phong, Lé
Thuy Trang, 10ES, T ran Nhat Nguyén, Truong Gia
Pat, 10E1, Lé Khdc Tri Nguyén, 10E2, THPT Lé
Thanh Téng, Q. Tan Phi; Kién Giang: Nguyén
Hoai Nhanh, 10 Toén 2, THPT chuyén Huynh Min
Pat; D?)ngThzip: Huynh Phuc Vinh Nguyén, 11
To4an 1, THPT chuyén Nguyén Quang Diéu, Cao
Lanh; Cong hoa Ao: Lé Bach Hai Péing, Lép 1B,
Truong Qubc té Song ngit cip 2, 3, TP. Graz; Long
An: Thdi Nguyén Thanh Nhén; 10 Toan 1, THPT
chuyén Trin Vin Giau; Hai Phéng: Pdng Pinh
Minh Tri, 9D2, THCS Lac Vién, Q. Ngé Quyén; Ha
Tinh: Trdn Nguyén Khdi Hung, 11Al, THPT
Nguyén Thj Minh Khai, Ditc Tho; Hung Yén: Tran
Gia Phi, 10 Toan 1, THPT chuyén Hung Yén.

NGUYEN TIEN LAM
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Bai T8/366. Cho tam giic ABC nhon. Qua cac
dink 4. B, C lan hegt ké cdc duong thing a, b, ¢
sao cho (@) L AB, (b) L BC, (¢) L CA. Biét ring
D= (@ n b)) E=WUnk)F=()n(a)
Chimg minh S, 238 5 trong do Syyz la ki
hicu dién tich tam giac XYZ.

Li gidi. (Theo ban Nguyén Chdnh Thién, 10CT]1,
THPT chuyén Lé Hong Phong, TP. Ho Chi
Minh).

Pit BC =a, CA = b, AB = c. Goi R la béan kinh
dwong tron ngoai tiep tam gidc ABC. Ta c6:

Sper =Sasc +S.usp +Ssce +Sucr
nén dé chimg minh bét ding thirc trén, ta can chi

R PR S, St L T S %’;ﬁ
abc
= 2(SABD +SBCE +SACF)2T (l)

Lai co:

2(S 15p + Spce + Sycr) =c.AD +a.BE + bCF
va AD = ctan(90° - B) =ccot B,BE =acot C,
CF =bcotd = 2(S z3p +Ssce +Sicr)

=a’cotC+b*cotA+c’cot B (2).
T (1) va (), ta can chimg minh

a*cotC +b*cot A+c*cotB Z-G—Ibf A3).

T dinh 1y ham sd sin va césin trong tam gic
ABC ta thay:

cosd _R(b’ +c’-a?),

sin A

cotA=
abc

S5 570(12-2024)
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R(c* +a* -b%)

cotB =
abe
2,2 2
cotC = Rla +b”-¢’)
abe

Tir 46, dé chimg minh (3), ta cén chi ra:
a(@ +b* -c)+ b (b* +c* -a’)

a’b’c’

>

+ci(c +a* =b)2

b ] 3 2
a‘bc’

eat+bt+e'>
R2

& sin' A+sin*B+sin*C > dsin’ 4 sin’B.sin’C (4)

Ap dung bit ding thirc Cauchy ta c6:

4
sin*4 +sin*B +sin*C 2 3(sind.sinB.sinC)°

nén dé chimg minh (4), ta cin chimg minh:
4
3(sind.sinB.sinC)? > 4sin” A.sin’ B.sin’C

L e p o s 3
& (sind.sinB.sinC)* S:

r:

& sind.sinB.sinC s% (5).

Ta lai c6 bat ding thirc quen thudc:

sind +sinB +sinC < %
nén theo bét ding thirc Cauchy:
27sinA.sinB.sinC < (sind +sinB +sin C)’

= sind.sinB.sinC < 3—;[2
(bat dang thirc (5) dugc chimg minh).
Viy bai toan dugc chimg minh. Dang thirc xay ra
& A=B=C & AABC déu.

----- .-

Nhdn xét. S bai giai giri vé Toa soan khong nhiéu.
Ngoai ban Thi¢n céc ban sau ciing c6 14i giai ding:
Ba Ria — Viing Tau: Do Tién Diing, 11 Toén 1,
THPT chuyén Lé Quy Pén, TP. Ving Tau; Long
An: Pham Lién Hoang Triéu, 11 Toan 1, THPT
chuyén Tran Van Gidu; TP. Hd Chi Minh: Hupnh
Trinh Vinh Phuc, 11A1, TH, THCS & THPT Lé
Thanh Tong, Quin Tan Phu.

HO QUANG VINH
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Bai T9/566. Tim tat ca cdc cap s6 nguyén (x; y)

théa man  3(4x° +8xy+3y" —3x43) (1) wva

5(2x% +4xy+7y* =7x+7) (2)

chinh phuwong.

Loi gigi. Cdch 1. Trude hét ta chimng minh bd dé:

B dd. Véia, b, kla cic s6 nguyén dwong. Néu p

la s6 nguyén t6 cé dang 4k + 3 va a* +b*ip thi

a:p va bip.

Chimg minh. Vi a*+b*:p nén khong xay ra

treong hop aipva bl p hoic alp va bip.

Gia stt a/ p, bl p. Theo dinh 1y Fermat bé ta c6:
a’' =1(mod p), b*" =1 (mod p)

= g +b"" =2 (mod p) = a***?* + b***? =2 (mod p).

2k+1 2k+l, .
a4k+2 +b4k+2 =((12) +(b2) :a2 +b2 va

Ma
@ +b* =0 (mod p), do do:
a***? +b*** =0 (mod p).
Vay 2=0(modp),vd ly. Do d6 a:p va bip.
Quay tro lai bai- T9/566.
Do 3(4x* +8xy+3y* —=3x+3) va
52x> +4xy+7y* —=7x+7) 14 céc s6 chinh phuong
nén ta dat: 3(4x> +8xy+3y* —3x+3)=d’,
52x* +dxy+7y* —=Tx+7)=b*v6i a,beN.

Tacé: @ +b° =22 (x+y—17 +(y+17?] (¥).
Ta s& chimg minh: a,b,x+y-1,y+1:11" (*¥),
véi neN bing phuong phip quy nap.
Véin=0thi (**)hién nhién dang.
Gia sir (**) diing voi # = k, keN, ta chitng minh
(**) dang v6i n = k + 1. Thit viy, dit
a=11m,b=11"n,x+y-1=11p,y+1=11"q véi
m,n,p,geN’. Thay vio (*) ta thu dugc:

112 (m? +n’)=22.112*(p2.+§2)

emr+n*=22(p*+q*)=>m* +n*i11.

Theo b d2 trén thi mi1l, nill=>m?11?, n*ill?

deu la cde s0

=22(p* +¢*)}11* = p? +4*i11. Ciing theo bd dé
trén suy ra: pill, g:11. Do d6:
a,b,x+y—1y+1:11"",
Viy a,b,x+y-1,y+1:11",VneN, Didu nay chi
xdy ra khi
a=b=x+y-l=y+1=0&x=2,y=~1,a=b=0.
Vay cip s6 nguyén (x, y) can tim 1a (2,-1).
Ciéch 2 (Theo ban Phan Trung Hiéu, 10A1, THPT
Tay Tién Hai, Thai Binh). Ta cé:
(2)=10x* +20xy+35y” —35x 435
=10x" 4+-5x(4y—T)+35y* +35 (3).
Xét tam thirc (3) 4n x, tham s6 y cé:
A, =[5(4y=7)]' —4.10.(35)" +35)
=-1000y* —1400y—175
=—25(40y* +56y+7).
Tam thirc (3) c6 nghiém khi va chi khi
A, =-25(40y" +56y+7)>0

~14-3J14 1)
GTIIE ey < TN,

Do yeZ nény=-1.
Mit khéc: (2)=35y" +20xy+10x* —35x+35 (4).
Xét tam thirc (4) 4n y, tham sé x c6:
A} =(10x)* —35.(10x* —35x +35)

=—250x% +1225x—1225

=—25(10x> —49x +49).
Tam thirc (4) ¢6 nghiém khi va chi khi

A =-25(10x* —49x+49) >0

®1=1,4$x$1=3,5.
5 2

Do x€Z nén xe{2;3}.
- Véi x = 2, két hop véi y = -1, thay vao (1) va
(2) ta duge:  3(4x” +8xp+3y* —3x+3)
=3.(4.2" —8.2+3.1-3.243)=0
14 s6 chinh phuong;
502x +4xy+7y* =7x+7)
=522 —4247.1-72+7)=0
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1a sb chinh phuong.
- V@i x = 3, két hop voi y = —1, thay vao (2) ta
dugc: 27 $day + 70 =04 7)

=523 -43471-734+7)=-5
khong 1a s6 chinh phuong.
Viy cip s6 nguyén (x, ») thoa mdn bai todn la
(2. ~1).
Nhén xét. Day 1a bii toan sé hoc hay. Méu chét
trong céch gidi 1 13 phdt hi¢n duge tong cia hai sé
can chimg minh 13 s chinh phuong chia hét cho s6
nguyén to 11 (1a sé nguyén t6 ¢ dang 4k + 3), sau
d6 st dung bd d& @& dinh gid, tr d6 tim dugc x, y.
L& gidi cua ban Hiéu & cdch 2 kha thd vi vi chi ding
didu kién 06 nghi¢m cuia tam thirc bic hai (trong dai
s6) dé giai bai todn s6 hoc. Tuyén duong céc ban sau
¢ 1o gidi dung:
Hai Phong: Dang Dinh Minh Tri, 9D2, THCS Lac
Vién, Q. Ngd Quyen; Thai Binh: Phan Trung Hiéu,
10A1, THPT Tay Tién Hai; Binh Dinh: Tran Ngoc
Tuyén, 11 Toin, THPT chuyén Lé Quy Don; Kién
Giang: Thdi Dirc Huy, 10T2, THPT chuyén Huynh
Min Dat; TP. Hb Chi Minh: Nguyén Chanh Thién,
10CT1, THPT chuyén Lé Hong Phong; Hung Yén:
Trdn Gia Phii, 10 Toan 1, THPT chuyén Hung Yén.

TRAN HOU NAM
Bai T10/566. Cho (a,) la day s6 xdc dinh boi
‘ TSEPRR
a=1va a,= (”+ e a +o .+1, n=123,...
n+2n

Tim s6 hang l(fllg qual a, ctia day va tinh lim ‘—I;-
Laas d |
Léi gidgi (Dya trén 10i gii cua ban Nguyén Minh
Hiéu, THPT Chi Ling, Gia Lai)
i k+1
bat Vi =—k a,. Khi d6
Via =W+ +2)(K -k +1)
-k+2 (1)

Lay tong véi k chay tir 1 tdin — 1 & (1) ta duge:

v_—v,-.-'z":ku'z'fk’—'z"hﬁz (2.

k=1 k=l k=l k=1

v, -% =k +k°

Ch ¥ ring
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l)n(Zn—I)

) " zk i
N, (n=Dn
D k=" Ez 2n—1).

Thay vio (2) ta dugc:
3n* =2n' =9’ +32n-24

V=W =
12
In' =20 -9n* +32n-24
=>v, =2+
12
_n(3n’ =2n° -9n +32)
- 12
_ n*(3n’ =2n* =9n +32)
S 12(n+1) '
3 L= 2 i 32
T do: him e fim 2 oY ~ 8%
n 12n° +12n°
.29 .3
=lim n n2 "3 =i:_l_
12+E 12 4

Nhdn xét. Ngoai ban Hiéu, cic ban sau diy cé 1o
gidi tot:
Phi Yén: Huynh Tran Gia Huy, 11T, THPT chuyén
Luong Vin Chanh; TP. Hd Chi Minh: Nguyén
Chdnh Thién, 10CT, THPT chuyén Lé Hong Phong,
Long An: Trwong Huynh Tan Pat, 10T1, THPT
chuyén Trin Vin Gidu.
DPANG HUNG THANG
Bai T11/566. Tim ham f:
fx+yf(x)+f ()= (x)+ (202

VoI moi s0 the x, 2

R—R thoa man

23D

Loi gidi. (Theo da s cic ban) Gia sir fx) théa
midn (1). Thay y = 1 vao (1) ta dugc:
S(x+ f(x) = f(2022),VxeR (2).
Thay x = 2022 vao (1), ta dugc:
(2022 + 3(2022)) = £(2022),VyeR (3).
- Néu /{2022) = 0 thi tir (3) suy ra:
f(x)=CeR,C#0 théa min.
Mt khéc nr (1) ta thiy him s§ f(x) =0 théa man
nén moi him hing f(x)=c,c R théa min bai
todn,
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- Néuf2022)=0va f(x) = 0, ta xét tap hop
S={a: f(a)=0}.

Rorang S = D.

Néu |SP1, lay a,beS tiy ¥, thay x=a vio
(1) ta dugc:

f(ay)= f(2022y),VyeR,acS (4).
Thay x=0 vao (2) dugc f(f(0))= f(2022)=0
nén f(0) € S. Theo (4) thi
S(f(0)y) = f(2022y) (5).
V&imoi s e R thi theo (4), ta co:
f(as) = f(bs)= f(2022s).
Tir day, thay x =as vao (1), ta thu dugc:
S (as + yf (20225)) = f(as + yf (as))
= [(as)+ f(2022y) - f(asy)
= f(20225) + f(2022y) - f(2022sy).
Tuong tyr:
f(bs + yf(20225)) = f(20225) + f(2022y) ~ f(2022sy).
Viy f(as + yf(20225)) = [(bs + yf(2022s)) nén
f(as + yf(20225)) = f(as + yf(20225) + T) (6)

vii T =(b~-a)s.

Thay x=T vao (1), tacé:

ST +yf(T)+ f(Ty)= f(T)+ £(2022y) (7).
Do f(T)=/(0)eS nén f(yf(T)) = f(2022y)
vado f(T +y)= f(y) nén tlr(7) suy ra:

S(@y)=f(0), tre f(x)me.

Néu xdy ra f(s)=0 vGimgi s =0 thi ta thu dugc
J(0) nh{n gid trj thy y.
Két lugn: Bai todn c6 cdc nghi¢m:

() f(x)=ec,

(ii) f(x)=0 khi x=0 va f(0) tiyy.

(iii) f(x)=2022~-x.
Nhin xét. Diy 1a dang toan khé vé phuong trinh
ham trong 16p ham hop va tuin hoan. Ddy la dé
bai trong RMN Master 2019. Céc ban giri 161 giai
thudng khong dwa duge diy di hé nghi¢m cia bai
todn,
Cic ban sau diy c6 101 gidi ding.

Binh Pjnh: Trdn Ngoc Tuyén, 11T1, THPT
chuyén Lé Quy Don; TP. Hd Chi Minh: Nguyén
Chédnh Thién, 10CT, THPT chuyén Lé Hong
Phong; Phi Yén: Huynh Tran Gia Huy, 11Tl,
THPT chuyén Lwong Vin Chanh; Long An:
Hupnh Trung Nghia, 10T1, THPT chuyén Trin
Vin Giau.

NGUYEN VAN MAU
Bai T12/566. Cho tam giac ABC, O, I theo thi ti
la tam dwong tron ngogi n‘é'p va noi liafp tam giac.
K. L theo thir tw la giao diém ctia IB, IC va AC,
AB. X la giao diém ciia dwong thang qua K vuing
gée vai OB va dwong thang qua L vuong goc voi
OC. Y. Z theo thi nie la diém doi xtmg ciia X qua
CL, BK. Chimg minh OI di qua tryec tdm ctia tam
giac XYZ.
Léi gidgi. Ta cin c6 hai bd de.
BS ad 1. Cho tam gide ABC, O, I, H theo thir tyr I
tim dwong tron ngoqi tidp, tim dwong tron ngi
tiép va trye tim tam gidc ABC. Khi d6

(A0, A)s~(AH, Al (mod 7).
B& A& 2. Cho tam gidc ABC, O ld tim dieong tron
ngogi tiép, (1) la diedng tron ngi tiép. D, E, F theo
thie tw la tiép diém cia (I) va BC, CA, AB. S ld
tryec tdm cua tam gide DEF. Khi d6 S thuge Ol.
Phép chimg minh cdc bd dé trén rdt don gian,
khong trinh bdy & ddy.
Tro lai giai bai todn trén.
Goi (/) 12 duémg tron ndi tiép tam gide ABC; D, E,
F theo thir ty 1 tiép diém cta (/) va BC, CA, AB;
H, S, T theo thir ty 13 tryc tdm clia cic tam gidc
ABC, DEF, XYZ, P, Q theo thir ty 1A giao diém
cua XK, XL va BC.
Vi X va Y d6i ximg véi nhau qua CL = CI L DE,
suyra IX =1Y va XY//DE (1).
Tuong ty IX =1Z va XZ//DF (2).
Vi KP L BO,KB L DF;BD = BF;BH L AC nén,
theo bd dé 1, ta co:
(KP,KB)=(BO,DF)=(FD,BH)
~ =(KB,AC)(mod ).
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Piéu d6 c6 nghia 1a cac dudng thing KP, KA d6i
Xung va&i nhau qua KB (3).
Tir (3), chi ¥ ring KA tiép xtc voi (I), suy ra
XP = KP tiép xtic véi (I).
Tir (3), chu ¥ ring cic duong thing BP, BA dbi
xing véi nhau qua KB, suy ra:

(PQ,PX)=(PB,PK)=-(AB, AK)

=—(A4B,AC)(mod 7).
Tuong ty X0 =LQ tiép xtic véi (I) va
(QP,0X) =—(AC, AB)(mod 7).
Vay XP, XQ cing tiép xiic v6i (J) va
(PQ,PX)=—(QP,0X)(mod 7).
No6i cach khac (1) 12 dudng tron noi tiép tam gidc
XPQ va tam giac XPQ cén tai X.
Do d6 X, I, D thing hang;
Tir 46, chii ¥ ring ¥, E 13 anh cia X, D qua phép
dbi ximg truc CL, suy ra'¥, I, E thing hing (4).
Tuong tu Z, I, F thing hang (5). .
Tixr (1), (2), (4) va (5) suyra —g =====k
IE ID IF

Tir (1), (2), (4) va (5), cha ¥ rang I cing 1a tim
duong tron ngoai tiép cua cic tam giac XYZ va
DEF, suy ra tam gidc DEF 14 anh ciia tam giAc
XYZ qua phép vi ty V}. '
Do d6 I, T, S thing hang. Viy, theo bd dé 2, ta ¢6
I, T, O thing hang (dpcm).

30 T?g-?-luggg S§ 570(12-2024)

Nhdn xét. 1) Bai toan nay khong kho, chi c¢6 5 ban
tham gia giai.
2) Két qua co ban trong 15 giai 14 cac tam gidc XYZ
va DEF 13 anh cua nhau qua phép vi ty tdim I. Tuy
nhién ca 5 ban déu di dén két qua trén theo nhiing
cach kha phire tap.
3) Y, Z theo thir ty thudc 4B, AC.
4) Xin néu tén ca 5 ban: Thira Thién Hué: Nguyén
Duy Phiic, 11T1, THPT chuyén Quéc hoc Hué;
Quéang Nam: Nguyén Duy Phiic, 10T, THPT chuyén
Nguyén Binh Khiém; Dong Nai: Lé Bdo Khdnh,
12T, THPT chuyén Lwong Thé Vinh; Ba Rja -
Viing Tau: Nguyén Ngoc Khang, 11T1, THPT
chuyén Lé Quy Don; Long An: Kiéu Gia Bdo,
THPT chuyén Trin Vin Giu.

NGUYEN MINH HA

Bai L1/566. Mot vé tinh dia tinh ¢ do cao 36600
km so véi dai phat hinh trén mat dat nam trén
duomg thang noi vé tinh va tam Trdi Dat. Coi Trdi
Dt la mét hinh cdu cé bdn kinh R = 6400 km. V¢é
tinh nhdn song truyén hinh tir dai phat réi phat lai
tirc thoi tin hiéu do vé Trdi Padt. Biét séng mang
hinh c6 budc. séng khong déi khi lan truyen o
A =0,5m; téc dj truyén song ¢ = 3.10° mvs. Tinh
khodng thoi gian lon nhdt ma séng truyén hinh
di tir dai phat dén Trdi Pat.

Loi gidi. Thoi gian 16n nhit ma séng truyén hinh
di tir dai phat dén Trai D4t chinh 12 thdi gian séng
di tir dai phat dén vé tinh sau d6 tir vé tinh truyén
vé Trai D4t theo phuong tiép tuyén véi Trai Dt
(hinh duéi).

Khoang cach 16n nhat do 1a:

d=0OM+ 36 600

—\/(36 600+ 6 400)% — 6 4002 +36 600

~ 79121 km.
Khoang thdi gian 16n nhit ma séng truyén hinh di
tir dai phat dén Trai Dat:
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79121000
3.10°8

=

L 5
¢ =~ 0,.‘.65.

Q

Nhin xét, Chic mimg cde ban Dang Hodng Lwong,
11A1, THPT Yén Thanh 2, Ngh¢ An da 6 1di giai
dung.
= & "

NGUYEN XUAN QUANG
Bai L2/866.  Hicu sudt truven tai dicn nang mot
cong suat P tie may phat dién dén noi ticu thy la
33% Dung may bicn ap Ui iwomg ¢6 6 so giira

cuon thir cap va cupn so cap la — =3 d¢ wang

dicn ap truvén tai. Hi¢u suat truveén tai sau khi siwe

y P oA ’ yy o7 IR 5 |
hi W RO IR B4 Sy i
Aung may Jien ap i Ao aicu.,

LUy N,
Loi gidi. Theo d& bai; —2 =—2 =3
U, N,
Kol ol o e
Ujcos @

h=l-H, = -—————."m,
. " Ujlcos™ g

1-H; (UY
= —i = =L
1-H, \U,

1= H, 1]’
= L=l —
1-0,35 (5

= H, =0,974 =97,4%.

Nhén xét. Chuc mimg cdc ban di co 1o1 gidi ding
cho dé ra ki ndy: Lé Djnh Cong, 10 A1, Huynh Trinh
Vinh Phic, 11A1, THPT Lé Thanh Téng, Q. Tan
Phd, TP. Hd Chi Minh; Dang Hoang Luwong, 11A1,

THPT Yén Thanh 2, Ngh¢ An.
DINH THI THAI QUYNH

IRt R B S R e s e R R S e S P e e SR e RS Rt LR

PROBLEMS ...

(Ziep theo trang 21)

Problem T8/370. Given triangle ABC inscribed in
a circle with radius 1. Let G be the triangle’s
centroid. Prove that

4B BC CA
+ 25,55 apv BovCa
GC GA GB A

Problem T9/570. Given three numbers a,b,c

21445
2

which are larger than and satisfy

abe = 1. Prove that
1 1 4 ik
- + +
2 +a=-1 P+b-15¢v el

“TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/570. Prove that, for each integer
value of a, the equation X +x+a’ =y has at

least one solution (x; ¥) consisting of two positive
integers.

Problem T11/570. Consider 2022 arbitrary real
numbers a@,,a,,d,,...,dx,, With a, =ay,, =0, and
the remaining numbers are different from 0. Prove
that for any real number &

Iaol —IaN21| < Z::ol:glal' 3 kaifl . (1”1|.

Problem TI12/570. Given a tnangle ABC
inscribed in a circle (O) and / is an arbitrary point.
The tangent line at B of (O) intersects the
circumcircle of the triangle AB/I at D; the tangent
line at C of (0) intersects the circle circumcircle
to triangle AIC at point E. Let P be the
circumcenter of the triangle DIE. Prove that P lies

on the perpendicular bisector of line segment BC.

NGUYEN PHU HOANG LAN_
(University of Education, VNU, Hanot)
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CAO NGUYEN MINH HIEN - CAO MINH QUANG
(GV THPT cluvén Nguydn Bink Khiém, Vinh long)

T6 mau va phi hinh 1a m§t ming quan trong cua
todn td hop. Ngodi nhimg dang toin phu hinh
chiing ta con gip nhidu bai todn vé t& mau mdt s
58, mot 6 didm ndo dé cua tip hop. Da sd cic bai
todn ndy khdng c6 cdch gidi tdng qudt, nén hoc
sinh rit kho khin khi tiép cdn va trinh bay 10i gidi.
Trong bai viét ndy, ching t4i tong hop, h¢ thong,
phan tich cich tiép cfn va khai thic gia thiét chudi
bai todn ¢6 ndi dung “To mau diém” nhim phuc
vu cho cdng tic bdi dudng hoc sinh gidi dat higu
qué cao nhat.

Vidc gidi quyét bi todn “Té mdu diém” cin sir
dung mét s6 phwong phip quen thugc cia toin
hinh hoc td hgp. Do d6, hoc sinh cin duge chudn
bi kién thirc va k¥ ning vin dung mt cich thanh
thao mot s6 nguyén 1y va cdc phwong phép thudong
gip nhu: nguyén ly quy nap; nguyén Iy Dirichlet,
nguyén 1y cyc han, nguyén 1y bit bién; phuong
phip dém bing hai cich; phuong phip phin
chumg, ...

K§ thuit td mau diém dugc sir dung qua nhiéu bai
todn, ching ta cing xem xét mt s6 md hinh cu
thé nhu sau:

Bii todn 1. Cho 50 diém tén mdt phing mad
khéng c¢o ba diém ndo thang hang. Moi diém
trong $6 cde diém nay dwpe 10 boi mot trong bon
mau: xanh, do, tim, vang. Chirng minh ¢6 mot
mli)(l dwoe 16 cho ¢d ba dinh cia it nhat 130 tam
gide khong can.

" Phan tich. O diy c6 50 diém dugc td bdi 4 mau

khéc nhau, va yéu ciu cin dat 14 xac dinh duge sb
tam giéc ¢6 ba dinh cung mau. Qua phép chia ndy,
gido vién ggi y cho hoc sinh hudéng bai toén vé
theo nguyen ly Dirichlet m¢t cich khé ty nhién,

32 T?ﬁc%ggce S8 570(12-2024)

nhim ¢6 dinh s6 diém cing mau, tr do dém sé
tam gidc, sO tam gidc cdn tr cdc diém nay. Cudi
cung ding nguyén 1y bu trr dé suy ra sé cic tam
gidc khong cin.

Loi gigi. Do 50=4.12+2 nén theo nguyén ly
Dirichlet thi ¢6 it nhit 13 diém dugc té cing mot
mau. Céc diém ndy tgo nén C, =78 doan thing
va G, =286 tam giic. RO rang véi méi doan
thing AB, ta s& c6 toi da 2 tam gidc cin c6 ddy 1a
AB . Vi néu khong, ching han c¢6 ba tam gidc
ABC,ABD,ABE c¢éan thi ba dinh C,D,E sé
th::mg hang, mau thuin.

Do d9, ¢6 tdi da 78.2=156 tam giic cén trong s6
cdc tam gidic di tao thanh tir h¢ didém dé cho va
tuong (mg s& ¢6 it nhit 286-156=130 tam gidc
khong can.

Bai todn 2. Moi dicm trong sé 2009 diém cho
trede trén m@t phang dwoc 6 boi mét trong hai
mau: xanh hodc do. Biét rang moi dwong tron don
Vi ¢6 tdm mau xanh di qua ding hai diém do. Hoi
co nhicu nhat bao nhiéu diém xanh?

Phén tich. Bai toian ndy doi héi hoc sinh lam rd
mdi quan hé giira cic dudng tron don vi ¢ tim
xanh véi cic diém mau d6 duge chira trong nd.
Dung quy tic nhin c6 thé dém dwge sb cip diém
mau do va twong img v&i s6 dudng tron tim xanh.
T d6 dénh gia duge tdng sé diém xanh d6 trén
mit phing. Diém sing trong bai todn nay 1A chi ra
mt cach td mau thda dé bai, chinh 1d md hinh mi
45 diém do duge xép trén mét doan thing ¢6 dd
dai bing 1.

Léi gidi. RO rang moi cip diém do thudc tdi da
hai dudng trdn ¢6 tim mau xanh. Goi » 1A sb
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diém d6 thi s6 cip twong mg 1a ﬂ"z__ll va sé

khong c6 qua n(n—1) dudng tron cd tim xanh.
Suy ra téng s6 didm khong vuot qua
n(n=1)+n=n> diém. Do d6, n®=>2009 hay
n>45. Khi d6, sd diém xanh khong vurgt qua
2009 —45=1964 diém.
Ta s& chi ra cach xay dyng m6 hinh théa man dé
bai nhu sau: Xép 45 didm d6 phan bidt 1én mot
doan thing c6 d6 dai bing 1. Sau d6 v& 45 dudng
tron don vi c6 tim do. R rang chung s¢ d6i mot
cét nhau va cdc giao diém déu phan bi¢t. Tong sd
giao diém 1a

2.C3 =1980.
Ta s& t6 mau xanh cho dung 1964 giao diém trong
s6 d6 thi rd rang mbi duong tron don vi tim xanh
s& di qua dang hai diém d6. M6 hinh nay théa d&
bai. |
Vay s6 diém xanh 16n nhat 12 1964
Bai toan 3. M0i 56 tir 1 dén 25 duroc (6 xanh hodc
do. Tim cdc cdch t6 mau théa mén dong thoi cdc
diéu kién sau: %

i) S6 5 16 mau do.

ii) Néu hai 56 X, y “khdc mau va x + y< 25 thi s6
x+y dwgc t6 mau xanh. ’

111) Néu hai s6 x y khac mau va xy's <25 thz so
xy durge t6 mau do. o
Phin tich. Cin t6 mau 25 s6 th()amﬁn_pé, 3 yéu
cAu dit ra, do iii) nén ta xét bai toan & hai trudng
hop, s6 1 mau d6va s6 1 mau xanh. Bai to4n nay
doi héi tinh toan chi tiét va suy ludn lgic.
Léi gidi. ? L
« TH1: S5 1 duge t6 mau do.
Gia sirton tai ke {2,3,4,...,25} dugc td miu xanh

thi 1 va k Khdc mau va tich 1k <25 nén & dugc
t6 mau do, vo ly

Vay tht ca cac s6 tir 1 dén 25 duqc t6 mau do.

o TH2: S6 1 dugc t6 mau xanh.

Theo i) thi s6 5 dugc t6 mau do vado 5 =4 + 1
nén sé 4 xanh. Vi 5=2+3 donénsd 2 vasb 3
duoc t6 cing mau. Néu 2 va 3 cung mau do thi
3=2+1 dugc o xanh, vd 1y. Vdy 2 va 3 déu
dugce t6 mau xanh.

Céc sb con lai duge to nhu sau

6=5+1 16=15+1
7=5+2 17=15+2
Xanh Xanh
8=5+3 18=15+3
9=5+4 19=15+4
10=15.2 bo 20=2.10 bé
11=5+6 21=20+1
12=5+7 | Xanh | 22=20+2 Xanh
13=5+8 23=20+3
14=5+9 24=20+4
15=53 | Ds | 25=1.25 Xanh
25=10+15 Dé

T6m lai c6 3 cach t6 mau céc sb tir 1 dén 25 nhu
sau
Céch I: T6 tt ca 25 s nay clng 13 mau do.
Cdch2: Tb cée sb: 1,2,3,4,6,7,8,9,11,12,13,14,
16,17,18,19,21,22,23,24,25 mau xanh; céc s6
5,10,15,20 ‘mau do.
Cdch 3: T6 cac sb: 1,2,3,4,6,7,8,9,11,12,13,14,16,
17,18,19,21,22,23,24 mau xanh;
cac s6 5,10,15,20,25 mau do.
Xin gi6i thiéu bai toan 3.1 véi mo hinh 15 sb
nguyéri dwong dau tién dé ban doc nghién ciru.
Bai todn 3.1. Mdi s6 tir 1 dén. 15 duoc t6 xanh
hodc do. Tim cdc cdch t6 mau thoa man dong thoi
cac diéu kién saz)'

)86 15 to mau d’o

ii) Néu x B khac mauva x+y<15 thz 50 x+y
dugc to mau xanh.

‘fii) Néu 'x 5t khac mau va xy <15 thi so xy

duoc 16 mau do.

: TOAN HQC
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Bai toan 4. Cho n la m¢t so nguyén duwong chan,
n24. Ta t6 mau moi so trong cac so nguyén

< z N z ‘
dwong nr 1 dén n sao cho = S0 trong chung duge

—

i < , n £ ; A 3 v
1o mau xanh va ‘;' S0 ¢con I(H JH’()'(‘ to mau do. Voi

moi cach 16 nhw vy, ki hicu f, la so cic so
nguyven dwong badt ki ma né co the viér duoc dudi
dang tong hai so khac mau.

a) Tim tat ca cac gid tri cua f,.

b) Khi n 28, chimg minh nfug f.<2n-3. Hay
chi ra mét cach t6 mau théa man f, =2n-35.
Phén tich. Véi 4 sb nguyén duong dau tién, thyc
hién t6 mau lan lugt céc s, ta tinh duge f; =3,
fi=4.

Véi n28. Cac sb viét dugc thanh tdng cia hai sb
khdc mau s& nhan gid tri tr s6 nho nhat la
1+2=3 dén s 16n nhdt 1A (n-1)+n=2n-1.

Do dé f, <2n-3.

Budc dénh gia ndy co ban nhung rit quan trong,
chi cin xét trudng hop ddu “=" ¢ xdy ra hay
khong, 14 ta c6 thé gidi quyét duge yéu ciu bai
todn. R6 ring & day, ddu “=" khéng xdy ra (chimg
minh bing phan chimg). Viy cin chi ra mjt cich
t6 mau théamin f, =2n-35.

Li gidi. a) Khong mat tinh tong quat, ta gia sir s6

1 duge t6 mau xanh. Ta cé cic trudong hgp sau:

e 1X, 2X, suy ra 3D, 4D; céc sb viét dugc thanh
tdng hai s6 khic mau la 4, 5, 6; hay f, =3.

e 1X, 2D, 3X, suy ra 4D; cic s6 viét dugc thanh
tong hai s6 khic mau 1a 3, 5, 7; hay f =3.

« 1X, 2D, 3D, suy ra 4X; cdc sb viét duge thanh
tong hai s6 khic mau 1a 3, 4, 6, 7; hay f, =4.
Viy f, €{3;4}.

b)  V&i n28. Cic s viét duge thanh tong cua
hai s6 khic mau s& nhin gid trj tir s6 nho nhit 1a
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1+2=3 dénsd lénnhatla (n-1)+n=2n-1,do
d6 f, <2n-3.

Néu f, =2n-3 thi tit ca cdc sb tir 3 dén n—|
déu duoe viét thanh tdng cua hai s6 khic mau, Ta
c6 thé coi 1X, 2D. Vi cdc s6 4 dén n-1 cing
dugc viét thanh tong cua hai sé khic mau cho nén
3D, 4D,...,(n-2)D.

Lic nay, ¢ tit cad n-3 s duge t6 mau do,
nhung ,,_3__'21=§—3>0 v6i méi n chin,
n>8, hay néi cich khac, sO sd dugc t6 mau b
16n hon ’—:; Didu ndy trdi v6i gid thiét cia bai
todn. Do d6 f, <2n-3.

« Ta chi ra cich dé t6 miu théa midn £, =2n-5
Gia sir, n=2k tatd X tat ca k s6 1,2,4,6,2k - 2
va 6 D k s6 con lai 1a 3,5,7,2k —1,2k thi tit ca
céc s6 duge viét thanh tong cua hai sé khic mau
A 4,56,7...4k-2, c6 tit ci
(4k-2)-4+1=4k-5=2n-5 sb. Bai toén
dugc théa man.

Binh lugn. Co6 thé thay ddi cach djt cdu hoi b,
ching han nhu “Tim gia trj lén nhdt cia f,”.
Céch hoi ndy xem nhu rit ciu din, ning mirc d¢
cia bai todn 1én. Ban thin ngudi viét cam thiy
céch hoi ndy sé hay hon. Tuy nhién cich lam nhu
vdy chi phu hgp v&i nhém hoc sinh gioi, di lam
thanh thao dang cyc trj td hgp. Con néu sir dung
dé day nhém hoc sinh méi 1am quen véi td hop
n6i chung, thi nén ding cau din nhu céch hoi cia
bdi todn 4 néu trén, sé gidp hoc sinh cé dinh
huéng va c6 himg tha tim &1 gidi.

Bai todn 5. Cho da gidgc deu (H) ¢6 2017 dinh ma
méi dinh duege té boi mot trong ba mau: xanh, do,
vang véi s6 hegng lan lept la a,b,c sao cho cic
s6 a,b,c déu lé. Goi x, v,z lan lwot la sé tam

giac ¢an ¢o ba dinh thuoc (H) ma cdc dinh cia
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mai tam giac dwoe 16 boi: mét mau, hai mau, ba
mauy,
a) Chimg minh rang 3x+y=3(C; +C + v
b) Cluing minh rang = > 0.
Phén tich. Bai toan dugc phdt biéu kha phie tap,
tuy nhién véi nhin xét hai dinh bat ky thi ¢6 ding
3 céch chon mdt dinh thir ba d¢ duge mdt tam gidc
cin, ta dém cdc by (M,N,P) véi dinh M,N
khong tinh thi ty, t6 cing mau va ndm trong tam
gidc cin tai P bing hai cdch: Dém theo mau va
dém theo loai dinh.
Ppé chimg minh duge z 13 sé duong, ta ding
phuong phdp phin chimg, tirc 1a gid st z=0. Khi
dd chi cd tam gidc cdn logi x hodc loai y thoa
man d& bai. Do d6 s6 tam gidc cin logi x hodc
logi » 1a x+y=C3,,. Két hop véi danh gis ¢
ciu a) dé dan dén didu mau thuin.
Loi gidi. ) Nhin xét, véi hai dinh tiy y trong
2017 dinh cua da gidc (H) thi cé ding 3 cich
chon mot dinh thir 3 dé duge mdt tam gidc cén.
That vy, gia sir c6 hai dinh 4,B va cung nho
AB chira trong d6 & diém. Truée hét, vi 2017 1¢
nén trén cung 1ém hodc trén cung nho AB s€ cd
ding mot diém C cich déu 4,B. Ngodi m,
dudng trdn (A, AB) va (B,BA) cit (H) tai cic
diém D,E ciing thoa min yéu ciu.
Chi y ring (2017,3)=1 nén khdng c6 tam gidc
déu nio trong cic dinh cia (H), suy ra cic diém
D,E,F 1a duy nhat.
Tir do, ta dém céc by (M,N,P) véi dinh M,N
khong tinh thit ty, td cing miu va nim trong tam
gidgccantai P.
« Dém theo mau:
Chon hai dinh M, N cing miu, ¢6 C? +C} +C?
cich. Chon tam gidc P cAn va chira hai diém do,
¢6 thém 3 cich; nén s b trén I
(@ +q+CY).

« Dém theo logi dinh:
Tam gidc logi x,y,z cho twong img 3,1,0 cip
dinh cung mau, nén cé (3.\' + y) bJ.
So sanh két qua & hai cach dém, ta duge:
W+ y=3(C1+C +C).

b) Gia st z=0. Ta thdy mdi cach chon 2 diém

bdt ki tir 2017 diém sé& xdc dinh dudng mét tam

gidc cin logi x hofc logi y.

Nhu chirg minh & cdu a, khi da ¢6 2 dinh thi dinh

thir 3 ctia tam giéc cin s& ¢ 3 cdch chon.

Gia sir chon dugc hai diém cing mau ( ching han

1a mdu xanh).

- Néu ba diém con lai néu c6 mdt diém xanh thi

tam gidc tao thanh c6 3 dinh dugc t6 boi 1 mau,

thudc loai x.

- Néu ba diém con lai khong cé diém ndo mau

xanh thi tam gidc tao thianh ¢6 3 dinh dugc td bai

2 mau, thudc loai y.

Do dé s6 tam gidc can logi x hojc loai y la:
x+y=Chyy

T dfmg thirc da chimg minh & cdu a, ta c6:

W+y=3(CI+C+C2)

a(a—l)+b(b-—l)+c(c—l))
2 2 2

®3x+y=3(
<:>3(x+y)-—2y=-;—(a1 +b*+¢? —aub—c)

&30 .. —2y=-;—(a2 +b +¢ —a—b-—c);
a+b+c=2017

2017.2016 3

o3 —2y=-2-( ?4+b +c*-2017)

Tty
€3.2017.2016 -4y =3(a* +b* +¢? —2017)
©3.2017.2017-4y =3(a’ +b* +¢?)
& 32017 =3(a® +b* +¢*) (mod4).

Tuy  nhién  a,b,c du &  nén

3(a* +* +¢*) =1 (mod4), con 32017 =3 (mod4)
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méu thudn véi két ludn trén. Dicu niy chimg to
z>0.

Bink lugn. Bai todn $ trich tir bdi gde cua d& IMO
Shortlist, 2016 nhwr sau “Cho da gide déu (H) 6

2017 dinh ma moi dinh dwpe 16 béi moe trong ba
mau: xanh, @6, ving voi 50 hepmg lan hept la
a.b.c sao cho ode 6 ab,e déu lé. C hing minh
rang ton tai mot tam gidgc odn o6 ba dinh ldy tr
(H) dwor 6 bai ba mau khic nhan.”

Vin d& djt ra khi phire tap vi ¢ nhidu dai hrong
duge d& cip dén & ddy, hoe sinh rit khd tim duge
hudng di dung. Vi vy trong qud trinh day hoc,
gido vién di din dit hoc sinh tiép ¢in VA tim
hudng gidi bing cich sit dung k¥ thujt “ciu din”
trong céc bai todn khé. Do vy cdu hdi gde cia bai
todn duge chia thinh hai y nhé 1d y a), va y b). T
d6 hoc sinh 06 budc dém dé tién gin hon dén dicu
cin chimg minh.

Trén ddy 1d mdt s& bai toéin c6 sy phin tich va
huéng din cich tiép cin tr gido vién. Phan tiép
theo ciia chuyén dé 13 céc bai todn t6 mau diém cé
19 gidi d¢ ban doc tham khio thém,

Bai todn 6. Trén mat phang, cho mot so dicm mau
do va mot s6 diem mau xanh. NQwoi ta noi cic
diém khdc mau lai vo1 nhau sao cho moi diém
xanh dwge noi voi mot hodc hai dicm o, nguoe
lai moi diem do dwpe noi voi it nhdt mot dicm
xanh. Chimg minh ring ta ¢é thé xéa di khong
qud mot mra 6 diém (trong so cdc diém da cho)
sao ¢ho Vi cde diém con lai, moi diem mau xanh
dwpe noi vai diing mor diém mau do.

Léi gidgi. Gia sit m,n twong {mg 1a sé diém mau
xanh va s0 diém mau do di cho (m, n la cic s0
nguyén duong). Ta goi mdt diém mau xanh Ia
diém xanh logi 1, néu n6 duge ndi véi mot diém
méau d6. VA goi mt diém mau xanh 13 diém xanh
logi 2, néu nd duge ndi véi hai diém mau do. Gia
sir 06 x diém xanh logi 1 vd y diém xanh logi 2,

thi x,yeN v x+y=m,djt l;.—_[.'zi].
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' Cudilpe__S657012-2024)

36

Ta goi mgt phuong dn xoa diém 1 phuong an t6t
néu cde diém con lai, mdi diém mau xanh duge
ndi voi ding mot diém mau do va trong cdc diém
bi x6a c6 ding & diém do.
¢ Xét phuong dn x6a diém nhu sau: xéa & diém
mau dé ty ¥ va xéa cdc diém xanh gom:

- Tét ¢ cdc didm xanh logi 1 ma mdi diém déu
duge ndi véi diém do trong s§ & diém da bj xoa.

- T4t ci cdc diém xanh logi 2 ma mdi diém déu

khong ndi vi diém mau dé ndo trong s & diém

da bj xoa.
D2 thiy, phuong én x6a diém néu trén 13 mdt
phwong dn tdt.

« Ngugc lai, trong mdi phuong dn x6a tot, cung
voi k didém maiu do da bj xda ta phai x6a tat ca
céc diém mau xanh ¢d tinh chit nhu md ta ¢ trén.
Tu d6 suy ra, ¢6 titca C' phuong dn tot va
- M&i diém mau xanh logi 1 s& bj xéa trong C.}
phuong én.
- Mdi diém maiu xanh loai 2 s& bj xda trong
(C2+C2.) phuomg in.
Do d6, tong sb diém xanh (ké ca 1ip) bj x6a trong
titcd C* phuong an tot 1a:
S=xC +y(C3 +CL,).

Theo nguyén ly Dirichlet, suy ra ton tai mdt
phuong n tt ma trong d6 s6 diém xanh bj x6a

khong vugt qua ¢ = (:i .

Mit khac c‘"slc: va C\7+¢C! <-;-C:, ta

n-1 2 o

cod ts't;y =%j—, két hop didu nidy véi cach dit

m+n

k =[—;-] ta dugc t+k < , nghia la phuong

4 \ N ~ s T N
dn tét ndy thoa man dicu kién dé bai.
Bai todn 7. Xér 50 nguvén duwong n > 1, nguwoi ta

muon o tat ca cdc so ne nhién bai mot trong hai

4
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mauw: xanh hoac do sao cho cac diéu kién sau
dong thoi thoa man:

1) A 16§ 6 16 méot mau, moi mau té v so so.

i) Tong ciia n s6 déi mgt khdc nhau dwge t6
ciing mau Id mét s6 cimg mau.
Co thé thuc hién phép t6 mau néi trén hay khong,
néu:

a) n=20127 b) n=20137

Léi gidi. a) Gia sir t6 duge 2012 s6 tu nhién thoa
min yéu cau. Vi mdi mau t6 vo han s6 nén sé:
Tdn tai mot sd a, to mau xanh vd b =qa +1 6
mau d6. Ton tai s6 b, t6 mau do va a, =b, +1 t6
mau xanh.
Tuong ty, ciing c6 sd by, t6 mau do va

Ayy12 = bygyy +1 10 mau xanh.

2012

Tirdaytac6 sd n= ) a, dugctd mau xanh va sb
=

2012
m =Y. b, dugc td mau do (*).

=l
Tuy nhién v&i cach chon trén thi n=m , diéu nay
mau thuln véi cdch td mau & (*). Do d6 khong thé
thyre hién cach t6 mau theo yéu cdu khi n = 2012.
b) V&i n=2013 ta s& td mau nhu sau: Cic sé
chiin t6 mau xanh, céc s 1¢ t& mau do. Khi d6
tdng cia 2013 sé chiin 1a sé chin, duge t5 cing
mau xanh véi cic sé chin truéc d6. Tdng cua
2013 s6 1¢ mau do 1a mot s6 1&, dugc t6 cing mau
dd véi cdc sb 1¢ truée d6. Viy khi n=2013 thi
thyc hi¢n dugc phép t6 mau.
Binh lu@n. Bai toan 7 gi6i thi¢u hai m6 hinh cy
thé véi 2012 va 2013 sb. Ta c6 thé dit ra cau hoi
tdng quét hon v&i # chin va n 1& dé tim 16i giai
tong quat.
Bai todn 8. Tdp hop cdc s6 nguyén duong dirgc 16
bai hai mau: den hodc trcfng. Gia s rrfng'tthg
ctia hai s6 khde mau luén dwgce t6 den va 6 Vo
han s6 16 mau triang. Goi a la mét sé nguyén
dwong duge t6 tring, hoi s6 a* —a dwoe 16
mau gi? »

Lai gidgi. Do tap N v han va bj chin dudi, lai ¢6
vd han s t6 mau tring nén ton tai so nguyén
duong bé nhit mau tring, goi 1a sb p (*). Ta
chimg minh mot ) nguyén duong dugc t6 mau
tring khi va chi khi né 13 boi cia p .
« That viy, trude tién ta chimg minh mét s mau
trdng thi chia hét cho p .
Gia sir ton tai s k mau tring, k khong chia hét
chop. Ta viét

k=Ip+r,l1eN,0<r<p.
Tacd p<k va k=p+(-p+k), k,p mau tring
nén k — p ciing mau tring.
Nhu vidy véi k—p=(k-2p)+p ta ciing dugc
k —2p mau tring.
Tiép tuc quy trinh trén ta thu dugc &k —/p mau
trfmg. cho nén r ciing mau trfmg, var<p, didu
ndy mau thuin véi gia thiét cyc han & (*). Viy &
chia hét cho p.
« Bily gi0, ta gia sir ton tai mdt s6 chia hét cho p
ma duge té mau den. Ta goi d6 13 sé m= P4,

m,qe N, tirc1d m mauden, p mau tring,

Khi 46, m+ p= pg+ p= p(q+1) mau den. Suy
ra p(q+1)+ p=p(g+2) miu den, ... Tiép tyc
quy trinh nhu vy ta s& thu dugc moisé k> p, k
chia hét cho p thi k dugc t6 mau den. Didu ndy
méu thuin véi chimg minh trén 12 moi s6 mau
tring déu chia hét cho p. Viy mot sé c6 mau tring
khi va chi khi né 1a bgi cta p.

Ta ¢6 s6 a dugc t6 mau tréng nén aip. Do d6

2015

(e —a):p hay a™* -a dugc td mau tring.

Binh Iugn. Miu chdt cua bai todn 8 13 chang
minh dugc “Mgt s6 cé6 mau trd'ng khi va chi khi né
la bgi cia p”. Do 46 cau hodi cho dai lugng

a®"® —a 12 mot vi du cy thé “mot boi cua p”, dai
lugng ndy c6 thé dugc thay ddi bing rit nhiéu
cach khic nhau, s& tao nén nhiéu bai todn khac
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nhau. Mjt diém hay khéc cta bai todn 8 1a n6 nim

trong sd it cdc bai todn “hai chiéu”, ding duge ca
b l ~ 3 * k * b A b :

chiéu thudn va chicu ddo: Vi a dugc td mau tring

nén aip, va vi aip kéo theo (a“"’-—a)ip nén

20 a \ -
a™ —a dugc td mau tring.

Bai toan 9. 7Tim so nguven duong n beé nhat
(n>2) thoa man tinh chat sau: Moi cach to hai

mau (moi diéem to mot mau) cho n diem khac nhau
-"{l . a'{: arven -‘{n

trén  mot  dwong thang voi

Add, =A,4, =...= A _A,, luon ton tai ba diém la

A.A 4. i<2j-i<n c6cung mot mau.

Lo gidi. Ta phat biéu lai bai toan nhu sau:
Mdi s6 nguyén tir | dén n>3 dugc t6 boi mét
trong hai mau: xanh hogc do. Tim sO nguyén
dwong n nho nhat dé véi moi cdach t6 mau, deu
ton tai ba sé cung mau ldp thanh cdp sé céng.
Véi n<8 tacodthé to 1,2, 5, 6 mau xanh va 3, 4,
7, 8 mau d thi khong c6 ba sb nio cling mau ma
lap thanh cép ) cong.
Gia sir véi n=9 ta c6 cich té mau cac sb 1, 2, 3,
4,5,6,7,8, 9 dé khong c6 ba s6 nio cing mau lap
thanh cép s6 cong.
Gia sir s6 5 dwgc t6 mau xanh. Ta xét cdc s6 4 va
6 nhu sau:
- THI1: 4 va 6 cing mau, di nhién phai 1a cing
mau dd, thi 2 va 8 phai xanh. Khi d6 2, 5, 8 1a
mot cép ) cdng ma lai dugc t6 cing mau xanh.
Diéu nay trdi véi gia thiét phan chimg bén trén.
- TH2: 4 va 6 khic mau, do tinh d6i ximg nén ta
gid sir 4 mau xanh va 6 mau dé. Vi 5 mau xanh
nén 3 mau do.

Vi 3 va 6 mau do6 nén 9 mau xanh.

Vi 5 va 9 mau xanh nén 1 mau do.

Vi 5 va 9 mau xanh nén 7 mau do.

Vi 6 va 7 mau do nén 8 mau xanh.

Vi 5 va 8 mau xanh nén 2 mau do.
Khi 6 1, 2, 3 1a mét cap s6 cong ma lai dugc to
cing mau do. Diéu ndy trdi v6i gid thiét phan
ching bén trén.
Vay n=9 so nguyén dwong nhé nhit théa min
dé bai.

3 8TOﬁN HOC
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Binh lugn. Dbi v6i bai toan 9, vige chuyén gia
thiét tir * A A, = 4,4 =..= A,_ A, ludn tdn tai ba
diém 1a A, A4, Ay, , iS2j—i<n cé cing mjt
mau” thanh “bd ba sd cing mau lap thanh cdp sb
cong” doi hoi hoc sinh ¢6 nhiéu kinh nghiém
trong viéc xét cac day s0. Sau khi chuyén vé bai
todn to mau cdp s cong, hoc sinh ding ky ning
gidi todn cyc trj to hop, danh gid va t6 mau thy
cong timg diém theo quy trinh thi s& dat dugc myc
dich cudi cung.

Bai todn 10. Tim so nguvén dwong k bé nhat sao

cho ta c6 thé t6 mau cdc s6 nguyén diweong tir 1

dén 2011 bang k mau khic nhau dé khong co hai

50 ndo cting mau la bji ciia nhau.

Léi gidi. Ta thdy céc s6 2°,2',2%,...,2"" khong thé

ndo cing mau, cho nén s mau cin dung Ia

k=>11.

Véi k=11 ta phan hoach tdp hgp céac s6 nguyén

dwong tir 1 dén 2011 thanh 11 tap hop nhu sau:
4={2,2'+1,.,2" -1}, i=0,1,2,...,9

vi A4, ={2",2"+1,.,2011}.
(Cu thé ta 6 thé viét mot vai tap 1a 4, ={2°},

4,={2.3}, 4,={22,5,6,7},...).

RO rang trong ting tdp hop nhu vy, khong c6 hai
s0 nio 12 bdi ciia nhau. Pén day ta ding mau thir
i+1 dé t cho cac sd thudc tap 4, thi phép t6 nay
théa man dé bai va 11 mau 1a s6 it nhét ta cin tim.
Binh lugn. Mot bai toén cyc trj td hop hoi vé sb
mau it nhat, va mdi quan hé & déy 1a “chia hét”.
Viéc ding céc phan tr 2°,2',2%,..,2' @& phan
hoach tép hop da cho thanh cic “l6p” ma trong d6
khéng c6 s6 nio 1 bdi ciia nhau bt ngudn tir viéc
ta cin tim cdc “I6p” chira nhiéu nhit cac sé khong
chia hét cho nhau. Do vdy, udc nguyén tb bé nhit
déu tién dugc xét dén phai 1a 2. C4ch giai khong
thay di khi ta thay 2011 bing mét sé nguyén
dwong bat ki.

Bai viét trén dugc thuc hién trén kinh nghiém cua
nhém giéo vién day t6 hop, c6 tham khao, suru tim
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va chon loc tir nhiéu ngudn tai lidu khac nhau dé
phuc vu qué trinh day bdi dudng cac ddi tuyén
hoc sinh gioi.

Cubi cing 1a mdt s bai tip danh cho ban doc ¢6
huémg din va goi ¥ gidi.

Bai todn 1. Newdi ta 16 mau tdt ca cdce so nguyén
dwong ln‘ing hai mau n'dng wi den. Biét rang tong
cia hai so khdc mau la mot s6 dwoe 0 den va co
V6 han cde s6 dwge t6 mau trang. Goi so nguyén
dwong nhé nhat lom hon 1 dweoe 16 den la q.
Chimg minh rang q la s6 nguvén (6.

Loi gidi. Gia sit s6 1 duge t6 mau tring. Néu ¢ 1a
s6 duge td mau den thi g+1 dugc té mau den,
suyra ¢+2=(g+1)+1 dugc t6 mau den. Cir tiép
tuc nhu viy thi moi sé n>g déu dugc t6 mau
den. Do d chi ¢6 hitu han s dugc to mau tring,
mau thuin gia thiét. Viy s6 1 dugc t6 mau den.
Néu g =2 hojic g=3 thitacé ¢ 1asd nguyén td.
Néu ¢g>3,khido 1<g—2<gq dodd g-2 duge
td mau tring nén (g—2)+1=¢-1 duoc t6 miu
den, miu thudn vi g—1<gq. Viy g=2 hoic
g=3.

Bai toan 2. [A Rap, 2015] Muwoi dinh ciia da giac
déu 20 canh AA,..A,, dwgc t6 den va cdc dinh
con lai dwge 6 trang. Xeét tdp S bao gom dwong
chéo AA, va tat cd cdc duong chéo cé cung dg
dai voi no. Chimg minh rang trong S, so. diwong
chéo cé hai dau mut cing mau den bang voi s6
dwong chéo co hai dau miit cing mau trang. Tie
@6 tim tét ca cdc gid tri ¢ thé ¢o cia s6 duong
chéo 6 hai dau muit cing mau den trong tdp S.

Loi giai.

Ki hi¢u nhu hinh v& vi ged(20,3)=1 nén céc

dudng chéo thuge Scod thé tao thanh mot diy di
qua hét tit ca cdc dinh cua da gic da cho.

Vi mdi dinh duge t6 den hojc tring nén ta c6 thé
chia ching thanh cdc nhém gdm céc dinh den lién
tiép va cac dinh tring lién tiép.

RO rang, m{t nhém den nim giira hai nhém tring
vd mjt nhém tring ndm giira hai nhém den. Suy
ra s§ lugng nhém tring va nhém den bing nhau,
dat la k.

Trong mét nhém c6 kich thudc 1a a thi c6 s6
dudng chéo 1a a-1. Téng sb duong chéo trong
nhom tréng 1d 10—k, téng sé dudng chéo c6 hai
ddu mut mau tring va tong s6 dudng chéo c6 hai
diu mit mau den 13 bing nhau va cung bang

10-%.

Do d6, sb duong chéo can tim c6 thé nhan cac gid
trila 1,2,3,..,10.

Bai toan 3. [Viét Nam, 2014] Cho da gidc deu
103 canh. To mau do 79 dinh cua da giac va to
mau xanh cdc dinh con lai. Goi A la so cap dinh
d6 ké nhau va B la s6 cap dinh xanh ké nhau.

a) Tim tat ca cac gia tri ¢o thé nhén dwoc cia
cdp (4,B).

b) Xdc dinh 56 cdch t6 mau cdc dinh ciia da gidc
d@é B=14. Biét hai cich t6 mau dugc xem Ia nhi
nhau néu chimg c6 thé nhdn dicoc nhau qua mét
phép quay quanh tém cua dwong tron ngogi tiep
da giac.

Loi gidi. a) Goi k 1a s6 diy gdm céc dinh lién
tiép dugc to xanh va bj chiin hai dau bai dinh mau
do, va h 1a sb diy gdm cac dinh lién tiép dugc t6
d6 va bj chiin hai du béi dinh mau xanh.

D& thiy giira hai ddy d6 13 mt diy xanh va giita
hai ddy xanh la m¢t ddy do nén k=4,

Goi a;,a,,.,a, 13 s6 lugng céc dinh trong cic
ddy xanh, b,b,,...,b, la 0 lugng céc dinh trong
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che  diy 40 thi YA=79 W

&
Da, =103-79=24.

i=1
Trong mdt diy cing mau ¢b s6 hegng ¢ thi ¢o
t =1 ¢fp dinh lién ti('*p cung mau.

A= (b-1)=79-1,

il

Suy n twong W

B=24-k.Doddcéc cdp (A4, B) cb dang
(79-k,24-k) v6i 0<h <24,
Viy ¢6 tat ¢a 25 cip nhur thé.

b) Do B =14 nén theo ding thirc di xdy dung &
trén thi 14=24-k &k =10. Nhu thé, co tong
cong 10 diy xanh va 10 diy do. SO nghi¢m

&
nguyén duong cia cic phuwong trinh Za,. =24 vi
1

t -
b =79 lanluotla C;, va C5,.

i=i

Do xép trén mt vong tron nén chi xét vj tri trong
dbi cia nhém véi nhau chir khéng xét vi tri ¢d
Viy sb cich td mau théa min dé bai la TIEC:"C;"
Bai todn 4. Gid sz S 1d tdp hop hitu han cdc diém
ma méi diém cua né dwge 16 boi mét trong hai
mau xanh hoge do. Goi A, A,,..,Ag la cdc ip
con cua tdp S ma trong moi tdp chiea ding 5 diém
thoa man dong thoi
- Mditgp rong A, A,,.... A, chita mgt diém do.
- Vi ba dicm bat ki rong S, ton tai diing mét 1ip
A chua ca ba diém do.

a) Tim so phdn tir ciia 1dp S.

b) Ton tai hay khdng mét tip con A chiea dimg
bon hodc nam diém 36 ? Vi sao ?
Loi gidi, a) + Dt n=|$] thi s6 tip con ¢6 ba phin
trcia S 1 C, :

40 T@tg@ S§ 570(12-2024)

+ 86 tip con ¢6 ba phin tir cia mdt tip 4 la o
Suy ra tit cd cdc tdp con ba phin tir cia 68 tap
Ay Ay A dinéu ld 68.C; .
Theo nguyén 1y dém bing hai cich, ta duge:
Cl=68C; e>n=1T.
b) Gid sit nguge lai 1a khong ton tai tip A nio
chira ding bon diém do va chira ding nim diém
d6. Tirc 1a mdi tap A, chi chira t6i da ba diém do.
Goi B la ho céc tip con ¢6 ba phin tir cia § ma
tap con d6 chira ding mot diém d6 va hai diém
xanh, goi 14 tdp do.
+ Gia sit trong tip S c6 r diém do thi
|B]=C,.C)y., -
+ Mt khdc, véi moi by ba diém d6 thi co duy
nhét mt tap hgp A chira ching, trong tip niy c6
ding hai diém xanh nén sé tdp dé trong A la
C,.C; =3 tap.
S6 tip A chira mdt hodc hai diém do 13 68-C.
Néu tip 4, chira mot diém do thi sd tdp d6 trong
A 13 C.C! =6, connéu tip 4 chira hai diém do
thi s6 tdp dé trong 4 la C).C; =6. Viy sd tdp
do 14 |B|=3C; +(68-C}).6.
Theo nguyén ly dém bing hai cich, ta duge:
C.Ch., =3C +(68-C).6
& r' =18 +137r=408.
Phuong trinh trén khéng ¢6 nghi¢m nguyén nén
didu gid sir 13 sai. Viy luén tdn tai mdt tdp con 4
chira bon hojic ndm diém do.
Bai todn §

(6 mau xanh. Moi lan thao tic, cho phép chonra &

« Cho mot da giac 2016 dinh cung dwoc

dinh lién tiép va doi mau tat cd ¢de dinh nav: do
thanh xanh, xanh thanh do. Hoi cé thé déi it ca
cde dinh sang mau do dege khong voi k =4k =5
hode k = 647
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Lo¥ gidi. Vou & =4 cdu trd 1 1a 0. Vi 2016 chia
hét cho 4, ta chi can ddi man cée cum i nhau
gom 4 dinh lidn tidp,

Voi & =35, cau trd 1 12 o6, Ta cdn ddi mau tt ca
cde cum gom S dinh lidn tidp, Khong nhat thiét wi
nhau, Khi d6 mdi dinh thude vé § cum nén duge
A3 mau § Wn, tire 1 s& chuyén 0 xanh sang do.
Vi & =64, ciu trd 101 1 khong. Thit viy, ta thiy
ring god(64,2016) =32 nén ta chia cde dinh cia
da gide thinh 32 nhom, mdi nhém gdm cde dinh
od chi 8§ ddng dur voi nhau theo modunlo 32, Khi

-

: y B v :
dé. moi nhdém ¢d — 63 dinh. Mdi lin thao

-~

tic, trong mdi nhdém ¢d ding %:2 dinh duyge

-

ddi miu va 1 8§ chin, Do @4, s§ dinh mau 4o da
bi d8i mau cta nhdm ludn 1a s§ chin, khong cung
tinh chin 18 véi s6 hegng dinh cda nhém ban diu,
14 86 1& Vi Wiy, khong thé d8i mau tit cd cdc dinh
sang do duge,

Bai todn 6. 7vén hang b n didm doi mot (Rhdng
e ba didm ndo thang hang) néi voi nhan bii cde
doan thang. \ {oi doan thang dwoe 10 boi mgt
grong n mau phan bigt. Voi moi ba mau my ¥, 16n
tai ba dicm ma ba dogn thing noi ching dwoe 10
feomg tmg ba mau do. HOY gid o ciia n o6 thé 1a

a) n=07 b n="

Léi gidi. a) Céu trd 101 phi djnh. Gid st nguype lai
ring ta ¢6 thé t& mdu théa min d& bai. Xét mjt

miu trong ching, gid sit 1A miu xanh, Mdi canh 13
canh cua 4 tam gidc o0 dinh trong s§ cde didm da
cho. Ngodi ra, ¢6 tit ¢d €} =10 cJp hai dogn
thing khdc mdu xanh, v img véi mi cip nhu thé,
clng vdi canh midu xanh thi luén c6 mt tam gide
nhin chiing 1am ba canh,

Suy ra phdi ¢6 it nhit 3 canh mdu xanh, vi néu
khdng thi s6 tam gidc nhin canh xanh 13 canh cda
nd s khong qué 2.4 =8, it hon s hrong & trén,
R® ring didu ndy ciing ding véi mit mdu ty ¥
nén suy ra tdng sd cgnh tgo thanh it nhit 1A
63=18, trong khi chi & C?=15 canh. Didu

mdu thudn ndy cho ta thiy kKhang thé 16 duge md
hinh thoa mdn vin 6 mau phin bigt,

b) Cau tra 10 Khing dinh, Ta xét md hinh bén
dudi ddy voi cde didm o thinh da gide déu ma
cde canh, dudng chéo song song vii nhau s¢& duge
ddnh cdng mot 88,

Khi do 10 ring mdi mdu trong sd cde mau s duge
ding ding 3 1an,

Ta ddng mau 88 114 mdu td 48,CG, DF ; miu sb
2 1A mau td BC, AD,GE , ... theo chidu kim ddng
hd dén mau s6 7 1A mdu 1o 4G, BF,CE .

Ta xét ede b) ba khde miu va ¢d chira miu s6 1,
dd 13 cde b sau day:

By ba By ba| [BY Dba[B} ba
mdu _df:m | [min diém |
1,23 | AFD | 134 | CDF |
2.4 | B.CG 1,3.5 | CD.G |
1,25 | 4BC 1,3,6 | ABE |
'1,2,6 | 48D 1,3,7 | ABF |
1,27 | CEG 1,45 [ DEF |
B bamdu | BJ ba diém
1,4,6 C.F.G
1,47 4,B,G
1,5, 6 D,F.G
1,5,7 C.D,G
167 B,D,F

Do vai trd cia cdc dinh va cde mau 1& nhu nhau
nén ta khing dinh duge mdi mdt by ba mau khic
nhau trong 7 mdu di cho, luén tdn tai by ba diém
ma ba doan thing ndi ching duge t6 bdi ba miu
do.
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Binh Iudn. Bai toan 6, khong hoi tryc tiép v& cich
t6 miu diém ma hoi v& sé cach 6 mau doan
thing, tuy nhién phuong phép xir Iy céc gia thiét
va céch chi ra mé hinh théa méin bai toan rt gin
gili véi chim bai toan t6 mau diém ma nhém tic
gia dang nghién ciru. Vi vy chung t6i manh dan
gidi thidu bai toan 16 vao myuc t6 mau diém xem
nhu 1a budc chuyen tlep, 1a sy két thuc d@ tai “To
mau diém” va mé dAu dé tai tiép theo ma nhém
ching t6i s& nghién ciru: “T6 mau canh”,

Bai todn 7. [China 2016] Mt diém duge goi la
diém hitu ti néu cde toa dj ctia né déu la sé hitu
ti. Véi moi s6 nguyén dwong n cho truoe, chimg
minh rang cé thé sie dung n mau, danh so tir
1.2,...n dé té tat ca cdc diém hivu ti sao cho hai
diéu kién sau cung thoa man:

+ MGéi diem dwoc té mét mau.

+ Trén mot doan thang ¢é 2 dau miit 1 cc diém
hitu ti, véi moi mau i thi luén tim dwge mét diém
hiru ti thuoe doan thd'ng' nay vd:du'g)'c 16 mau i.
Goi y. Y tudng t6 mau: Déanh sb cic mau tir 1 dén
n— 1. Gbc toa 6 t6 mau bit ky; con cac diém hiru
ti dang (x;y)#(0;0), ta td mau i sao cho:

i =min{v,(x),v,(»)}(modn).

O day ki hiéu k = v,(n) 12 s6 mii dting cta 2 trong
n néu nhu n chia hét cho 2* nhung khéng chia hét

cho 2+ 1. Pdng thi néu x=f;- (a,beZ,b+0) thi

ta c6: v,(x)=v,(a)-v,(b). Ta s& ching minh
cach t6 nay thoa mﬁn.

t hai did % X )s
-bat hai diém P| -+ va Q0 véi xy, X3,

2 zl 2 \Zz
Y1, Y2, 21, 22 1a cac sb nguyén va 212 # 0. Do P, Q
phdn bi¢t nén mot trong  hai s6
X2, — %2, 12, — Y,2, phai khac 0. Khi d6 ta co
thé gia sir ring:
r=v,(xz, ~x zx) <v;(nz,-»a),

dat them 5=, (zlzz) Véi s0 i cho truérc chon

s6 nguyén k>r sao cho r—k—sst(modn) va

TOAN HOC
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voi t=2% Ta s& chi ra difm R ma

R= tP+(lk—t)Q dugc to mau i .

Bai toan 8. Mot da giac déu 9 canh co cac dinh
duoc to boi mot trong hai mau: xanh hodac do.
Chirng minh r{fng ton tai hai tam giac co dinh la
cdc dinh ctia da gide da cho va théa man hai diéu
kién sau:

+ C6 dién tich bang nhau.

+ Tdt cd cac dinh cua hai tam gide déu duoc t6
cung mot mau.
Goi y. Str dung nguyén ly Dirichlet déchiraco s
dinh dugc t6 cung mau, ching tao véi nhau thanh

C}=10 tam gidc. Xét cic phép quay goc
k2rx 5 . \ .
HE ,k=1,2,...,9 quanh tdm dudng tron ngoai

tiép da gidc thi 10 tam gidc trén s& cho ta 90 tam
gidc t6 cung mau & céc vi tri khiac nhau. Cha y
ring C; =84<90 nén s& ton tai hai tam giac
cung mau la anh cta nhau tir 1 trong 9 phép quay
da xét, tirc 1a co cung dién tich.

Bai todn 9. C6 200 diém phan biét trén mot doan
thing. Ta t6 mau 100 diém den va 100 diém do
mét cach tiy y sao cho diém dau tién bén trdi va
diém cuoi cting bén phdi ¢é mau den. Chitng minh
ta cé thé xéa di mét vai diém lién tfc’}), nhung
khéng phai tdt ca 200 diém, ma trong ching 50
diém den va sé diém do bang nhau.

Ggi y. Theo hudng tir trdi sang phai, ta dat S, la
hiéu sb gitra sé diém den va s§ diém dé trong k
-1 (vi diém

diém dau tién. Ta c6 S, =1,8,4 =

cubi ciing mau den nén trong 199 diém trude né
da c6 99 diém den va 100 diém do).

Nh4n xét, v6i moi k, tir & sang k+1 thi hiéu sé
giita s6 diém den va s6 diém do s& ting 1 hoic
198} @é S, =0.

Khi 6 trong ! diém diu tién nay, s6 didm den va

giam 1. Do vay, ton tai / €{2,3,..

s6 diém do bang nhau.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 111

PROBLEM. The square ABCD has area 80. The
points E, F, G and H are on the sides of the
AE = BF:= CG = DH. How

big is the area of the grey part, if' AE =3EB?

square and so that

Solution.
4 B
H
F
D G C
O be the intersection between HF and GE . We
can show  that  the  areas of

AEOH,EBFO,FCGO,GDHO are % flis ured of

the square; and that the areas of EOH,GFO are
equal. (Why?) The area of AHE is

ipsxan=Y<34sxLap
el e ki

= = area of the square.
32
Therefore, the area of the grey part is

2x (l - —3—) il area of the square,
4 32) 16

which is 25.

Remark: This exercise is selected and adapted

from a Kangaroo Math test.

TU VUNG
square s hinh vuong
side : canh
area cdién tich

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

BAI DICH SO 109

BAI TOAN. M¢t thiy gido c6 12 mén qud, trong
@6 ¢6 4 mén qua loai I va 8 mon qua loai I1. Thay
gido ddt qua vao 12 cdi hdp giong hét nhau, sau
dé goi lai theo cdach giong hét nhau. Thay chon
ngcfu nhién cac hép réi dua cho 3 em hoc sinh,
moi em sé nhan duge 4 hgp qua. Tinh xdc sudt dé
méi hoc sinh nhdn duoc cd.qua loai I va qua logi
11

Loi gidgi. S6 cach ma mdi hoc sinh nhin dugc 4
hép qua1a C! xC;.

Ki hiéu 3 hoc sinh duogc nh'an qualad,B,C.Co3
truémg hgp ma ba hoc sinh nhan dugc qua loai I
nhu sau:

1, 1,2),3d,2 1), va (2, 1, 1). Truong hop
(1, 1, 2) nghia 13 4 nhén dugc 1 hop qua loai 7, B
nhan dugc 1 hop qua loai 7 va C nhan dugc 2 hjp
qua loai 7.

Trong trudng hop (1, 1, 2) thi s6 cach chon 1a:
(CixC)x(C; x CY).
Boi tinh dbi xtmg, ta thiy s6 cach ma médi hoc
sinh s€ nhin dugc ca hai
3x(Clx C3)x (C! x C3). Do d6 xac sut cin tim
RS 3 XCs
i 3x(ChxCHx(CixCY)
(CaxG)

loai qua Ila:

it 32
n6 bang —.
£ 55

Luwu y: Bai tap ndy dugc swu tim, chuyén thé va
dich tr d& thi mdu HAS thing 8 nim 2024 (Pai
hoc Quéc gia Ha Noi, Viét Nam).
Nhgn xét. Ky ndy ban Nguyén Hing Cuong, xa
Nhon My, TX. An Nhon, tinh Binh Pjnh va ban
Lé Bach Hai Ping, 2B, Truomg Qubc té Song
ngit cip 2,3 GIBS, TP.Graz, Cong hoa Ao c6 bai
dich tdt. Xin hoan nghénh céc ban.

"HO HAI (Ha Néi)
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. 2 .
=3cos3x.cos’ x —3sin3x.cos” x.sinx
- - - :
—3sin3x.sin’ x + 3cos3x.sin” x.cosx

=3 (cos 3x.cosx —sin3x.sin x) =3cos4x.
Viy f(x)=F'(x)=3cos4x

a3
F(x)= Jf(.\')d\’:'[3cos4.\.zd (4x) —Zsm«h +c.

BAI TOAN 90. Riit gon bicu thire

% & -
Y - ¢ =0. Tém lai F(x)==sin4x.
A =sin3x.cos’ x+cosdx.sin’ v, Dé thay ¢ =0. Tom lai F(x) e

r - . A’ g » I Al ‘ L
Cach 1. Khai trién sin3x, cos3x: Cach 5. Dung so phirc
A= (3sm.\ 4sin’ )cos X Dang lugng gidc clia sO phirc z = cosx +isinx v

L Z =cosx—isinx (v&i modun bing 1).
¥ (4 cos’— 3cos.r).sm3 x ( ¢
. . N » Cong thirc Moivre:
= 3sinx.cos” x —4sin” x.cos” x A s
PR P i " z" =cosax+isinax; Z° =COSNAX —iSINNX
+4cos” x.sin” x—3cosx.sin” x
" " " Tur ddy ta rit cosaxva sinnx:
= 3sin x.cos x(cos X—Ssin x)
R _,2" L 1
3. 3 cosny == + sinny =—
= —2—sm 2x.cos2x = Zsm 4x. 22"

¥ 4 &2
Trong biéu thirc A =sin3x.cos’ x + cos3x.sin’ x

Cdch 2. Ha bdc cos® x, sin® x. ;
bicu dién sin3x, cos3x,sinx theo z ta dugc:

A=sin 3xi—(cos 3x+3cosx)

21 (2+1) 2+1(22-1)
1 A= = e + 2»3 " iz .
+cos3x.z(3sinx—sin 3x) 2iz o " %
§. . . g Whiogeglag guil
==(sin3x.cosx +sinx.cos3x) =:4-s1n4x. Sau khi rit gon ta cé: A= rig i = Zsm4.\.
iz
Cidch 3. Ha bdc sin® x, cos® x. POAN NHU TRIEU
A =sin3x.cosx.cos® x + cos3x.sin x.sin’ x (S6 11/246, Chicong Dwcomg, TP. Hdi Dicong)
1+cos2x . 1—cos2x )

=sin3x.cos.x. -—2——+ cos3x.smx.—-§-—— Nhin xét. Ky nay céc ban Huynh Trinh Vinh Phuc,
1, ) 11A1, Lé Nguyén Bdo Trdn, 10E1, Nguyén Bing
=§(S"‘ 3x.c05 X +cos3x.sin x) Phwong Vy, 10A1, TH, THCS, THPT L& Thénh

oy 4 SN b Téng, TP. Hd Chi Minh ciing d6ng gop mjt s6 cach
- X.C0S X — cos 3x.siny
" 2(sm g s e t) e giai twong ty nhu cic céch trén cua ban Podn Nhu

= j!-sin 4x + -;—sin 2x.cos2x = —;-sin 4x + %sin 4x Frier, 7 b nghaly ¢4 beo,

3 _ ‘ LE MAI (Ha Ngi)
B | Mo céc ban g 181 gidi BAI TOAN 92 dusi diy
Cdch 4. Diing nguyén ham vé Toa soan Tap chi TH&'I'I‘ tnréc ngAy

3 1/1/2025

bit f(x)=F'(x)= (sin 3x.cos® x+ cos 3x.sin’ x)'
: jBAI TOAN 92 Mwng dung bang 50 va may tmh

‘ i E% Jaf
= (sm 3x.cos’ x) it (cos3x.sin3 x)

=3cos3x.cos’ x +sin3x.3cos’ x(~sinx) NGUYEN Df.fC TAN‘

+ (eSsin 3x.sin’ x +cos3x.3sin’ x.cos x) e (TP Hé Chi Mmh)
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Rt qud awse tf VIET CHUYEN DE TOAN CHAO MUNG
60 NAM TOAN HOC VA TUOI TRE (1964 - 2024)

LTS. Cudc thi “Viér chuyén dé todn chao mirmg 60 nam Todn hoc va Tudi tré” trén Tap chi TH&TT

duoc khoi dong tir thang 3 naim 2024 dén ngdy 25 thang 11 ndm 2024. Cude thi ndy dugc nhiéu ban doc

" e 0 ST TT0 TR GOl | LU PR NIy ;
yéu Todn trén cd nude tham gia s6i noi. Cugce thi da nhin duge hon 40 bai viét cua 30 tdc gid trén moi

WA L ’ N r A A ~ A . D ’ .«
mién ddt nude. Sau khi xem xét k¥, Hoi ddng chim da thdng nhét lya chon dugce 12 bdi cua 14 téc gia

dé trao giai gom: 2 gidi Nhit, 4 gidi Nhi, 6 giai Ba, Cy thé nhu sau:

P |, - ek A il . [~ pveis
| STT | Tén b:\l Tic gia Dia chi - Giai
‘;_W Ung d\mg dao ham vio gidi quyét oo B S el Khoa Ky thudt, Hoc vién PKKQ, ; &
! 1 | bai todn thye tién. Nguyén Hivu Tién Son Tiy, Ha Noi. | Nhat
| 1 » ¢ a =
| Diém Dumpty trong tam gidc va | . Truong THPT chuyén Luong Van | __ .
% - mdt s6 thi dy dp dung. Nguyén Truong Son | Tyy, Ninh Binh. i ‘\hat;.
| |
Ung dyng mdt bai to{m hinh hoc P Truong THCS Thanh Yén, Pién = .. |
i 3 trong chimg minh bét ding thirc. Nguyén Van Ban Bién. Nhi ;
e i i 2 2 | ‘
4 | Tim gi6i han cua day so. Tran Xudn Ding glr; iZngﬂNPchg?z;n Lé Hong | Nhi |
Mot sé phuong phap glal dang Trut : Yoo |
5 toan nm gid trj 16n nhét — gia tri | Trdn Vin Hanh Qr:;ngN?’; hoc Pham Vin Dong, J Nhi |
nho nhat. g INgar. : |
Pht trié Iyc cho hoc sinh |
at trién ning lyc cho hoc sin !
6 thong qua viéc khax thic, phat | Nguyén Tién Tién gghmg THPT Gia Vién B, Ninh | i Nhi |
trién mot bai todn bét ding thirc. 5 3
Dinh ly Turan va img dung trong 2 . | Truomg THPT chuyén Nguyén | |
7 i todn t& hop. Nguyéen Manh Quyén | Chj Thanh, Dik Nong. E Ba |
Sir dung mdy tinh cim tay két hop % 5 L S o i
8 | véi phuong phip nhan lién hop | Cha Vin Toi S R gl
giai phuong trinh vo ti. ' 0- i
9 | Mot sb bai todn vé mé ta tp hop. | V& Hoang Thanh Truong DHSP TP. H5 Chi Minh. | Ba |
& A 78 59 | ;
10 | Nhan doc lai mot bai todn. Nguyén Viin Xd ;g;"gfn: HPT Yén Phong 0 2, | 5. |
| T ¢ ek A ' !
1 M¢t phong céch hoc todn. Nguyén Dirc Tan, g ‘HO (i Mk, L B
Trdn Qudc Lugt Truong THP’I‘ chuyén L& Hong a
Phong, TP. Ho Chi Minh. ~
Nguyén Céng Lgi, Tredng THCS TTr. Quy Hop,
1o | Su dung hé thirc Viéte trong s Ngh¢ An. e
hoc. Hodng Vigt Diing Treong THCS Ding Thai Mai,
Ngh¢ An.

TH&TT xin diege chitc mimg cdc tic gid dogt gidi. Cdc ban dogt gidi nhé gii dja chi mdi ciia minh
vé Toa sogn hofic lién h¢ tryc tiép qua so dign thogi 024.35121607 dé nhin Gidy Chimg nhgn va
Tdng phém ciia Tap chi.

TH&TT

TOAN HOC
& I.l.é‘lmé

S8 570(12-2024)
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BAI TOAN 98 (101 problems in Algebra —
T. Andrescu and Z. Feng). Cho n la s6 nguyén

duong. Xét day soa,,a,,...a, voi a, =3 vd

" , : s
4Lk =1,2,..,n. Chimg minh rang
n

Q. =a, T

1
el %)
n

Loi gidi. Cdch 1. Ta chimg minh ménh dé manh
hon: Voi k=1, 2, ..., n thi
ntl ¢&» ®» n

e :

2n—-k+2 2n—-k
Ta chirng minh bang quy nap.
+ Trudrc tién ta chimg minh BDT(*) & vé phai.
Vi k=1 thi dé thiy:

1 2141 n
2n-1

1
Vg Ap 4n
Viy (*) dang.

i n pi f A
Gia st a, <ﬂ-, vOi $0 nguyén dwong k<n.

Khi d6:
a, 1T, n
=—%t(n+a)< #4
o =T a*_) 2n—k(n 2n—k)
n(2n-k+1) n
< — < .
@n—kF  2n—k-1

(vi 2n—k)*>(Q2n-k)} -1
=(2n—k-1)(2n-k+1)).
Nhur vay (¥) dang véimoi k= 1,2,...,n
Dic biét, véik=nthl |

n
i o B =1;

TOAN HOC
* CTugilyé_ S8 570(12-2024)
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+ Béy gior ta chimg minh BDT(**) & vé tréi.
Vi k=1 thi ta c6:

2n+1  n+1
1= - "
4n 2n+1
Viy (**) ding.
TR n+l v K £
Gia su ak>m Vo1 s0 nguyén duong
k < n. Khi do:
a; n+l (n+1)*
Ot = O k42 n2n-k+2)
Viy:
n+l " n+1
Tkl @n—k+D)(2n—k+2)
(n+1)
n(2n—k +2)°
e ] n+l 2n-k+2
_(2n—k+2)2[ n _2n—k+1:|
n+l1 [1 1 ]
= % heka >0.
Qn-k+2)°|n 2n-k+1

Nhu vay (**) ding véimoi k=1,2, ..., n
Dic biét, véi k= n thi

(M a > n+l1 s A=l
AU T SR X
sl
n+2
>1——1-.
n

Nhdn xét. Rét tiéc 1 khong c6 ban nao giai dwgc bai

. nay.

NHU HOANG
Sau ddy 1 bai tip d& nghi. Ban doc hiy gui 101
igiai vé Toa soan TH&TT trudce ngay 31/1/2025.
BAI TAP DE NGHI
BAI 'IOAN 100. Cho tam gzac déu ABC canh

bang 1. Goi O la tim cua tam giae. M la diém di
Ldp{z‘g trén canh AB, MO cat AC tai N. Chirng minh.

Lo
ST YN

T SR

 KHANHHOU (4 Np)
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GIAI PAP: KET QUA DA DUNG CHUA
(Dé ding trén TH&TT sb 566, thang 8 nim 2024)
Phién tich sai lim.

Két qua khong ding, 161 giai & mdi trudng hop khi
tim dugc m da khong kidm tra dudng thing (d) c6
cét cac doan thing OB (Trudmg hop 1) va ciit dogn
OA (Truong hop 2) hay khong!

Lai gidi cdn bé sung nhe sau:
. ) A
Véi m =-4— thi tung 46 diém C 1a %95[—3;0] nén

gL :41_ (1ogi). V6i m =2 thi hoanh d diém D 1

2e [0;6]= m =2 (thoi mén).

Cé thé khong can xét 2 truong hop khi dwa ra
nhdn xét sau:

1

1
Tacod: Sy = 5 OAOB—2 6.3=9;

1 9
Soums =526=6>>=

5 SOAB

nén dudng thing (d) chia tam gidc O4B thanh hai
phan c6 dién tich bing nhau thi dudng thing (d)

5 2
cat doan OA tai C(2m+ 0) Khi d6:
m+2
9. w4 9
SAMC—ESC =-é'<:>22AC—'E
2 ;
SMpons e D Bk
2 m+2 2

Véi m=2 thi hoanh d¢ diém D Ia %e [0;6]
(diém D thudc doan OA).Vay m=2,

Nhin xét. Rit tiéc 1a khong c6 ban nao phat hién
dugc sai 1am ciia 10i giai da cho.
KIHIVI

KET QUA NAO?

BAI TOAN. Cho cosa = —]— Voi —-g— <o < 0.
3

Tinh sin [Qn T;-]
Loi gidi ciia ban Ha. Vi —g < a <0 nén

sina < 0. Dod6 sina = —v1—cos’z :—-2£.

Suy ra: sin2a = 2sinacosa

_o[ 2|1 42
i TR - Ty

Ta lai ¢6: cos®2a = 1 — sin® 2a

Vi —32’-<a<o nén - < 2a <0, din téi
; 7
cos2a € (—1;1)‘ Do d6 cos2a = :}:5.
£ A
Néu cos2a = 3 thi

; T ; ™ 3
sm[2a — E] = sm2acos§ — cos2a sin—

W21 743 _ 424743

T @ g 18

Néu cos2a = —g thi

; . T ; i LT oo T
sin| 26 — — | = sin 2« cosE — cos2a sin—
3

W21 7V3_ 42— W2-13
9 2 9 2 Sk | eania

Eig Jusiy gt 7 g e w0l iR RRgR

Vay sin|2a T e e
18

i ) T 4\/— 7\/—

hoic sin|2a¢ ——=|= ——mm

3 18

Theo em, loi gidi ciia ban Ha cd ding khong, vi sao ?

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)

TOﬁN HOC

S8570(12-2024) ¢ CTudi

wed7
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NUAT BAN TU 1904

' N »
] A\l . & - . .
= Jopchi AN HOC vi TUOI TR R
/w“‘ m and Youth Mugnxiue B Pt Mo €18 3512848, 820 35882701

Email tasahactweitre viedram (Demall com

BAN QO VAN KHOA HQOC CHIU TRACH NHIEM XUAT BAN
GXTSKH. TRAN VAN NHUNG Téng Gidm & NXBGD Vidt Nam
n Pi(‘_il_l}_@" VANVONG NGUYEN TIEN THANH
|GX DOAN QUYNH] Téing Bien tap NXBGD Vidt Nam
PGR IR TRAN VAN HAO PHAM VINH THAL
3 W Vidn tising Vien nghitn i Sich v HLGD
LE HONG SON
HOIDONG BIEN TAP
Téing Ndw 88 ¢ TS, TRAN HOU NAM Phé thng Bidm tdp 2 CN.TRAN THI KIM CUONG
Thw ki T sopn t TAS, HO QUANG VINH 7S, LR HONG MAL

TS TRAN DINH CHALL 78 NGUYEN ANH DUNG, 73, TRAN NAM DUNG, 75, NGUYEN MINH DUC, 78, NGUYEN MINH HA,
IS ONGUYEN VIR RAL PGS TS LR QUOC MAN, 738, PHAM VAN HONG, PGS, 7S. VU THANH KHIET,
GS. 7SKH. NGUYEN VAN MAL, Oag NGUYEN KHAC MINH, 73 PHAM THI BACH NGOG, PGS, 78, TA DUY PHUONG.
PAS NGUYEN THE TRACI G 73KR. DANG RUNG TRANG, 2GS, 738 PHAN DOAN THOAL 748, VO KIM THUY, #GS. 75. VO
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
© vaoh cvo Trung hoc Co s © Gt vt b trwde

Eor Lower Secondary Soho!
Pham Vit Bde = Ry thudt s dung ¢dng nhit
B3 s8 trong gidi Y phuong trinh,

© 1uong din giai &} hi ydn sinh vio Wp 10,
THPT chuyén Bic Ninh, nim hoe 2024 « 2025,

© Dt ni hon e sinh gidi Wp 9 TP. Quing

Solutions to Previous Problems

T1/366, ..., T12/366, L1/566, L2/566.

© Phuomg phip gii todn
Cao Ngwyén Mink Hién — Cao Minh Quang -
T mau didm trong b todn & hop.

Q Tiéng Anh qua cdc bai todn — Bai s 111 -

RS Bai dich s 109,
@::::duﬂi“s‘hh&mmw @ Nuidu cich gii cho mit bAi todn - Giai bai
P ) | todn 90 - D& bi todn 92,

Diln din day b todn fis)

LT Két qui cude thi Vidr chuypén &é todn chao

L& T Thing - B ol W gid tri Mom ub, gid mimg 60 nim Todn hoc i Tudi ré.

tri nhd nhit cda ham 8 o chira ddu gid

aySt 881 (k3 ) @ Dutich thé gidi qua cic bai todn hay - Gidi

bai todn 98. D2 bai todn 100,

@ D ra &y miy Prodlems in This Isswe
TSN, ..., TI2570, L1570, L2570, . ; 0 Sai lim & ddu?
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(Tiép theo bia 4)

Céc ban tré yéu toan nén tim doc cuén “Topo la
51" cia GS. Poan Qugnh viét cung GS. Hoang
Xudn Sinh va cuén “Sé phitc voi hinh hoc phang”
cua ong.

Xé-mi-na ciia té hinh hoc da duge té chic
thuong xuyén tif thap nién 1970 da gop phan
dang ké dé nang cao trinh d¢ cho céc hoc vién
trong té, chudn bi cho céc bac hoc cao han.

Ong da tham gia tich cyec vao viéc boi dudng
hoc sinh gi6i, tuyén chon doi hoc sinh di thi
IMO va da 5 1an 1am Truéng, Phé doan dan hoc
sinh di thi IMO. Nhiéu hoc sinh trong doan do
thdy Poan Qugnh lam Trudng, Phé doan nay da
tré thanh nhiing nha toan hoc néi ti€éng nhu
GS. Ngo Bdo Chdu, GS. Dinh Tién Cudng, GS.
Nguyén Tién Diing, ...

Ong con tham gia vao nhiéu hoat dong chuyén
mén khac nhau cia Bo Gido duc va Pao tao, l1a
Cht tich Hoi dong bd mon Toan ciia By Gido
duc va Dao tao (1992 - 2006), Tdng Chu bién
sach giao khoa THPT (2006), Chi tich Hoi dong
tham dinh SGK cdp THCS (chuong trinh nam
2018).

V@i nhitng cong hién to 16n cho nganh gido duc,
thay Poan Quynh da dugc nha nudc phong ham
Gido su nam 1984 va danh hi¢u Nha gidao Nhan
dan nam 2002.

Toi duge biét thay Poan Qugnh tit nim 1968
khi t6i vao hoc khoa Toin DHSP Ha ndi, lic dé
goi 1a trnidng DPHSP Ha Ngi 2. Do di sd tan nén
cac khoa xa hgi dugc tich ra goi 14 PHSP Ha
Noi 1, con cac khoa ty nhién lap thanh PHSP
Ha Noi 2, do GS. Nguyén Cdnh Toan lam Hiéu
trudng. Noi so tdn la mot s6 xa tai Ung Hoa,
ven song Ddy. Khi d6 thay trd s6ng cung véi
dan, rdat gan gii. Thay Quynh day ching toi
moén Dai sd tuyén tinh va Hinh hoc Gidi tich
két hgp. Dén khi tét nghiép toi vé t§ Hinh hoc
cong tac, tham gia Xé-mi-na cta té do thdy
Quynh chi tri. To6i viét mot ti€u luan, luc do goi
la tiéu luan cdp 1 “Tinh dinh hudng va dé cong
cua Pa tap Grassman”, bay gid téi nghi khi dé
c6 thé viét mot bai bao vé vdn dé dé. Khi toi
hoc NCS & Moscow, linh hoc bdng & Su pham
L& nin, nhung thdy huéng din la GS. Vassiliev
A. M & trntdng Lomonosov, thdy Qugnh néi 1a

GS. Vassiliev 1a ngudi héi thi Mi-ni-mum moén
Hinh hoc, khi thdy Quynh hoc NCS. Thay
Quynh 1a mot ngudi nhe nhang, kin dao, phang
phat chat Hué, luéon quan tam dén cdc thanh
viéen trong 6, duge toan t6 yéu mén, kinh
trong. Trong dip Tét Nguyén dan nhitng thap
nién 70 - 80 - va diu nhiing ndm 90 cta thé ky
trnide, thdy thudng t6 chdc di tham cac thanh
vién trong td (bing xe dap), tao nén mot bau
khong khi &m cung, vui vé. Nhung trong cong
viéc thdy rat nghiém tic. Toi nhd c6 mot thanh
vién trong td thi NCS mén chuyén nganh topo
vai thdy, néi vai toi khi toi hdi két qud, anh ay
néi rang “Thdy Quynh cho minh biét két qua
réi, cau dugc 6 diém, khong dd". Thady Quynh
co tinh doc lap rat cao trong cugc song, khong
muén lam phién dén ai. Mon Hinh hoc vi phan
ma thay day hau hét sinh vién déu sg, kéu
kho. Hom di viéng thdy, c6 ngudi con nhdc lai
cau ctia thdy Quynh trudc 16p la “Toi rdt kho
hiéu la tai sao cdc anh chi lai thdy khé hiéu bai”.
Nam ngoai 2023, téi viét xong cudn sach “Lich
s Hinh hoc - Nhiing nét c¢d ban” da in ¢ NXB
DHQG Ha Néi. Khi mdi viét xong, toi mang bdn
thdo dén nhd thdy doc gop y. Thdy doc rit cdn
than va trao déi chi tiét. Chdng han khi doc
dén phdn Lich st Hinh hoc xa anh, thay goi
dién cho téi va néi “Cdu xem lai khai niém “cdi
tuyét déi” la do ong F. Klein hay ong A. Cayley
dua ra?”. ROl hom sau ngudi nha néi la thay
tim ki€m trén gia sach dé check lai diéu d6 cho
chinh xac, va chdng may bj nga. Toi nghe ma
cdm thay rat xic dong.

Hom thd bdy cudi thang 10 nim nay, thay
Nguyén Xudn Liém (sinh nim 1936), dong
nghiép clia thdy Quynh & khoa Toan, séng &
thanh phé Hé Chi Minh, ra Ha N¢i, bdo téi dan
dén nha thdy Quynh chdi. Thay Quynh néi vdi
thdy Liém la: “Téi yéu réi anh Liém a, nhung t6i
da sdn sang cho moi viéc”. Ngay chiéu hom dé
thdy vao Bénh vién Hiu nghi va sau hon hai
tuan, thay da di xa.

Nhic lai mét vai ky niém nhu mét nén tam
nhang thip cho ngudi Thiy dang kinh cua
nhiéu thé hé sinh vién khoa Toan DHSP chung
téi, GS. NGND Poan Quynh.
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PGS.TS. Nguyén Dodn Tu4n

(Nguyén Phé Chii nhiém B mon Hinh hoc - DPHSP Ha Noi)

Ngay 12 thding 11
nam 2024, GS.NGND.
Doan Quynh da ra di
vao 6l vinh hing, dé
lai bao ti¢c thuong
cho gia dinh, cho
nhiéu thé hé hoc tro,
dong nghiép, cd quan
doan thé va tat cd
nhing ai da ting
. quen biét thay. Trong
GS.NGND. Poan Quynh paj viét nay, toi muén
(1933 - 2024) chia sé véi ban doc
Tap chi Toan hoc va Tudi tré chan dung cla
mot ngudi thay suét doi tan tuy vi sy nghiép
Toan hoc va sut nghiép gido duc toan hoc véi tu
cach mot hgc tro, mot thanh vién lau nam
trong b6 mén Hinh hoc ma thay lam chi
nhiém.
GS. boan Quynh sinh ngay 27/8/1933 tai Hué
trong mot gia dinh tri thifc. Cha cia 6ng la nha
gido Poan Nong, mot tri thitc tay hoc, da day
hoc tai Trudng Khai Pinh va 1a Chanh Thanh
tra gido duc (Doc hoc) tai Hué trudc nam 1945.
Sau cach mang thang Tam, cu ra day hoc tai
vung tu do, la Hiéu trudng Trudng Lam Son
(Thanh Hod) giai doan 1946-1954. Hoa binh lap
lai thay Poan Néng ra Ha Néi, lam Hiéu pho
Trugng Chu Vin An, réi tif nam 1962 cu vé day
Phap Van tai PHSP Ha Noi cho dén khi nghi
huu nam 1968. Cu c6 tham gia bién soan cudn
tir dién Phap - Viét cing véi tap thé bién soan
gom cac tac giad do cu Lé Khd Ké chii bién (NXB
Khoa hoc Xa H¢i,1988). Khi day hoc & trudng
Khai Dinh, thdy Poan Néng c6 nhiéu hoc tro vé
sau néi ti€ng: Van tho c6 T6 Hitu, Xudn Diéu,
Cit Huy Cdn, ... V6 c6 Dai ta néi tiéng Ha Van
Lau, Trung tuéng Quan doi Cao Van Khanh, ...
Me cta GS. Poan Quynh la cu Pdng Thi Hiéu,
von la mot nid sinh xinh dep trudng Déng
Khanh, nhung khong may, cu mat sdm khi mdi
35 tudi.

Thud nhé, GS. Poan Quynh séng va hoc tiéu
hoc tai Hué, Sau nam 1945, 6ng ra Thanh Hoa
cing gla dinh va hoc trung hoc tai Trudng Lam
Son. Trong s6 ban hoc cung ldp vdi 6ng c6 GS,
Sit hoc Trdn Quéc Vigng. Ong vao hoc chuyén
nganh Toan khoa 1954-1956 tai Truong dai hoc
Khoa hoc C¢ bdn va Su pham Cao cap thudc
Khu hoc xa TW déng tai Nam Ninh, Trung Qudc.
Sau khi t6t nghiép nam 1956, ong gidng day d
t6 Hinh hoc, khoa Toan, Pai hoc Su pham Ha
Néi cho dén khi vé huu nam 2003.

Nam 1961, ong dugce cif di hoc tai khoa Toan,
Pai hoc Téng hgp Lomonosov tai Moscow (Lién
x6 ci) dudi sy huéng dan cia GS. P. T.
Rashevsky. Trong thdi gian hoc va tham gia Xé-
mi-na hinh hoc d d6 da viét mot s6 bai bao,
trong d6 c6 bai “Pa thitc Poincaré cta cac khong
gian Riemann thudn nhdt compact véi nhom diing
bdt khd quy” dai 60 trang, dang trong “Nhing
cong trinh clia Xé-mi-na hinh hoc”, nam 1968 -
gop phan vao vi¢c phan loai nhém Lie tif thoi
E. Cartan khdi xuéng, dugc nhiéu ngudi trich
dan.

Vé nudc 6ng tham gia gidng day cho sinh vién
khoa Todan, DPHSP Ha Noi tai ndi sd tan ¢ Hung
Yén, sau dé ¢ Ha Tay trong thdi ky chién tranh
leo thang ctia My ra mién Bdac. Nam 1967, nha
todn hoc ndi tiéng thé gidi ngusi Phap A.
Grothendieck, ngudi dugc giai thudng Fields nam
1966, da dén tham Viét Nam va gidng bai, ong
la mét trong nhitng ngudi phién dich an tugng
trong thdi gian giao su ngudi Phap ¢ Viét Nam.
Ong lam cht nhiém bé mon Hinh hoc cta khoa
Toan tif nAm 1967 dén khi nghi huu. Ong tham
gla gidng day, hudng dan cao hoc, hudng dan
NCS bdo v¢ thanh cong luan an TS, chd bién
nhiéu gido trinh Toin difge ding nhiéu nam cho
DHSP Ha N¢i va nhicu trudng DHSP khac trén
cd nude nhu giao trinh " tuyen tinh va hinh
hoc gidi tich, Hinh ho
Hinh hoc xa dnh, Gido trinh fanh hoc vi phdn, ...

' (Xem tiép bia 3)

R L

¢ hinh hoe Euclide,

Gidy phép XB sd 534/GP-BTTTT cép ngay 19.11.2020; Ma s6: 8BT12M24

In tai Xi nghiép Ban d6 1 - BQP

In xong va ndp luu chiéu thang 12 nam 2024

Gié: 18.000déng
Mudi tdm nghin déng
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